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Solid spin-aligned atomic hydrogen is shown to be unstable against spontaneous magnon
creation due to electronic dipole-dipole and hyperfine interactions even at T =0 K for
magnetic fields less than H, = 7.37/p„where J is the motionally averaged exchange in-
teraction. For an fcc crystal at 50 cm /mole, H, = 10 G. Similar considerations apply
to the fluid state where the relevant parameter is again Z which is proportional to the
density in the low-density limit.

Recently there has been a great deal of theoreti-
cal interest in the possible condensed states of
spin-aligned hydrogen (H&) and hydrogen isotopes
(D4 and T4).' ' At low temperature and pressure
H& is expected to be a nearly ideal Bose fluid, "'
while at pressures above 100 atm, corresponding
to a density of about 50 cm'/mole, "a quantum
solid is predicted.

Rather less attention has been paid to the sta-
bility of these condensed phases against decay
mechanisms which disturb the spin alignment and
hence allow a tendency toward the formation of
molecular hydrogen. Stwalley' has discussed the
effect of bvo-particle scattering in large magnetic
fields. He finds that the probability for a single
spin flip is proportional to exp(- p, P/kT) which
can be made extremely small by applying large
fields at low temperatures. Vfe will show that
this argument is not relevant to the condensed
phases even at T = 0 K, except at very low densi-
ties or at very high fields. The critical factor is,
instead, the product of the field and the molar
volume, HV, which must be greater than about
10' G cm'/mole in the low-density limit.

An earlier, comprehensive study of the stabili-
ty of H was performed by Jones et aE.' The most
important conclusions of this work may be sum-
marized as follows: (a) Three-body collisions
are a very efficient mechanism for recombination
if one of the electron spine is reversed; (b) in the
high-field limit the lowest-energy hyperfine state
of an H atom contains a fraction a"-a/2p, ,& of re-
versed electron spin, where a =0.047 cm ' is the
hyperfine coupling constant, and hence a = 25%/
kG; (c) consequently, except at very low densi-
ties or extremely high fields, rapid recombina-
tion involving three particles will occur. This
process is not thermaOy activated because the
attractive final-state interactions more than the
compensate for the cost in Zeeman energy. The

extra energy is caxried off by the third atom.
The work of Jones et al. , although suggestive,

is based mainly on gas kinetic theory and hence
is not directly applicable to the condensed phases
of II4. A particular shortcoming of their theory
is that it does not contain a proper description of
the elementary excitations of the system, name-
ly, phonons and spin waves in the solid and spin-
and mass-density excitations in the Bose Quid.
In this Letter we present microscopic calcula-
tions of the initial decay rate for the magnetiza-
tion in the solid. The analogous processes and
conditions for the stability in the Quid phase are
also discussed.

We begin by considering the zero-temperature
solid in the presence of a magnetic field H and
assume, at least initially, that the electron spins
are all a1igned antiparalle1 to 8 and that the pro-
ton spine are parallel to H (since the electron g
value is negative) We w. rite the spin Hamiltonian
as

where

+a Q,S, i, . (2b)

In Eq. (2a) J is the motionally averaged nearest-
neighbor exchange interaction and is positive,
and 6 labels a nearest neighbor of atom i. p, , and
8 are, respectively, the absolute value of the
magnetic moment and the spin of the electrons,
and IIL~ and i, are the analogous quantities for the
protons.

If V is neglected the fuQy aligned state is me-
tastable, even though some of its elementary ex-
citations can be at negative energy, because none
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where

&(k)=p.&-z JZ~l1-exp(+ R~)1.

To simplify the algebra we will use the spherical
average of Eq. (4),

e'(0)= p, ,H-6J [I-j,(kR,)], (5)

of the terms in Eq. (2a) can create a spin devia-
tion. If the number of spin excitations is small,
then it is appropriate to write X, in terms of spin-
wave operators:

K, =Qge(k)CqtCq, (3)
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where j,(x) =x ' sinz, R, is the nearest-neighbor
distance, and we have set z =12 for an fcc lattice.
To conserve phase space, A; is restricted to be
less than (3/w)'~'(2m/ 2R) =4.3V5/R, . The mag-
non bandwidth is thus about 7.3J in this model,
compared to the value 8J which can be obtained
from Eq. (4).

