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Anisotropic exchange interaction as a combined
effect of spin-orbit coupling and exchange inter-
action has been discussed by several authors. '
These previous studies, however, were re-
stricted to the so-called pseudo-dipolar coup-
ling which is of second order in the spin-orbit
coupling. The purpose of the present note is to
provide a mechanism for an interaction of the
form:

D. [S~ XS2],

which is linear with respect to the spin-orbit
coupling, important in magnetic crystals of low

symmetry, and generally much larger than the
pseudo-dipolar coupling treated so far. Such an
interaction was first suggested from purely
symmetry grounds by Dzialoshinski. '

The theory is an extension of the superexchange
theory to include the effect of spin-orbit coupling.
A new formalism recently developed by Ander-
son' is used throughout the calculation. The one-
electron states localized on the cations are ex-
pressed by Wannier functions and the one-electron
Hamiltonian consists of the energy of the local-
ized states and the transfer terms among them.
We denote the two degenerate wave functions
localized at the position B as follows:

(r -R), 4 (r -R),
n4

'
n4

where 0 and $ mean the spin almost up and al-
most down, respectively. Because of the spin-
orbit coupling the spin-up and spin-down states
are mixed in these wave functions. The one-
electron terms of the Hamiltonian are written
as
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+ C, (R' R)n, (R-')n (R) + C, (R'-R)n, (R')n (A), (2)

where
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and

H = + V(r) +»S.[grad V(r) xp],
2m 2' c

C, (R'-R) =C, (R'-A)+fC, (A'-R).
n'n n'n n'n

nny (R) and nny(A) are creation and annihilation
operators of electrons in the state represented
by any(r -A), etc. The most important contri-
bution to the superexchange arises from the
configuration mixing of polar states due to the
transfer terms of (2). The second order per-
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turbation gives not only the ordinary isotropic
coupling (b' terms) but an anisotropic coupling
coming from bC terms: C' terms are much
smaller than bC terms and make a contribution
to the usual pseudo-dipolar coupling. We shall
consider as an example the case of one electron
per atom with the ground orbital state assumed
to be nondegenerate, i;e., the orbital moment is
quenched. The second order bC terms are cal-
culated by using the relations:

coupling, as follows:

1, , (Ri)

+g (g) ( )h, (R'-B)j
m n

+ c(R' -R),
(6)

and

e( (R)n (R) - n (R)n (R) =2$ (R),
n n n4 n4 z

(R)a (R) =S (R),

where n, n' represent the ground orbitals and
m, m' the excited orbitals, lmn(R) the matrix
element of the orbital angular momentum of the
ion at B, X the spin-orbit coupling constant, and

c(R' -R)

(R)n (R) =S (R),

for the occupied (ground) states. The empty
states do not take part in the second order
coupling. The result is as follows:

where

8 '"=D(" [S(R)xS(R')]AR'
7

(4)

D' '= —[b(R -R')C(R' R) -C(R--R')b(R'-R)],
(~)

the transfer integrals being those between the
ground states of the ions at A and R', and U

being the energy required to transfer an electron
from an ion to its nearest neighbor, thus making
a polar state. The transfer integrals b and C
are calculated by using a perturbation method
assuming that the orbital leve| separation in an
ion is larger than the spin-orbit coupling. The
b terms are the ordinary transfer integrals with-
out spin-orbit coupling and the C terms are ob-
tained, up to the first order in the spin-orbit

»
~

q&, (r -R')[gradV(x) xp]p (r -R)dr,4m'c'. n' n
(7)

yn(r -R) being the ground orbital wave function.
From the third order perturbation, which in-

cludes transfer terms b and C between a singly
occupied and an empty Kramers' doublet and the
intra-atomic exchange interaction, we get the
same type of coupling as (4). This term is
J/U (4 being the intra-atomic exchange energy)
times as small as the second order term (4) as
in the case of the ordinary superexchange.

The direct exchange coupling also has an
anisotropic part of the form (4). The coupling
constant is given by

1 (R) -1 (R)
D ikey
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where

2

Z(nn'mm') =
~

p (r R)y, (r -R') -((() (r -R)p, (r -R')dr dr .
n 1 n' 2 r„m 2 m' 1

It is interesting to note that all the terms
treated above which are linear in the spin-orbit
coupling have the form (1). This coupling van-
ishes when the symmetry of the crystal is high.
For example, when there is only one magnetic
ion in a unit cell and there is a center of inver-
sion, or when there are two magnetic ions in a

unit cell and. a center of inversion is located half-
way between them, this coupling vanishes. When
the crystal symmetry is low, however, this
coupling may be the most important anisotropic
coupling between the spins. Though quantitative
calculation of this coupling is very complicated,
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we can estimate the order of magnitude in rela-
tion to the isotropic superexchange. As is easily
seen, all the three contributions to D treated
above are roughly (hg/g) times the correspond-
ing contributions to the isotropic superexchange
interaction. 4 Though there may be some reduc-
tion of the magnitude, depending on the crystal
structure, this coupling may well be (g/hg)
times as big as the pseudo-dipolar anisotropic
exchange. Extension of the theory to the case of
many electrons per ion is generally complicated.
We may expect the above rough order estimation
is also valid in this case provided the orbital
moment is quenched.

The possible existence of this type of coupling
was first pointed out by Dzialoshinski from
symmetry considerations on some trigonal weak
ferromagnets, 0.'-Fe,O„MnCO„and CoCO„
though its origin was not clarified. Our mech-
anism gives the right orders of magnitude to
explain the magnetic moments of n-Fe, O„MnCO„
and CrF, .

This coupling is important not only in weak
ferromagnetism but also in determining the spin
arrangement in antiferromagnets of low sym-
metry. As an example we shall consider
GuGl, 2H, O, one of the most widely studied anti-
ferromagnets. Because of the low crystal sym-
metry (space group is Vp, ~) there is a coupling
of the type (1) between the corner ion and the
base-center ion; this type of coupling is absent
between two ions both at the corner (base-center)
sites. The magnitude of the coupling estimated
from bg is about 10 /o of the superexchange in-
teraction and 0 is parallel to the 5 axis. There-
fore, the antiferromagnetic spin arrangement
in this crystal may be different from the one
accepted at present, i.e., alternating ferromag-
netic layers in the ab plane with the moment
pointing in the a direction. We propose instead
the arrangement shown in Fig. 1. The c com-
ponent of a spin may be about 10% of the a com-
ponent. We expect that this spin arrangement
may give a more consistent understanding of the
proton resonance data both above and below the

Cl(

FIG. 1. A proposed spin arrangement in antiferro-
magnetic CuC12 2H20. The spins are in the ac plane.
The black and the open circles represent the ions at
the positions 0, 0, 0 and &, 2, 0, respectively.

Neel temperature' and the neutron diffraction
data' for the position of the protons. Further
details and related topics will be published later.
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