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Coherent states are completely parametrized in terms of multipole moments and their
time derivatives. For hydrogen atoms excited by electron impact, our calculations show
that these parameters provide new information concerning the final-state interactions of
the hydrogen atom and the projectile electron. These large final-state-interaction effects
make first-order perturbation calculations inappropriate. We present calculations which
properly incorporate these dynamical effects. Experiments which determine these pa-
rameters are discussed.

We discuss an intuitively accessible parametri-
zation for the density matrix of a manifold of co-
herently excited states in terms of average val-
ues of the familiar electric and magnetic multi-
pole operators taken together with their time-de-
rivative operators. This multipole-moment and
multipole-moment time-derivative picture can be
used to provide physical insight into coherently
excited states produced by any process.

We use the multipole-moment picutre to guide
us in pilot calculations of mixed-I. coherence mul-
tipoles produced in atomic hydrogen by electron
impact. We find that certain of the coherence
multipoles are extremely sensitive to the final-
state interaction between scattered and bound
electrons. As a result, first-order perturbation
scattering models are totally incapable of predict-
ing these multipoles, even at very high energies.
After comparing our calculations with available
experimental results, ' we suggest further experi-
ments to fully determine coherence multipoles.

A general coherently excited state can be repre-
sented by a Hermitian density matrix, p, where

P zM,~,M, =
~
nJ1Vj)(n J1Vi ~P ~

n'J'14')'(n'J''1Vj'(. (1)

When excitation amplitudes, A J~, describe the

excitation process, the density matrix elements
are given by

( n J1VI~ p ~

n'4'14') =A~~MA, ~,M,*.
The off-diagonal terms incorporate the relative
phases of the excitation amplitudes. The diago-
nal elements are proportional to cross sections.
Only the diagonal density matrix elements are
easy to interpret physically.

Pano and Macek' introduced average values of
tensor operators, J~„constructed from the an-
gular momentum operator J, thereby providing
an understandable description of the diagonal-
block density matrix elements, p J „J, involved
in dipole radiation. No such easily understood
description has yet been provided for the off-di-
agonal blocks (p„~,~, with nJ0n'J') 'We natur. -
ally begin by using the familiar electric and mag-
netic multipole operators. Whereas average val-
ues of these operators provide a complete speci-
fication of the diagonal density matrix blocks,
there are only enough operators to specify half
of the off-diagonal density matrix elements. An
additional set of operators is needed, similar to
the multipole operators except with opposite time-
reversal behavior. We choose to use the time-
derivative operators of the electric and magnetic
multipole operators. The operators are defined
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Our convention for spherical harmonics is that
Y„,are real.

Average values of these operators completely

parametrize the density matrix, and provide ad-
ditional insight into the physics contained in the
off-diagonal elements. The details of the descrip-
tion will be discussed elsewhere. Here we only
mention a few features. The operator average
values are given by the familiar expression (Q„,)
=tr[pQ„]. If for p we substitute the sum of the
density matrix components given in Eg. (1), we
obtain the average value (Q„) as a sum of terms.
We consider each of these terms to be an opera-
tor average value in its own right. Specifically,
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FIG. 1. Representation of the density matrix for
coherently excited &
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The two off-diagonal density matrix blocks,
p J„J.~ and p, J.„, J„are included together be-
cause the Hermiticity condition determines one
in terms of the other. The Kronecker 5 in the de-
nominator is included so the diagonal elements
are normalized correctly. Nonzero average val-
ues can occur only when k, J, and J' satisfy the
triangle inequality, when M+34'+q=0, and when
the parity (—1)~'~ is equal to the parity of the op-
erator. Either (Q„, )~~y „,I, g,y or (Q», )~jgQ I J
will therefore vanish for all choices of oL,J and
n'L'J'. Figure 1 represents the density matrix
for coherently excited states of principal quan-
tum number n= 3. Instead of density matrix ele-
ments (LM lpl L'1'') we have filled the density
matrix with the operator average values needed
to equivalently specify the density matrix.

