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Physical Realization of a Lifshitz Point in Liquid Crystals
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A theoretically based proposal of a concrete physical realization of a Lifshitz point is
given for the first time. This point should occur on the X-T diagram of a chiral liquid
crystal exhibiting a second-order transition between the smectic phases A and helicoidal
C PC is a magnetic field parallel to the smectic layers). The phase diagram near this
point is shown to be similar to the one obtained in the case of uniaxial magnetization.

The Lifshitz point, introduced recently by Horn-
reich, Luban, and Shtrikman, ' has become a sub-
ject of growing interest. ' 4 To get some notion of
a Lifshitz point, consider a Landau-Qinzburg
free-energy functional

F= 1 [A„2+fi„~+ Q o.;(V,I )2+. . .]d r,
2= X,&,Z

where p. is a scalar order parameter, and the ex-
pansion coefficients A, B, and cy,. depend on tem-
perature T and some external parameter R.. The
line T, (3C) on the 3C-T diagram defined by the
equation A(3C, T) = 0 corresponds to order-disor-
der phase transitions of second order so long as
+, &0 on this line. One can imagine a situation
where, on moving along the line T,(3C), one reach-
es a point (3C~, T~) where one of the n, 's (say ct, )
vanishes and further becomes negative. This
point is called the Lifshitz point. The continua-
tion of the line To(3C) into the region a, &0 does
not correspond to any phase transitions. Instead,
it enters a new phase, a modulated ordered phase,
characterized by a wave vector R, =R, (3C, T), which
increases continuously from R, =O at (3C~, T~).
The Lifshitz point is thus a special case of triple
point between the disordered, uniformly ordered,
and modulated ordered phases. The critical be-
havior in the vicinity of a Lifshitz point was stud-
ied by Hornreich, Luban, and Shtrikman, ' and the
thermodynamics of the system in this vicinity by
the present author. ' However, no definite, theo-
retically based prediction of a concrete physical
realization of Lifshitz point has been presented
hitherto. In Refs. 1-3, the possibility of a Lif-
shitz point rests on an assumption that the above
parameter n, (or its counterpart in the particu-
lar expansion of F) can change sign under certain
controllable variation of external conditions
(pressure, material composition, external fields).
The suggestions made in Refs. 3 and 4 concern-
ing possible realizations of Lifshitz point are just
empirical conjectures, and it is unclear whether
these should be realizations of a Lifshitz point or

merely of some triple point between the three
above-mentioned phases. In this Letter, I make
a theoretically based proposal of a physical real-
ization of Lifshitz point. The system considered
here is a smectic liquid crystal composed of chir-
al molecules and exhibiting a second-order transi-
tion between the smectic-A and helicoidal smec-
tic-Q phases. Such systems have recently been
synthesized. ' The external parameter $C in ques-
tion is a uniform magnetic field parallel to the
smectic layers. I will show that the X-T diagram
of such a system exhibits a Lifshitz point between
three smectic phases: A, C, and modulated C
(the latter will henceforth be named the Q* phase).

As is known, the smectic-A to smectic-C phase
transition can be described in terms of de Gennes's
order parameter' P = n„+in„where n„and n,
are the x and y components of the nematic direc-
tor n (it is assumed that the z axis is normal to
the smectic layers). The same order parame-
ter can be used to describe the smectic-A to
smectic-C* phase transition, the Q* phase being
helicoidal in the absence of external fields. Since
only spatial variation of ( along the z direction is
relevant, the Landau-Ginzburg expansion of the
free energy F(g) can be written in the form'

F= J [8,
~ g~ + F2(/BE*/Bz —/*BE/Bz)

+If,
I
Bg/Bz('+K, ] g~'Jd'r.

As usual in the Landau theory, ' the coefficient +y
is assumed to depend linearly on temperature:
E, = a(T —6), and the rest of the coefficients in
(2) are assumed to be practically independent of
T. In order to determine the transition tempera-
ture 2', and the type of ordering below T„one
has to consider the "harmonic" term in I, i.e.,
that part of Ewhich is a quadratic functional of

Introducing the Fourier expansion g(z) =

~)„g~e'"', one can present the "harmonic" part of
I' in the form

F&'~= Vg„n, ( q„~',
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where V is the volume of the system, and

an &x+ 2E2k+ Esk (4)

Thus, the magnetic field introduces coupling be-
tween the modes g» and P». The expression for
E ' can be diagonalized by the following canoni. -
cal transformation to new variables p~ and v„:

|F» =b» p» c»v» q (» c» I »+b»v»

where

b„=[» -k(4k'+X'5C'/16K ') ' ']' '
[g~ +k(4k2+X~/16K 2) &~2]&~»X

Ixl

&-»=(x/lxl)&»*, ~-»=-(x/lxl)~»*.

