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Superfluid-Vortex Thresholds and the Vortex-Core Parameter near T
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Superfluid-vortex thresholds in a rotating annulus were detected with second sound in
the temperature range 0.01 K<7, —7T <0.2 K. A rapid decrease of the threshold angular
velocity w,; was observed as T— T,. The data can only be fitted to the theory of Fetter
if a rapidly diverging vortex-core parameter is assumed,

Numerous investigators' ® have shown that ex-
perimental values of w_,, the threshold angular
velocity for equilibrium vorticity in a rotating
container of liquid helium, are in good agreement
with the predictions of Fetter.* In addition, the
growth of vorticity above w_, in a rotating annulus
has been shown® to be in good agreement with the
theory of Stauffer and Fetter.® All of these in-
vestigations were made at temperatures between
1.2 and 1.8 K. In this Letter we report measure-
ments of w_, in a rotating annulus at tempera-
tures near the superfluid phase transition (0.01 K
<AT<0.2K; AT=T,~-T). The results are of in-
terest because a rapid decrease of w,, with in-
creasing temperature has been observed. The
data can be fitted by Fetter’s formula only if a
rapidly diverging core parameter is assumed,
which attains values near 7', which are apprecia-
bly larger than generally assumed.
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Fetter predicted, using a thermodynamic argu-
ment, that for a thin annulus of width D and mean
radius R, the threshold is given by

K 2D D
wcl—;ﬁf <lnﬁ)<1-@> s (1)

where k=h/my, is the quantum of circulation and
a is the vortex-core parameter.” The core pa-
rameter is generally assumed to be on the order
of 1 A well below T',. Vortex-ring experiments
have been used to determine a at low tempera-
tures.?? Between 0.3 and 0.6 K (at saturated va-
por pressure) a increases from 1.25 A to 1.35 Z’\;
the total increase upon pressurization to the melt-
ing line is ~30%. At higher temperatures, there
are no precise measurements. It is often as-
sumed that a is proportional to the “healing
length” near T,, and hence that it diverges as
t"?/3, where t=AT/T,."° A search for this di-
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vergence was one of the goals of the present
work.

Vorticity thresholds were determined using
second sound as a probe of vorticity.? The dissi-
pative interaction between second sound and vor-
tex lines causes an increase of the resonance
width. Measurements of the width as a function
of the angular velocity w were used to detect the
onset of steady-state vorticity at w,,.

Three annular second-sound resonators were
used. Annulus A is constructed of borosilicate
glass; it has an inner radius of 0.876 cm, a
width of 0.0762 cm, and a height of 1.7 cm. Bor-
onnitride end pieces held the cylinders concen-
tric. Eight equally spaced 0.8 0.8 mm? slots
were cut at each end of the inner cylinder for
electrical leads and for conduction of heat from
the resonator. The multistrand leads were
passed through the slots, fanned out, and potted
with silver paint. Eight parallel carbon-film
strips were sprayed on this cylinder, contacting
the silver paint at each end. The resistances of
the films were uniform to within about 10%.
Combinations of the films were used as trans-
ducers for generating and detecting second sound.

Annuli B and C were machined from a glass-
ceramic.’ A common inner cylinder with a ra-
dius of 1.013 cm was used. Interchangeable outer
parts were used to make annuli with widths of
0.0798 cm (B) and 0.0644 c¢m (C), and heights of
2.0 cm. Sixteen small holes near the ends of the
inner cylinder were used for electrical leads.
The holes were filled with silver paint, leaving
a smooth inner surface. Sixteen 1-mm-diam
holes in the outer cylinder provided for conduc-
tion of heat from the resonator. Carbon films
were applied and used as with annulus A, Al-
though annuli B and C have cleaner inner geome-
tries than annulus A, no important acoustic or
hydrodynamic differences were observed in their
use.

The remainder of the apparatus has been pre-
viously described.® The resonators were mount-
ed in a protective can in the helium bath, which
was regulated to better than 3 pK. Small holes
in the can provided thermal contact with the bath.
The low-level electronics were rotated and coup-
led to the stationary electronics through a rotary
transformer.

The second-sound modes of an annulus can be
described by a temperature variation 7'« ¢, (kr)
X cos(s6), where ¢, is a linear combination of
Bessel and Neumann functions. (Modes with a
component of the relative velocity v, — v, parallel

to the annulus axis are neglected here.) For the
lowest-frequency modes of a thin annulus, ¢, is
approximately tangential, and the frequencies
correspond to the condition that s wavelengths
fit into a mean circumference. In the present
work, the mode with #=0 and s =4 was used.
This mode has the advantage of insensitivity to
geometric perturbations, and to the perturba-
tions arising from the Coriolis effect and the B’
term of Hall and Vinen.'? These perturbations
vanish in the limit where ¢, is constant. Nu-
merical calculations show that these perturba-
tions, which split the angular degeneracy, are
unimportant and unobservable in this work. No
splitting was in fact observed.

