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A classical analysis of recent fusion cross sections is presented. The results are con-
sistent with a schematic model previously published by the author, and allow one to ex-
tract an empirical nucleus-nucleus potential.

It has been shown that nucleus-nucleus fusion
cross sections can be predicted with remarkable
accuracy from simple, classical, two-body mod-
els." The basic ingredients of such models are
(a) the assumption of a frozen shape of the collid-
ing nuclei during their approach, (b) the assump-
tion of a conservative two-body potential, and (c)
the assumption of frictional forces which allow
the system to be trapped in a region of attractive
interaction.

The validity of this general approach appears
to be well established by its success; however,
disturbing ambiguities remain with respect to
points (b) and (c) above. These can be resolved

only by further careful and systematic compari-
sons with experimental data. In order to make
such a comparison meaningful, fusion excitation
functions must be measured with good absolute
precision (&10%) over a large range of bombard-
ing energies. Results which meet these require-
ments have been reported recently for a number
of comparatively light nucleus-nucleus systems. ~~

In the present Letter I examine to what extent
these results are consistent with a schematic fu-
sion model' and try to deduce an empirical nucle-
us -nucleus potential.

Following Ref. 1, I define a critical distance
R„=R» which marks the onset of strong friction-
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al forces (R» is the half-density distance). Fu-
sion will then occur for all classical trajectories
which penetrate to R „,provided that the effec--
tive conservative (including centrifugal) forces at
this point are attractive. With neglect of friction
for the limiting trajectory (corresponding to the
limiting angular momentum for fusion) at dis-
tances x &r &„, the classical fusion cross section
is given by the well-known relationship

Ev f„=wry„[E V(r—g„)],

where r f„ is the classical turning point of the lim-
iting trajectory. We note that xf„ in general de-
pends on energy and is defined by the condition
that the quantity r'[E —V(r)] be minimized for
some r -R„,which is then identified as r &„. In
order to extract values of r &„'and V(r &„) from ex-
citation functions, one differentiates Eq. (1) with
respect to energy and obtains

-(Eo, )
d

It follows from the definition of r&„ that the sec-
ond term on the right-band side of Eq. (2) is al-
ways zero, since rf„ is either independent of E
(rf„=R„)or minimizes the expression in the
curly brackets. Thus one obtains the following
equations relating rf„and V(r,„) to the experi-
mental data [from Eqs. (1) and (2)]:

(3)

Eo f„
d(E. ,„)'/dE.

These equations can be given a very simple geo-
metrical interpretation, which is shown schemat-
ically in Fig. 1(a), and has been used to deduce
corresponding pairs r&„, V(rf„) from the data giv-
en in Refs. 3-8 by a graphical technique. I note,
without proof, that a similar method can be ap-
plied if o &„ is plotted versus 1/E, as appears to
be popular in the literature [see Fig. 1(b)].

By use of the liquid-drop model and general
geometrical arguments, the nuclear part of the
nucleus-nucleus potential (for spherical nuclei
and frozen densities) can be written as "~'

with

df /ds = —1 for s = 0.

Here y denotes the specific surface energy of nu-

V(r,„) 1

V(r, „)
FIG. 1. Classical analysis of excitation functions:

(a) plotting Eo vs E; (b) plotting o vs 1/E.

clear matter, A, and R~ are suitably defined nu-
clear radii (see below), and f(s) and g(s) are uni-
versal functions of the surface separation coordi-
nate s =x -R, -R, . The derivation of Eq. (5) im-
plies that R, and R~ are much larger than the sur-
face thickness and the range of the nuclear force;
in this limit, the half-density radius should be
the appropriate choice for A. For finite nuclei,
R cannot be defined unambiguously without refer-
ence to a specific interaction model (see Ref. 10
for a discussion of this point). I write"

b~(~~»~) -~

where a is chosen to reproduce half-density-mat-
ter radii in the limit of large A, and b is consid-
ered adjustable to some extent.

Systematic investigations of various combina-
tions of a and b' led to the conclusion that an ade-
quate representation of the fusion data according
to Eq. (5) can be obtained with a between 1.12 and
1.16 fm, and b~ between 1 and 2 fm'. Values of a
or b significantly outside these limits either ap-
pear to be physically unreasonable or result in a
distinctly inferior fit to the data. In this paper I
adopt a= 1.16 fm (following the analysis of My-
ers") and —somewhat arbitrarily —bm/a = 1.39 fm
(this choice minimizes the scatter of the "experi-
mental" points, but is not sharply defined by the
data). It should be noted that the functions f(s)
and g(s) deduced from such an analysis depend on
the definition of R, and hence on a and b.

