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Nonlinear Dynamics of Runaway Electrons and Their Interaction with Tokamak Liners
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A nonlinear theory of the collective processes in runaway tokamak discharges is pre-
sented. The conditions under which runaway electrons can be trapped in toroidal field
ripples, leading to liner damage, are derived and compared with the experimental evi-
dence.

In toroidal discharges where the runaway-elec-
tron production rate due to the relatively large
value of the ratio of the inductive toroidal elec-
tric field E to the Dreicer field' E,= (one'/-T, )
xlnA is significant ( = 0.1), the runaway electrons
carry a significant fraction of the energy and mo-
mentum of the plasma and can thus become the
major factor determining the macroscopic behav-
ior of the discharge. There is ample experimen-
tal evidence' ' that anomalous macroscopic behav-
ior of such low-density discharges can be attribut-
ed to such high-energy runaways. The most dam-
aging of such events was the destruction of the
liners in the TFR' and Alcator tokamaks. 4 The
purpose of this Letter is to present a comprehen-
sive model of the nonlinear runaway dynamics
leading to such events.

We present below a simple description of the
nonlinear processes leading to liner destruction.
The appearance of runaway-electron tails with
velocities v&v, = (E,/E)"'v„wh-ere v, = (2T,/m)"'
is the electron thermal speed, in the presence of
a toroid3l electric field F is a well-known phe-
nomenon. During the initial collision-dominated
stages of the discharge, E/E, is substantial and

most of the runaways are produced. They are
then freely accelerated by the toroidal electric
field and their energy parallel to the magnetic
field is limited only by their confinement time.
As the runaway confinement time 7 appears to be
comparable to the bulk energy confinement time,
of the order of a few milliseconds in most experi-
ments, ' their parallel energy Ti~ can reach a val-
ue of T,(E/E, )'(v~)', where T, is the bulk elec-
tron temperature and v is the Coulomb collision

frequency. With E/E, =0.1, typical at the center
of low-density discharges, the runaway energy
can be of the order of 200 keV, which is consis-
tent with the observed energy range. During this
collisional initial stage their perpendicular ener-
gy distribution is determined by Coulomb colli-
sions and is found from the Fokker-Planck equa-
tion as T~=2(E,/E)T, «T~~ (i.e. , typically T~=20
keV). On the basis of this temperature anisotro-
py several authors' "examined the possibility
that obliquely propagating plasma waves with ~„
=(k~~/k)co~ can be driven unstable, via the anomal-
ous cyclotron resonance' 0+~,=kiivi|, where 0
=eB/mc, provided the Landau damping of the
wave by particles with vl~=to„/kli can be overcome.
We call this mode the "slow mode" because its
phase velocity is much smaller than the velocity
of the runaways. A simple instability criterion
can be obtained by requiring that the parallel
phase velocity of the unstable modes, v~ = to„/k~~,
must exceed the critical velocity v„so that the
Landau damping becomes negligible as the distri-
bution function f(v ~~) is flat in the runaway region.
The condition v~ &v, is equivalent to E/E, &2k2&D',
and since kXD"-0.3 for the most unstable mode, '
we have the approximate instability condition

E/E, & 0.1.
This condition appears to be in good agreement
with the experimental observations. ' As shown
in Refs. 8-11 and Haber et al. ,

"the unstable
modes primarily scatter the resonant runaways
in pitch angle, increasing their perpendicular en-
ergy ai the expense of their parallel. This iso-
tropization of the distribution has been proposed'
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to explain the observed enhanced synchrotron
emission. An important consequence of the iso-
tropization is the formation of a bump on the run-
away tail and a nonlinear instability, as was
first pointed out by Papadopoulos" and subse-
quently studied in detail in Refs. 9, 11, and 12.
The formation of the bump in tail can be under-
stood simply as follows. Since the minimum
phase velocity of the unstable modes is given by
ro, /k ii& v„only runaways with parallel velocity

(2)
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~ ~ ~
~ ~

~ ~
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can be in cyclotron resonance with these slow
modes and participate in the turbulent pitch-an-
gle diffusion. Electrons with ~II(~„do not suffer
any pitch-angle scattering since the phase veloc-
ity of any mode in cyclotron resonance with them
must be below ~, and is thus stable. Therefore,
as schematically shown in Fig. 1, the line eI)=e~
becomes a boundary between rapid (vii&v„) and

negligible (vii(v„) pitch-angle diffusion. The re-
sulting decrease in parallel energy for ~II &~~,
i.e., the receding of the tail of the distribution
with vii&v„, causes backward diffusion (corre-
sponding to a smaller parallel temperature)
while leaving the distribution with v II

~ ~„un-
changed. This phenomenon makes particles pile
up near v~ and leads to the formation of a posi-
tive slope in the distribution (Fig. 1). The forma-
tion of the bump destabilizes parallel-propagat-
ing plasma waves with phase velocity near the
bump, to which we refer below as the fast mode.
The growth rate of the fast mode can be esti-
mated as follows. Let the mean parallel velocity
of the runaways be v, (t), with v, (0) = V„and the
perpendicular velocity be v, (t), changing in time
because of pitch-angle scattering. Then the bump
around v ii

= [v, +v„]/2 is formed with width 4 of
the order of [v,(t) —v„]/2. By conservation of the
number of resonant runaways, the fraction of the
runaways going into the bump at time f is [1
—vo(t)/v, (0)]. The minimum v, (t) is attained

when the slow mode stabilizes (at t =~). At such
a moment, particles with ~II) v~ are distributed
more or less isotropically with average velocity
vo(7') =v~. v, can be calculated from energy con-
servation since pitch-angle scatterings preserve
the particle energy. We find that v„/v„=1.15 if
v„/v, (0) = 4. The number of runaways in the bump
at 7 is n, =(1 —v, /v, )b,n, where the first factor
indicates the fraction of the runaways depleted
from the tail and forming a, bump. The growth
rate of the fast mode (parallel-propagating plas-

