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The critical behavior of a three-dimensional antiferromagnet described by a six-di-
mensional order parameter has been investigated by the Monte Carlo technique. A fi~st-
o~de~ phase transition is observed. This result is in agreement with the prediction of
renormalization-group calculations in 4 —e dimensions and with neutron scattering ex-
periments on UO2, but in contrast to the mean-field theory, which leads to a second-order
phase transition.

Recently it was shown by Bak and co-workers'
and simultaneously by Brazovsky and co-workers
that fluctuations may change a possible second-
order phase transition into a first-order phase
transition. The calculations were carried out
within the framework of Wilson's renormaliza-
tion-group theory in 4 —e dimensions. ' The theo-
retical derivation is based on symmetry argu-
ments only and does not depend on the actual phys-
ical mechanisms involved. The first-order phase
transitions are associated with a lack of stable
fixed points of the Ginzburg-Landau-Wilson Ham-
iltonians corresponding to the actual systems.
The nonexistence of stable fixed points is restrict-
ed to systems described by order parameters
with n ~4 components. The first-order phase
transition takes place when the correlation length
exceeds a certain limit, where fluctuations in the
order parameter make a discontinuous phase
transition energetically favorable. These so
called fluctuation-induced first-order phase tran-

sitions should take place even in cases where the
mean-field theory predicts second-order phase
transitions. The theoretical analysis was used
to explain the observed first-order phase transi-
tions in the antiferromagnets MnO, UO„Eu, and
Cr. '

The validity of the hypothesis that absence of
stable fixed points within the e expansion leads to
a first-order phase transition in three dimensions
may be investigated by calculations on precisely
defined three-dimensional models. In this Letter,
we shall report a Monte Carlo calculation on a
model defined in terms of a microscopic spin
Hamiltonian which at low temperatures yields a
magnetic structure similar to the magnetic struc-
tures of UO, and NdSn, .' For a real spin sys-
tem like UO„we very seldom know the details of
the microscopic Hamiltonian governing the physi-
cal behavior. It is therefore virtually impossible
to prove rigorously that an appropriate mean-
field theory taking into account the actual physi-
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cal mechanisms (such as coupling of the spins to
the lattice') might not eventually lead to a first-
order phase transition. If that were the case the
above-mentioned experimental results could not
be taken as supporting the renormalization-group
theory. In contrast, for our completely specified
Hamiltonian it is a trivial matter to check wheth-
er or not the mean-field theory leads to a first-
order phase transition.

The Monte Carlo technique, on which our re-
sults are based, has proven particularly valuable
in the study of the behavior of spin systems, "
even near second-order phase transitions, where
the correlation length becomes comparable to the
size of the system. For example, it is possible
to calculate critical exponents with reasonable
accuracy.

We consider a three-dimensional simple-cubic
lattice with A lattice points. A classical spin,
S,, of unit length is placed at each lattice point
and the interaction between the spins is given by
the following Hamiltonian:

(nil) (nn3

H= J, g, S,.~ S„+K Q (r,.
~ S,.)(r,.„S~)/r, '

i.i (&i 3 i.I (&i )

(nnn)

+J, g S, S„+IQ(S,„'+S,,'+S„.,'), (1)
~.~(~~3

where (nn) and (nnn) indicate that the summations
are extended over six nearest neighbors and
twelve next-nearest neighbors, respectively, r,,
is the vector connecting the jth and the kth spin,
and x, is the lattice parameter of the cubic unit
cell. J„J2, E, and P are model parameters,
which in our calculations were chosen in the fol-
lowing way: P= 5E= —2J2= J, —:J&0. At low tem-
peratures, this choice leads to an antiferromag-
netic structure characterized by a propagation
vector k, = (2m/xo)( ,', 0, 0). T—he star of k, consists
of the three vectors k„k, = (2m/r, )(0, —,', 0), and