For the case of electron-impact excitation of
atomic hydrogen we now show that the (mixed-L)

(4)

coherence multiple moments contain new informa-
tion concerning the collision dynamics. In this
Letter we consider only the case in which the
scattered electron is not detected. The collision
symmetry for excitation of n= 2 states then per-
mits only five nonzero excitation density matrix
elements; three cross sections'; and one com-
plex, off-diagonal term, o,~= f(00 Ipl10)dQ for
electrons incident along the z axis. In terms of
operator average values~ (in atomic units), we
find that

(z), = —(Q, ), = —6 Reo, = —6v,

(z),»= (Q,oz),»=Ac,~', A=6. 3x10 ',

where z is the distance from proton to electron.
The multipole picture leads us to consider the

real and imaginary parts of 0,~ rather than its
magnitude and phase. Considering the effect of
the incident electron upon a charge distribution
of the bound electron, we can anticipate the prop-
erties of the multipole moments. We expect that
both the electric dipole moment (z),» and its time
derivative (z),» are negative since most of the
electrons are forward scattered and repel the
atomic electron. Similarly, we expect that the
quadrupole moment (Q2,z), and its time deriva-
tive (for n ~ 3), are positive.

We now investigate the predictions of various
scattering models for these moments in order to
learn more about the dynamics of the collision.
We begin by considering first-order perturbation
theories. Since the plane-wave Born approxima-
tion (PWBA) is invariant under PT transforma-
tions (parity, time reversal) and is axially sym-
metric about the momentum-transfer direction,
(Q„, )~~, and (Q„, )~~ are identically zero for L
L' odd, while (Q„)«, and (Q„)«,are identi-

cally zero for L+L' even. The distorted-wave
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FIG. 2. Comparison of calculated yg = 2 coherence
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Born approximation (DWBA) replaces the PWBA
plane waves with scattering functions generated
in the weak attractive potential of the ground-
state hydrogen atom. The scattering-wave func-
tions, however, deviate from plane waves only to
first order in the scattering phase shifts, all of
which are small. ' The operator average values
calculated in the DWBA thus possess the PWBA
properties mentioned above to a very good ap-
proximation (see Fig. 2). For the n= 2 case we
are considering in detail, the PWBA predicts
(z),~= 0. The DWBA predicts a small (z),~.

The long-range nature of the Coulomb force,
however, enables the departing electron to strong-
ly mix the nearly degenerate excited states,
thereby destroying the PT symmetry of the Born
approximations and making perturbation calcula-
tions unsuitable. Therefore we turn to a close-
coupling approximation (CCA) to incorporate this
effect. We use published 1s-2s-2P R matrices'
to calculate the low-energy values of v,~, shown
in Fig. 2. Far from being zero, v,» is larger
in magnitude than v,» . Both v,» and v,» de-
crease rapidly as threshold is approached from
above, because an angular momentum barrier en-
forces spherical symmetry. Since for low ener-
gies the couplings to higher excited bound and con-
tinuum states are small, the CCA values of v,»