Vj

FIG. 1. (a) The solid curve denotes the initial dis-
tribution. The dotted curve denotes the formation of a
bump by pitch-angle scatterings. The dashed curve de-
notes the flattened bump by parallel-propagating plasma
waves. Notice the effective reduction of the average
parallel velocity. (b), (c) Qualitative contour map of
the distribution. The heavier curve is the distribution
function integrated over g~.

ma wave) with phase velocity v& = tv~/kii due to the
positive slope of the bump is thus approximately
given by

yf ~ n V' an
'n S' n0

Because b, n/n is typically a few percent, the
growth ra.te of the fast modes is of the order
10 'cu» which can be an order of magnitude fast-
er than that of the slow modes. This is possible
because the quasilinear relaxation time of the
bump, given by

v'gL=4m yf 'ln 1 —~ gpgyD3~
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is still much longer than the relaxation time due
to the slow modes, as they have already attained
high amplitude. During the quasilinear relaxa-
tion of the bump in tail, the runaways lose ap-
proximately -', of their parallel energy to plasma
waves, while their perpendicular energy remains
unchanged.

With the onset of the nonlinear instability of the!

fast modes and their quasilinear flattening of the
resonant runaway distribution of the bump, the
final distribution of these resonant runaways, be-
tween v, and v„, after a time ~«, is therefore a
Oat distribution in v!!between v, and v, with a per-
pendicular temperature given by v„as the isotro-
py is reached for v!!&v„at about the same time
as the bump is formed. It is given by'+"

where V, =e,(0), ~, =1.15m» for u, &~~~-~, Th. e final perpendicular average velocity is v, as isotropy
is approached. Because of the flattening of the bump, there are now energetic electrons with very
large pitch angles that can be trapped by the ripples of the toroidal magnetic field of strength 5B:

~ ii /U i & (2~B/B) ' (5)

From Eq. (4), we find the density ratio of the particles trapped by the field ripples to the bulk plasma
to be

(6)

where erfc is the complementary error function. Once trapped, the electrons drift vertically with the
velocity uD = ,nzcv ~'/eBR—. We note that the energy above which the trapped particle can convect verti-
cally down the minor radius without suffering a detrapping collision is also about 50 keV. The energy
Quz due to the vertical drift of these trapped electrons can then be calculated using the distribution giv-
en by Eg. (4)

J„(~f„(~y 2 g ~ ) 1/2 d'U g f~V D g tB'U ~
2

2'»2 1/2
~4+ 2~2+ 2

v v~ —v 80 b c C

where x, = (v, /v, )(B/25B)'", e, = ~2, e,' and v~

,mv, 'c/eBR. -The energy flux as a function of
5B/B for typical tokamak parameters is plotted
in Fig. 2. For E/E, ~0.1 and v~/0-0. 3, the per-
pendicular energy of the runaways is approxi-
mately ,mo„'=(0/u&~—)'(E,/E)T, and of the order of
50 keV, for T,=0.5 keV, precisely the range ob-
served in the experiments. ' Thus with v„=4 v,
and an/n a few percent, e~ of 50 keV, 5B/B=0.5%,
the QuxI' is about 10 W cm '. This is sufficient
to burn a hole in the stainless steel& of 0.5 mm
thickness because of an additional focusing effect
in the toroidal direction. "

Finally, we may remark on the various time
scales of the processes considered. The growth
rate of the slow mode is typically 10 '~~ while
that of the fast mode (nonlinear instability) is
10 'co~. The quasilinear flattening of the bump in

! tail occurs on the time scale 7~~=10 yf =1 p, sec.3 1

In a collision period of the order of a fraction of
a millisecond, the plasma turbulence will be
damped out by collisions. In a runaway-produc-
tion time, about 10 msec, the runaways will be
reaccelerated and the above-mentioned processes
will repeat again. Many cycles of bursting insta-
bility are therefore expected during the discharge.
The details of those processes will be discussed
separately.

This research has been supported in part by the
National Science Foundation and in part by the
U. S. Energy Research and Development Admin-
istration.

Note added. —After this paper had been sub-
mitted for publication, there appeared a paper by
Molvig et al."considering the steady-state run-
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FLUX phase velocity of the unstable modes and the con-
sequent backward diffusion as is done in this pa-
per, there can be no bump formation. Further-
more, in the present work, the time evolution of
the nonlinear processes is thoroughly discussed.

ooi 0.03

away distribution. By integrating the quasilinear
equation over v~, they obtained a "dynamic fric-
tion" I, proportional to e~~, from the obliquely
propagating modes, which brakes the accelera-
tion, leading to a, bump in tail. A simple check
shows that F, in fact, is inversely proportional
to v„', and therefore cannot stop the runaways.
Thus without taking into account the minimum

FIG. 2. The energy Qux in units of watts per square
centimeter. The numerical values are taken to be
gg = 40 kG, major radius = 100 cm. For the upper curve
&moo = 300 keV, vz/vo = 4, vc/v~ = 3, An = 9 x 10"/cm
at the center. For the lower curve 2ypggo = 180 keV,
v~/vo = ~~, vc/vz = 0.88, hn = 5.5 x 10"/cm' at the center.
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