The s =4 mode was excited by driving four al-
ternately spaced transducers in parallel at half
the resonance frequency. One or more of the re-
maining transducers was biased with a constant
current and used as a detector. The second-
sound amplitude was observed as an ac-voltage
across the detector, The signal amplitude A
was measured at a number of frequencies o/27
near the resonance frequency ¢/27, The results
were fitted to a Lorentzian function A=AJ1+ (0
- 0,)%v" 2], The resonance half-width at half-
maximum y as well as the other resonance pa-
rameters was determined in the fitting. The rms
deviation from a Lorentzian shape was typically
0.05%, comparable with the instrumental resolu-
tion,

For annulus A the resonance frequencies o,/2n
varied between 1140 Hz at AT =0.2 K and 400 Hz
at AT=0.01 K; over the same temperature range
vo/2m varied from 1.5 to 0.25 Hz. Here v, is the
half-width in the absence of rotation. These
widths are comparable with those of the radial
modes® although the @’s for the latter case (Q
= w/2y) are much larger, because of the larger
w. Numerical data for the other annuli are simi-
lar, aside from expected geometric effects.

The drive power was kept below a critical lev-
el, below which y, was constant within experi-
mental accuracy. The critical power varied be-
tween ~20 uW at AT=0.01 Kto ~500 uW at AT
=0.2 K for annulus A, with similar results for
annuli B and C. The critical power was indepen-
dent of rotation. No critical-power effects were
observed for the detectors. The power level of
these was arbitrarily set equal to that of the
drive transducers. All data taken here were tak-
en at power levels at least 2 dB below the criti-
cal levels. Partly as a result of the lower criti-
cal power, the working signal was weaker at
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FIG. 1. Resonance half-width at half-maximum vy vs
angular velocity w for annulus A at AT = 0.022 K (a),
0.050 K (»), and 0,100 K (¢). The closed symbols in ¢
were taken at a drive power 3 dB lower than the open
symbols, The curves are fits to Eq. (2) with w ;= 0.42,
0.46, and 0,58 rad/sec; and B = 2.4, 1.81, and 1.38 for
a, b, and ¢, respectively,

higher temperatures. This limited work to AT
>0.01 K.

The dependence of y on angular velocity w is
shown for annulus A at three temperatures in Fig.
1. The resonance half-width y is independent of
w at low w, and increases above a threshold w,.
Below 2.1 K, following a change in w, the value
of y stabilized after about 10-20 min. A delay of
30-60 min was generally allowed, which resulted
in reproducible, hysteresis-free data, Above
about 2,1 K, nonequilibrium states with both ex-
cess and deficient vorticity could be observed for
long periods of time. Accordingly, a technique
which led to equilibrium states in other experi-
ments was used.>!® The system was warmed
above T, rotated steadily for a few minutes, and
cooled in rotation, Data were taken after the tem-
perature was again carefully stabilized. This
technique was used in the ion experiment of
DeConde and Packard,® who used cooling in rota-
tion to 1.2 K, where single-vortex thresholds
corresponding to a =1 A were observed., In the
present work, this technique led to reproducible
data at working temperatures near 7',, Unfor-
tunately, because of practical difficulties, it was
not possible to use this procedure at the lower
temperatures,

The curves in Fig, 1 were determined by fitting
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FIG. 2. Vorticity threshold w,y vs Ty — T for annuli
A (squares), B (triangles), and C (circles). The closed
squares were taken with drive power 3—6 dB higher than
the open-square data at the same temperatures, The
indicated uncertainties are standard errors, The solid
lines are computed from Eq. (1) with ¢ = (2.7 A)¢~1.58;
the dashed line is for annulus A with ¢ = (1 A)¢~%/3,

the data by

Yor @ S Wy
Yo+zBw[l —(w,/w)'?], w>w,,

where B is the Hall-Vinen parameter,'? and the
correction term in brackets is just the fraction of
the area occupied by vortices. It is determined
by noting that a vortex-free region of width AR
x ™2 ig expected near the walls; and that AR
=3D at the threshold.® Here, in contrast to pre-
vious work,® ¥, -V, is uniform across the annul-
us, leading to a much simpler expression for y.

Values of w_, determined from fits of our data
by Ea. (2) are shown in Fig. 2 as functions of AT.
In all cases the values of B obtained in the fits
were consistent with published data.!* No power
dependence was observed; the solid squares cor-
respond to data taken at power levels of 3-6 dB
higher than the corresponding open symbols,
Similar values of w, were found if the data were
fitted with a straight line for w>w,, instead of
with Eq. (2), or if the thresholds were simply
read off plots similar to Fig. 1. The dashed line
in Fig. 2 corresponds to Eq, (1) with a=(1 A)¢"%3;
this divergence is clearly too weak to account for
the data,