should be quite accurate.
At higher energies, where close-coupling R

matrices are not immediately available to us,
we use instead a classical-trajectory approxima-
tion' (CTA) which we find extrapolates smoothly
to the low-energy CCA values of 0» and the
cross sections. Transitions are produced in a
quantum-mechanical hydrogen atom by the time-
dependent potential of an electron following a
classical trajectory in the attractive potential of
a ground-state hydrogen atom. While cross sec-
tions and v,»' calculated in the 1s-2s-2p-3s-3p-
3d CTA are similar to the PWBA and DWBA val-
ues (thereby bolstering our confidence in this ap-
proximation), again we find that o,»~ is large
(comparable in magnitude to v,»~), even above
kilovolt energies. Repeating the CTA calculation
setting the terms in the Hamiltonian which are
able to mix the excited states equal to zero, we
find that neither v,»' or the cross sections are
much affected, but v,»~ is orders of magnitude
closer to the Born and DWBA values (Fig. 2). We
conclude that the dipole moment, v,»", is very
sensitive to the final-state mixing brought about
by the scattered electron as it Leaves the hydro-
gen atom. If, in addition, we set the diagonal
coupling terms of the interaction Hamiltonian
equal to zero, we obtain values much closer to
those from perturbation theory. The dipole mo-
ment 0,~~ becomes very small, even smaller
than the DWBA value. The dipole-moment time
derivative 0,~' approaches the PWBA and DWBA
values (Fig. 2). This indicates that the mixed-L
coherence multipole v,~ is also sensitive to the
distortions of the target bound states by the pro-
jectile electron. Since both final-state mixing
and target distortion are large effects, the Born
approximations and similar perturbation results
are inappropriate for the calculation of hydrogen
coherence.

Calculation of the coherent excitation of n = 3
produces the same qualitative results. Three
dipole moments, (a,», v~«", v», "), and three
dipole-moment time derivatives (o,»', o~«', and

v~„,') are involved. Two new types of coherence
terms are also present, an electric quadrupole
moment v,«~, and its time derivative, v,« .
Whereas the Born approximation predicts that
the dipole moments and 0,„0 be identically zero
for all energies, the CTA produces real and
imaginary parts of comparable magnitude for all
four complex coherence parameters. Qlauber'
and 1s-3s-3p-3d CCA, neglecting d couplings, '
at 200 eV give similar features, presumably be-
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cause some final-state-interaction effects are in-
cluded.

At present, experimental results are available
only for coherent excitation of hydrogen n = 3
states by electron impact. For incident electron
energies of 200 and 500 eV, Mahan and Smith'
measured the total Balmer radiation emitted by
the coherently excited state as a function of an
electric field along the incident electron axis.
The electric field is important because mixed-
parity coherence parameters can only be detected
when an electric field is used to mix the opposite-
parity excited states. Krotkov first calculated
this total intensity curve using PWBA, ' but ne-
glecting the 0,„,terms. He found a large dis-
agreement between theory and experiment.

Unfortunately, six cross sections and the eight
coherence terms listed previously are involved
in this intensity curve. To break this problem
into more manageable parts, we replot the exper-
imental data, along with the predictions of scat-
tering models we have used, in two parts"' (Fig.
3). The symmetric curve, I(E)+I(-E), is linear
in the even-parity cross sections and 0,„,. The
antisymmetric curve I(E)- I(-E) is linear in the
odd-parity dipole moments (v,„,', v~„vi, v,„,'), but
still depends on the even-parity terms for over-
all normalization. The asymmetry produced by
the electric-dipole time derivatives is sharply
peaked at 20 V/cm and dies off by about 40 V/cm.
Asymmetry due to the dipole moment terms (ze-
ro in PWBA) increases rapidly from 40 V/cm
out to at least 100 V/cm. The concavity of the
experimental difference curve therefore suggests
that the dipole moments are comparable in mag-
nitude to the dipole-moment time derivatives, as
predicted by our calculations. Obviously, exper-
imental points for larger electric fields are need-
ed.

Careful choice of external electric and mag-
netic fields and the analysis of the polarization
of the Balmer e radiation would allow measure-
ment of the individual dipoles and the dipole time
derivatives. Our calculations predict that the
multipole coherence parameters are responsible
for rich structure in the Stokes parameters" as
a function of electric field applied parallel and
perpendicular to the incident electron axis. The
n= 2 coherence parameters, 0,»~ and 0,~ may
also be measured. Our calculations suggest that
the asymmetry is much larger for Lyman e pho-
tons detected in coincidence with forward-seat-
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FIG. 3. Symmetric and antisymmetric H„ intensity
vs applied external electric field for 200-eV electron
impact energy. Data are taken from Ref. 2.
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