For fields less than V.3J/p, some spin waves
have negative energies and hence the system is
unstable. Thus it is crucial to determine an ac-
curate value for J™.If the exchange interaction
is small compared to a typical phonon frequency
then this renormalization is straightforward.
The radial dependence of the exchange interaction
J(x) is well known from the work of Kolos and

Wolniewicz. ' Since J(x) has a very strong radial
dependence, it is clear that the renormalization
due to zero-point motion'is important. In partic-
ular, the renormalization is quite sensitive to
how the wave function cuts off at small distances.
We have calculated J as a function of density in
the solid using a wave function obtained from the
dynamic-field approximation of Etters and Danil-
owicz' and in the self-consistent phonon approxi-
mation. ' At 50 cm'/mole the ratio J'/J(R, ), where
R, is the average lattice spacing, is about 15.
Our results are shown in Fig. 1 by circles and
squares where we have plotted the quantity zJ/2g,
versus 1000/V. The vertical axis thus represents
the approximate field which is necessary to stabil-
ize the spin-wave excitation spectrum. To dem-
onstrate the importance of motional averaging
we show the corresponding result for a rigid fcc
lattice (dotted line). Also shown by the crosses
in Fig. 1 is 2(zJ') for the fluid state where (zJ) is
the average exchange interaction of one atom with
its neighbors,

(zJ) =4vp Jg(~)J(~k'«,

where p =N/V and g(x) is the liquid pair-distribu-
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FIG. 1. Average exchange energy per parbcle as a
function of density. The circles and squares are cal-
culated in the local-field and self-consistent-phonon
approximations, respectively. The dotted line repre-
sents the value for a rigid fcc lattice. The crosses
have been calculated in the hypernetted-chain approxi-
mation for the fluid. The dashed line is an extrapola-
tion of the low-density behavior. The solid lines are
simply smooth curves drawn through the calculated
points ~

tion function which we have calculated in the hy-
pernetted-chain (HNC) approximation. The pair
wave function itself was obtained by solving for
the two-body, zero-energy, s-wave, reduced
Schrodinger equation in the manner of McGee
and Murphy. ' In the low-density limit g(~) goes
to the square of the Jastrow function which is in-
dependent of p and thus (zJ) is proportional to p
at low densities. This linear dependence is rep-
resented by the dashed line in Fig. 1 of which
the slope is about 10' 6 cm'/mole.

One problem with the treatment given above is
that the condition that the exchange interaction
be small compared to typical phonon frequencies
is not very well fulfilled. One might wonder then
whether the contributions to J from the large
short-range part of J(r) are valid. Intuitively
one might expect for a ferromagnetic system
(i.e., one for which J& 0) that at short distances
the spins would respond to the large negative val-
ue of J(x) by improving their alignment. To ne-
glect this "nonadiabatic" correction would lead
to an overestimate of J/J'(R, ). In our case J(~) is
positive, and the response of the spins at close
distances would be to increase their relative mis-
alignment, which. could be interpreted ag an ex-
tra positive contribution to the renormalization
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I/~„,= (~'/15m)i, 'p'D, (O),

1/r bi = (m/28') a'D, (0),

(10a)

(10b)

where the density of final spin-wave states at ze-
ro energy is

D8(0) = (Roko) /[12&2m Zj~(koRO)],

where j,(x) = sinx/x' —cosx/x. D,(0) is strongly
dependent on the field IJ which determines the
value of k, through Eq. (5). Our results for the
total transition rate for V= 50 cm'/mole are
shown in Fig. 2 as a function of IJ. The hyperfine
and dipolar transition rates are almost equal at

of J. Consequently, our method of renormaliza-
tion, even though it gives a very large result,
probably still underestimates J. This assumes
of course that it is possible to define a J, and
that the system does not, for example, tunnel di-
rectly into the singlet molecular state.

Returning now to the solid calculation, it is
clear that, given the current state of technology,
P will always be less than 7.3J/ij. „which is
about 1 MG at the lowest solid density, and thus
some spin waves with 0)0 will have zero energy.
If k, is the wave vector for which e'(k, ) = 0, then
the spin waves with this wave vector will be cre-
ated spontaneously by interactions contained in
Eg. (2b). Spin waves with wave vectors greater
than kp can also be created by interactions involv-
ing the emission of one or more phonons. How-
ever, for simplicity, we consider explicitly only
those processes which occur without phonon crea-
tion. These are described by the interaction V,
which may be written as

Y, = (P.)'Z%S"'(I )&%'& -'+ (~/2) z-~-', (7)

where

Sta)(k) = —(3p/]0) gee '"'RBY (g$)/yj', $

is a dipolar sum, Y,'(Q~) is a spherical harmonic,
and we have taken the nuclear spin matrix ele-
ment in the hyperfine term since the Zeeman en-
ergy involved is negligible. The main effect of
the nuclear spins in this term is to act as a sink
for crystal momentum. The dipolar sum can be
approximated by an integral which gives

Si'~(k) =-;mp Y,'(n„).
This approximation overestimates S@&(k) by, at
most, a factor of 2 along certain directions near
the zone boundary.