k, = (2p/xo)(0, 0, —,'). For each propagation vector,
k, , the sublattice magnetization is along one of
the two principal axes of the simple-cubic unit
cell, which are orthogonal to k, Accordingly,
the dimension n of the order parameter is six,
corresponding to the six possible equivalent do-
mains existing in the ordered phase. We note
that the magnetic structure of UQ, is similar to
the structure just described except that the mag-
netic moments are situated in a face-centered-
cubic lattice. However, it turns out that the
fourth-order invariants which can be formed
from the six components of the order parameter

are the same for UO, as for NdSn, and for the
model studied here. This implies that they all
belong to the same universality class and that the
theory in Ref. 1 applies to all three equally well.

A conventional Monte Carlo importance-sam-
pling technique was employed to generate a ca-
nonical ensemble of spin systems corresponding
to the Hamiltonian in Eq. (1). For each chosen
temperature, we constructed the ensemble by go-
ing sequentially through the lattice flipping each
spin randomly. The limit distribution of the gen-
erated systems will represent an equilibrium en-
semble provided that appropriate transition prob-
abilities are used. Details of the applied criteria
of convergence will be described elsewhere. ' All
computations were performed on the CDC 6400
computer at the computing center at Aarhus Uni-
versity.

The Monte Carlo experiment was performed on
a fairly large lattice consisting of %= 14'= 2744
spins in order to obtain results close to the ther-
modynamic limit. Periodic -boundary conditions
were applied to reduce finite-size effects. We
performed calculations for both a decreasing and
an increasing series of temperatures in order to
detect possible metastable states. As the initial
system in the ensemble at a given temperature,
T, we used a spin configuration representative of
the preceding temperature. The increasing tem-
perature series was started from a completely
ordered spin system, while the decreasing tem-
perature series was started from a spin system
where the orientations of the spins were random.
From the ensemble we have calculated the aver-
age value of the internal energy, E(T), as well
as the six components of the order parameter,
which are defined as

(2)

where ~(j, 2) are the two sublattices correspond-
ing to the propagation vector, k, In Eq. (2) q de-
notes the direction of the two principal vectors of
the simple-cubic unit cell, which are orthogonal
to k, . In addition, we have calculated the distribu-
tion functions of the internal energy and the order
parameter. These functions are very helpful in
the determination of energy and order parameter
near the phase transition. In the critical region
a small change in the temperature may cause the
systems to evolve into transient states, which
may persist for several thousands of spin flips
per spin but eventually they dampen out and dis-
appear. This behavior necessitates a very large
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FIG. 1. Temperature dependence of the order param-
eter for the spin system defined Eq. (1). Full line:
Monte Carlo calculations; dashed line: prediction of
the mean-field theory. The horizontal arrow indicates
the temperature region displayed in Fig. 2.
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number of systems and for several temperatures
each spin was flipped more than 104 times. The
averaging process leading to the energy and order
parameter did not include these initial states.

The data obtained for the order parameter are
shown in Fig. 1. We notice a discontinuous
change in the order parameter, demonstrating
that the phase transition is of first order. The
tail above the critical region is due to finite-size
effects similar to those observed in Monte Carlo
calculations of second-order phase transitions. "
Figure 1 also includes the order parameter as
calculated from the mean-field theory. The disa-
greement is striking. The mean-field theory pre-
dicts a second-order phase transition appearing
at a temperature more than twice that of the ob-
served first-order transition temperature. Fig-
ure 2 shows the detailed temperature dependence
of the internal energy and the order parameter in
the critical region. The results obtained from
the increasing and decreasing temperature series
are the same, except for a narrow temperature
region, 4.16 &k, T/8&4. 20. In this region, both
the internal energy and the order parameter ex-
hibit hysteresis, which is consistent with the
first-order nature of the phase transition. The
rather large "error bars" on the order-param-
eter data in the critical region indicate the fluctu-
ations of the order parameter, which tends to
shift between the various components. This seems
to be related to finite-size effects and to indicate—like the large tail above the transition~he ap-