The expression for E ' becomes

z'"=-.'vg„g, I p, l'+a„'Iv„l'),
where

(8a)

(8b)

(10)

A.»'=K, +Ksk' —-'XK'+ -(X%C'+64K 'k')' ' (1l)

Now, the "soft mode" of the phase transition is
associated with the minimum A~;„ofA~, which

The "soft mode" of the phase transition in ques-
tion is associated with the minimum of the "fre-
quency band" a~. This minimum occurs at k = k,
= -K2/K, and equals a» =K, —K,'/K, . According-
ly, the ordering below T, is described by y(z)
= (» exp(ik, z), which corresponds to the helicoid-
al precession of the nematic director n about the
z axis, with a wave number k,. The temperature
T, is determined from the equation a„=0 and

C

equals

=g+g ~g»/K

For a raeemic mixture of two isomers of the
same chiral molecule, E,=O.' Then, on the as-
sumption that the rest of the coefficients in (2)
are only slightly affected by the change from the
chiral to the racemic version of the same com-
pound, one may identify 6 with the A-C phase-
transition temperature for the racemic version.
In the presence of magnetic field K, one has to
add the term' ——,'X(K n)2 to the free-energy den-
sity, where X=XII-X~ XII is the susceptibility
along the long molecular axis (per unit volume)
and X ~ in the perpendicular direction. Assuming
for definiteness that 3C is parallel to the x axis,
one obtains, instead of (8),

&"'=&K [(~ -kx&')IO»I'-'x3. "(0A- +c c)]
(6)

is the lower of the bvo "frequency bands, " A, '
andA, If &+&, where

x, =(8K,'/K, lxl)' '=[8 (T,-8)/lxl]", (12)

thenA~jg occurs at

k, =k,(1 —~/X, ')'

and equals

w, ,
-

=K, -K,'K, -'(1+x&'/lxl &,')'. (14)

If &&L„ then A;„occurs at k =0 and equals

&. =K, -l(x+Ixl)&'

The temperature T~ of the second-order transi-
tion from the smectic-A phase to a lower-sym-
metry phase is determined from the equation
A j„=0and

0+aT(1+x3P/lxlx~')', xaam~
~+2(1+x/Ixl)&T&'/& ', &&3. ,

where &T-=T, -O. At=0, k, =k, and Tq=T„
as should be expected. For &L, , the freezing
of the "soft mode" p, below T& leads to a smec-

0
tic-C* phase, with a modulated ordering of long
molecular axes. According to (7), this ordering
is described by

g(z) =b, p» exp(ikp) +c»,p», *exp(-ikp),

or, in terms of n„,n„by
n„(z) =(b, ,+c» ) Ip», I cos(kg+a),

n, (z) =(b» -c» )Ip», l sin(kg+a),
where p is an arbitrary constant, and

b, = (1/W2) (1 —k,/k, )'~',

c, , = (1/~2)(1+k,/k, )' 'x/Ixl . 19

Equations (18) show that the projection of n on the
smectic layer varies in space as a static eliptical-
ly polarized wave with the wave vector k, =kg.
As + 0 kp k, and this wave tends to a circular-
ly polarized (i.e., helicoidal) one; as X-&z, -0,
k, -0, and this wave tends to a linearly polarized
one.

For &XJ. , the second-order transition from
the A phase leads to the ordinary (uniform) smec-
tic-C phase. In view of (16), the A-C transition
temperature ,T-=zT(& &&~) grows with X if X& 0
and is independent of & if X&0 (see Fig. 1). Ac-
cording to Eqs. (8) and (9), if X& 0, then p, is
real, and below To one finds n„=go/W2, n„=0; if
X & 0, p, p is imaginary, and below T, one obtains

465



VOLUME 39, +UMBER 8 PHYSICAL REVIEW LETTERS 22 AUGvsT 1977

TL

Eq. (7), into the
~ g~

' term in (2), and putting b»
=ho = 1/v 2, c»=co= )t/v 2~ y(, one obtains for the
term of the fourth order in p, ~

E' =4VK4 Q p.»p». p» p»»»(4) (23)

Now, introducing an "effective order parameter"

C
p(z) =Q p»t-" ',

one can present E=E'~+E~'~ in the form

(24)

E= —
ADA(. +O. + 2 +—K4p. d y',

(b)
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FIG. 1. ~-T diagram exhibiting a Lifshitz point
(XL,T~) between the smectic-A, -C, and -C* phases:
(a) for X&0, (b) for y&0.

n„=0, n, = ~p, ~/~2. This means that for )t&G the
plane of the tilt of the molecules is parallel to +
=M, and for g & 0 it is perpendicular to , as
should be expected.

It follows from the above discussion that the
point (X~, T~), where T~ —= T q(X~ ), is indeed a
Lifshitz point between the smectic-A, -C, and
-C* phases, In order to determine the order of
the C-C* phase transition and the shape of the C-
C* transition line near (X~, T~), let us write
down the expansion of E near this point. Since
only long-wave modes p, ~ are essential in the
critical behavior of the system in the vicinity of
(X~, T~), it is sufficient to retain only the con-
tribution of these modes to E. Then, omitting
the terms with v» in (10), and expanding A» to
fourth order in k, one obtains

,'vg, (a, +~a-'+ pu') ( ~-„(',

where

(20}

+=K, -SK,'/i XiX, =2K,(X/X:, -I),
P = 128/ I )tl 'X,'.