Values of the core parameter calculated direct-
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FIG. 3. Values of a calculated from the data in Fig. 2,
except for plusses (Ref, 5) and cross (Ref. 15), The
solid line is the best fit g = (2.7 A)¢ ~1-%8,

ly from the data in Fig., 2 using Eq. (1) are shown
in Fig. 3. The large scatter is due to the loga-
rithmic dependence of w, on a, A rapid diver-
gence is observable, however, and even at the
lowest temperatures the values of a are quite
large, For comparison, values of a from other
experiments are included. The plus symbols
correspond to values of w, determined in much
larger annuli,® and the cross symbol was deter-
mined from film-flow data.'® The best fit of the
data from the present work by a=a,t™* gives a,
=2.7+1,4 A and x =1,58+ 0,13, These parameters
were used to calculate the solid lines in Figs, 2
and 3, which show that all the w_, data are rea-
sonably consistent with this expression for a, We
conclude that the w, data can only be fitted to Eq.
(1) if an expression for a which diverges much
more rapidly than is generally assumed is used.
In particular, our expression for a diverges much
more rapidly than the superfluid healing length,*°
the transverse correlation length,!® and the length
determining critical dynamics near T, all of
which diverge approximately as ¢"2/3, It is pos-
sible that a superfluid structure with a ¢%/3 length
dependence is masked by a complex excitation
structure whose size determines a.’® It is inter-
esting to note that our expression for a predicts
that the total core area will be equal to the total
sample area at w ~w_ =20 rad/sec at AT=1 mK.
A transition to a “normal” state under these con-
ditions may be observable. Similarly, our ex-
pression for a can account for the approximate
magnitude of the x~point depressions which have
been observed in some (but not all) heat-flow ex-
periments,?

An interpretation of the data as indicating a di-

verging core parameter is dependent on the ap-
plicability of Eq. (1). This expression is not
strongly geometry dependent; in an elongated el-
liptic cylinder with minor axis D, an elongated
rectangle with width D, or in the annulus with
width D, the first vortex occurs at the angular
velocity given by Eq. (1) if the correction term
(1 -D/6R) is omitted.?® This correction term
takes into account the effect of finite annulus
width to first order; this correction is small and
temperature independent. Hence the possibility
of finding theoretical thresholds lower than Eq.
(1) and/or consistent temperature-dependent de-
viations are probably limited to arrays of non-
parallel vortices, a difficult theoretical problem,
Experimental studies in other geometries (e.g.,
with a variable length along the rotation axis)
may help clarify this.
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Evidence is presented for the existence of a critical mixing point of a protein and salt-
water binary mixture. The asymptotic behavior of the osmotic isothermal compressi-
bility and the long-range correlation length near the critical mixing point is consistent
with the scaling laws predicted by the mean-field theory. The dynamic behavior of con-
centration fluctuations is not described by the mode-coupling theory.

The universality of the asymptotic behavior of
certain equilibrium and transport thermodynamic
properties of binary mixtures near the critical
mixing point has been well established over the
previous decade."? In this Letter we present
evidence for the existence of a critical binary
mixture of a globular protein, lysozyme (molecu-
lar weight: 14 388), and a 0.5M aqueous solution
of NaCl (pH 5.4). An understanding of critical
behavior, and more generally of phase transi-
tions, in protein/solvent mixtures is of consid-
erable interest as a new physico-chemical ap-
proach to the study of protein solubility. It is
also of great physiological importance in relation
to the phenomenon of cold cataract in certain ani-
mal lenses.** The lysozyme molecule is approx-
imately ellipsoidal, with dimensions of 45x 30
x30 A35 The dimensions of the individual mole-
cules of the two components in a binary mixture
of lysozyme and salt water are thus different by
as much as an order of magnitude. The lysozyme
molecule carries 6.5 net positive electrical
charges at pH 5.4.° Such a mixture of compact
globular macromolecules and solvent, or a mix-
ture in which one of the components carries net
electrical charges, has not previously been in-
vestigated as a critical binary mixture. The salt
water is treated as a single component although
it contains Na* and C1” ions as well as water
molecules. The salt is required for the critical
temperature to be in the range between the freez-
ing point of the mixture (approximately — 10°C)
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and the denaturation temperature of lysozyme
(approximately 55°C).”

We investigated the asymptotic behavior near
the critical mixing point of the osmotic isother-
mal compressibility and the long-range correla-
tion length by measuring the turbidity of the mix-
ture along the critical isochore. The behavior of
these equilibrium thermodynamic properties was
found to be consistent with the behavior predicted
by the mean-field theory® (critical exponents 3
=3, y=1, v=3%). The macroscopic shear viscosi-
ty showed a large divergence near the critical
mixing point; its relationship to the decay rate
of concentration fluctuations was not in agree-
ment with the prediction of the mode-coupling
theory.®

Crystalline flakes of chicken—egg-white lyso-
zyme (3.2.1.17, Worthington; specific activity:
111700 units) were dissolved in a 0.5M aqueous
solution of NaCl (Mallinckrodt, reagent grade,
dissolved in distilled water) with precautions
taken to avoid denaturation of the protein. The
dissolved mixture was centrifuged at 1500g for 5
min in order to remove air bubbles and the small
amount of undissolved protein. The volume frac-
tion of protein was determined from a measure-
ment of OD,y,, after X1000 dilution in water, the
extinction coefficient of lysozyme, E, Cm1%=26n4,
and the partial specific volume of lysozyme, v
=0.703. This volume fraction was divided by a
factor of 0.74, so that 100% corresponds to the
close-packed arrangement in which the shape of