The initial rate of spin-wave creation is ob-
tained by a "golden rule" calculation. We find
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FIG. 2. Initial rate for the decay of the magnetiza-
tion at 50 cm3/mole due to the electronic dipole-dipole
and hyperfine interactions. At this density the two con-
tributions are roughly equal.

this density. Their ratio (1/~«)/(1/rbf) is propor-
tional to p' as can easily be seen by comparing
Egs. (10a) and (10b).

Once ak, spin wave is created, it quickly de-
cays via the spin-phonon interaction which re-
sults from the radial dependence of J(r). A pho-
non expansion of the full exchange interaction con-
tains terms in which a phonon is emitted while a
spin wave is scattered into a lower energy state,
thus providing an efficient mechanism for trans-
fer of exchange energy to the lattice.

From the discussion of the solid given above,
it is clear that a proper treatment of the stability
of the superfluid phase will require a knowledge
of the spectral response of the elementary densi-
ty and spin-density excitations of the Bose Quid.
This problem has been studied recently by Ber-
linsky" who finds that the spin excitations lie at
positive energy for p.,H &-,'(zZ) as we had guessed
by anaLogy to the solid problem. Thus, we would
estimate that a Quid at 200 cm'/mole can proba-
bly be stabilized at T=O K by j.00 kG and that 10
kG is sufficient to stabilize a fiuid at 103 cm'/
mole. These estimates certainly represent lower
bounds for the necessary magnetic fields since
other microscopic processes may also lead to re-
combination. The effects of finite temperature
will also be destabilizing and calculations of
these effects for the low-density Quid in a high
magnetic field would be of interest from many
points of view.
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Ground-state properties and elementary excitations of superfluid spin-aligned atomic
H are studied using methods adapted from the theory of liquid 4He. The ground state is a
k =0 condensate of the (i (electron), & (proton)) hyperfine state with a small admixture of

I &V) due to the hyperfine interaction. Excitations can also be labeled approximately by
their hyperfine states. y«(k) excitations are phononlike. q&«(k) and y~(k) are free-
particle-like with energy gapa, and y&~ {k) excitations resemble spin waves.

Two ground-state hydrogen atoms, in a relative
spin triplet state, interact via a potential mhich
is qualitatively similar to, although slightly weak-
er than, that of helium. When a collection of hy-
drogen atoms is forced into a spin-aligned state
by the application of a very large magnetic fieM
at low temperature, the effective pair interaction
is again the triplet potential. This potential is
quite accurately known from the variational cal-
culations of Kolos and Wolniewicz. '

Since H atoms are very light bosons and since
the system is weakly interacting in the low-den-
sity limit, Bose condensation is expected to occur
at fairly high temperatures (e.g. , 1'K at 1000 cm'/
mole). Properties of perfectly spin-aligned,
Bose-condensed atomic H have been calculated
by Dugan and co-workers, ' Stwalley and Nosanow, '
and Miller and Nosanom. ~ There is general agree-
ment among these authors concerning the equation
of state of the superfluid. In addition, they pre-
dict a fluid-solid transition at about 50 atm for
T =0.

The stability of spin-aligned H in a finite field,

against spin flips and recombination transitions
to molecular states, is much less well under-
stood. Jones et al.' suggested that the nuclear
hyperfine interaction mould seriously perturb the
relative spin alignment of the atoms and thus lead
to rapid recombination. Sbvalley' claims that
spin-flip transition rates due to hyperfine inter-
actions are proportional to exp(- pH/kT) and can
thus be made negligibly small with available lab-
oratory fields and temperatures. Quite recently,
Berlinsky et al.' have shown that solid atomic H
is unstable, even at T =0, for fields less than
about 1 megagauss because the spin-wave excita-
tions lie at negative energy and thus provide a di-
rect channel for decay of the magnetization.
These calculations suggest, however, that the
gas may be stable in available laboratory fields
at densities for which the Bose-condensation tem-
perature is easily accessible.

The purpose of this Letter is to present new
theoretical results concerning the ground-state
properties and elementary excitations of Bose-
condensed, spin-aligned atomic H in a large but
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