(21)

(22}

Similarly, substituting g =Q» P»e ', with g» from

(25)

Expansion (25) is similar to the expansion of E in
the vicinity of the Lifshitz point in the case of
uniaxial magnetization, as discussed in a pre-
vious work (Ref. 3, paper I). (Observe that,
though the original order parameter g =n, +in,
is a two-component one, the "effective order pa-
rameter, "

p, , associated with the Lifshitz point
is one-component. ) Hence the results of that
work can be applied here straightforwardly. It
follows that the smectic-C-smectic-C* phase
transition in question must be first order. The
line Ts(X) of this transition lies in the region X
&X~ and its targent to the line T q(X) at the point
(X~, T~). The X-T diagrams in question for g
&0 and X&0 are shown in Fig. 1.

According to Eq. (13), the modulation wave
number ko decreases with the growth of X (un-
winding of the spiral) until the value of X reaches
the boundary of the C* phase, where k, changes
abruptly to zero. This resembles the unwinding
of the smectic-C* in an electric field. ' However,
apart from some common features, the behavior
of the C* phase in an electric field should differ
considerably from that in a magnetic field, be-
cause in the former case this behavior is gov-
erned mainly by ferroelectric coupling' linear in
the field, whereas in the latter case by diamag-
netic coupling quadratic in the field.

As was shown by Meyer e t al. ,
' the systems in

question have the following remarkable property:
When the molecules in a layer become tilted, the
layer acquires a nonzero electrical polarization
normal to the plane of the tilt. It follows that the
predicted formation of the smectic-C phase in
the presence of X must be accompanied by a cer-
tain uniform bulk polarization P. If X&0, then P
&X, and if y&0, then P

~ ~X. It should be of
great interest ot detect this "magnetoelectric"
effect experimentally.

The experimental observability of the above K-
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T diagram depends on the magnitudes of AT and

R~; in particular, the Lifshitz field R~ should be
accessible. According to Ref. 5, 4T-1'C. Un-

fortunately, X~ cannot be estimated so long as
the magnitude of u in (12) is unknown. However,
X~ can be made arbitrarily small by preparing a
sufficiently dilute solution of the chiral material
in question in a nonchiral solvent. Indeed, K, -O
when the concentration of the chiral solute goes
to zero. ' Then, according to (12) also R~ -0.
Another method to decrease K~ is to prepare a
mixture of two isomers of the same chiral mole-
cule and to decrease the difference of their con-
centrations. Since ET ~X~', the required de-
crease of X~ to an available magnitude may (not
necessarily) diminish ~T so as to make it diffi-
cult to see the details of the phase diagram (Fig.
1 will undergo a strong contraction in the verti-
cal direction). However, since the point (R~, T~)
itself can be reached, it is possible to test the
predictions of Ref. 1 concerning the critical be-
havior near this point.

Although the fluctuation corrections to the Lan-
dau theory affect the values of critical exponents,
I expect that the existence of the Lifshitz point
established above will be unaffected. Indeed, if
one applies the renormalization-group method of
Wilson, "one usually starts from the Landau
free-energy functional (the Landau-Wilson Ham-

iltonian). The procedure of finding the actual
symmetry-breaking order parameter (the "soft-
mode") of the phase transition is then the same in
the Landau theory. " Since Only this procedure
has been used above to establish the existence of
the Lifshitz point, the result should not be affect-
ed by the renormalization.
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The thermal conductivity of the two-dimensional magnetic systems (C„H2„~)NH3) pCuC14
(with n = 1,2) has been measured from 0.12T, to 2.5T, in fields up to 6.5 T. We found a
considerable heat transport by the magnetic system, both below and above T . Above
T~ this heat transport can be attributed to magnonlike states which can exist well into
the paramagnetic region in low-dimensionality systems.

The dynamics of fluctuations in both ordered
and disordered spin systems are of considerable
current interest. The existence of these spin
fluctuations at temperatures far above the criti-
cal temperature T, has been established by neu-
tron scattering experiments for three-dimension-
al systems' as well as for systems of lower di-
mensionality. " But their functioning as agents of
energy transport has never been observed before.
In this Letter we report for the first time experi-

mental evidence of the transport of thermal ener-
gy in the paramagnetic region by the spin system.
This evidence follows from thermal-conductivity
measurements in two-dimensional (2D) Heisen-
berg systems which show in the ordered phase a
fractional magnon contribution of 90@- the larg-
est yet observed —and above T, a fractional mag-
netic contribution to the heat transport, ranging
from 86@at T, to a maximum of 95/o at T = 1.5T„
which can mainly be attributed to paramagnetic
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