FIG. 2. Temperature dependence of the normalized
internal energy and the order parameter in the critical
region for the spin system defined in Eq. (1). Ep is
the energy in the completely ordered state. && indicates
data calculated at decreasing temperatures. 0 indi-
cates data calculated at increasing temperatures. The
full line is drawn as a guide to the eye and has no fur-
ther meaning.

pearance of rather long-ranged correlations in
the systems near the phase transitions. This is
consistent with the renormalization-group calcu-
lations, which require a certain critical, but fi-
nite, correlation length before the phase transi-
tion takes place.

In conclusion, we have shown that the Hamilton-
ian in Eq. (1) leads to a first-order phase transi-
tion in contrast to the predlctlon of the mean-
field theory, but in agreement with the result of
the renormalization-group calculations and with
neutron scattering experiments on UO, . Our re-
sults demonstrate that the Monte Carlo technique
is a useful tool to study the behavior of complicat-
ed spin systems.

It would be desirable to extend the Monte Carlo
calculations to the study of complete phase dia-
grams for the type of spin systems considered
here. In particular, by lowering the dimension-
ality of the order parameter by applying an ex-
ternal uniaxial stress or a magnetic field, we ex-
pect a crossover of the phase transition from
first order to second order. This has been shown
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experimentally' and theoretically" for MnO, and
a similar behavior is-expected for UO, ." Such
fluctuation-induced tricritical behavior can be
studied by the numerical simulation methods de-
scribed here, provided that an anisotropy term
is added to the Hamiltonian.
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The induced-torque experiments of Holroyd and Datars show evidence for an anomalous
anisotropy in the residual resistance of potassium of about five to one. We show that this
is consistent with the hypothesis that the conduction electrons are in a static charge-den-
sity-wave state. The importance of torque and de Haas-van Alphen experiments on the
same specimen is emphasized.

The experiments of Holroyd and Datars' have
verified the existence of the giant torque anomaly
in potassium that was originally observed by
Schaefer and Marcus. ' The results show a varia-
tion of the induced torque with magnetic-field di-
rection in spherical samples of potassium, an ef-
fect that is sizable even in the limit of zero mag-
netic field and becomes enormous for high fields.
The low-field results imply that the residual re-
sistivity of potassium is highly anisotropic, in
contradiction to the simple theory of metals. The
purpose of this Letter is to show that this anisot-
ropy can be explained if the conduction electrons
in potassium are in a static charge-density-wave
state.

In an induced-torque experiment, a, magnetic
field is rotated with respect to a suspended sam-
ple, usually spherical in shape. The time varia. —

tion of the field induces currents, which, by inter-
acting with the field, exert a torque on the sam-
ple. The magnitude of this torque is measured
as a function of both the direction and magnitude
of the magnetic field. For a simple metal, i.e. ,

a metal with a spherical Fermi surface, the in-
duced torque, for a spherical sample, should be
independent of the direction of the magnetic field.
De Haas-van Alphen measurements on potassium
seem to indicate that its Fermi surface is spheri-
cal to within 0.1%.' In contradiction, the gigantic
anisotropies in the induced-torque experiments
suggest that potassium is not so simple and that
further study is needed.

In order to facilitate the examination of this
problem, we present in Fig. 1 the data. for sample
K-10 of Holroyd and Datars. ' The induced torque
is plotted versus direction of magnetic field for
axes of rotation along the growth axis [Fig. 1(a)]
and perpendicular to the growth axis [Fig. 1(b)],
for field values from 1 to 23 kG. The field was
rotated at a. speed of 22'/min, and the sample was
kept at a, tempera, ture of 1.5 K. In order tha.t the
sample acquire a, precise shape, the potassium
was grown in a Kel-F mold with a spherical cavi-
ty of diameter 1.11 cm, machined to within 10
in. When the magnetic field was rotated in a
plane perpendicular to the growth axis, as in Fig.
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