"Experimental" points for the function g(s) have
been extracted by means of Eqs. (3)-(5) from the
fusion cross sections of Refs. 3-8 and are shown
in Fig. 2. Following the authors of Refs. 3-7, I
have identified their experimental cross sections
for evaporation-residue formation with the cor-
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FIG. 2. Nuc1eus-nucleus potential, expressed in terms of the universal function g(s) as defined in Eq. (5). 'Ex-
perimental" points from different sources are distinguished by different symbols, and the corresponding references
are given. Curve 1 ie a fit tothe data according to Eq. (8). The straight lines marked 2 and 3 represent the poten-
tial from Ref. 1 (line 2, zp=1.00 fm; line 3, r0=1.07 fm).

responding cross sections for complete fusion,
thus neglecting the possibility of compound-nucle-
us decay by fission. From a literature survey of
existing experimental and theoretical information
on compound systems of comparable mass and
charge one may conclude that the fission channel
should account for less than 5% of the total fusion
cross section for the systems and energy ranges
considered. Measured fusion-fission contribu-
tions of less than 10/o (and with almost negligible
effect on the results of the present analysis) are
included in the cross sections for 'Cl-induced
fusion reactions taken from Ref. 8. Qscillations
with relative amplitudes of the order of 10-20%,
which occur in the experimental excitation func-
tions for the systems 'aC+ "C (Ref. 8) and 'aC

+ "0 (Ref. 5), have been smoothed prior to ana-
lyzing the data.

Each point in Fig. 2 is associated with correlat-
ed uncertainties in s and g(s), which depend on
the absolute accuracy and energy range of the ex-
perimental cross sections, and on the ratio of
the Coulomb potential to the nuclear potential for
the system and separation involved. The result-
ing error is less than + 25% in g(s) (projected for
constant s) or less than +0.25 fm in s [projected
for constant g(s)] in all cases. In general, the

results for different systems are in remarkable
agreement, and hence confirm the predicted uni-
versal behavior of the function g(s). The data
can be fitted with an empirical function of the form

g(s) = tA exp(s/d, )+Bexp(s/d, )] ', (8)

where' =0.0300 MeV"' fm, B =0.0061 MeV ' fm,
d, =3.30 fm, and d, =0.65 fm, which is included in
Fig. 2. Disregarding inaccuracies in the experi-
mental data and in the present analysis, the scat-
ter of the points around the fitted curve could be
explained entirely as due to small fluctuations
(typically less than + 0.3 fm) of &, +&, around the
average trend as given by Eq. (7). One notes
further that the empirical potential [Eq. (8)] ap-
praximateiy satisfies Eq. (8).

For comparison, I also show in Fig. 2 g(s), as
deduced from the potential given in Ref. 1

da, A, ~A~ ~ s—V„(s)= ' ' ' exp(- -)
I 2

da, RR2 s

where d=1.35 fm and a, =17 MeV. Since the first
part of Eq. (7) does not scale exactly as R,A, /
(R, +R,), a comparison with the present analysis
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in terms of Eq. (5) involves an assumption on the
average radius parameter r, =R/A'". The two
straight lines shown in Fig. 2 correspond to ro
= 1.00 fm (appropriate to light nuclei) and r, = 1.07
fm (approximate average for all mass numbers),
respectively. Evidently the simple exponential
potential of Ref. 1 reproduces the empirical-fit
function quite well on the average, but falls off
too slowly at large distances.

Christensen and Winther' have recently per-
formed a global analysis of heavy-ion elastic scat-
tering data, based on semiclassical arguments
and the recognition that optical-model analyses of
elastic scattering determine the real part of the
potential only in the vicinity of a characteristic
distance. Corresponding values of distance and
potential were deduced for a large number of sys-
tems and bombarding energies, and were found
consistent with Eq. (5) (using, however, some-
what different parameters a and b). The same
set of potential and distance values is very well
reproduced by the present empirical fusion poten-
tial as given by Eq. (7), with a deviation of less
than +25% in g(s) or less than +0.2 fm in s in
about 80% of all cases. The relevant range of s
values (as calculated with my parameters a and

b) goes from about 3 to 4.5 fm, and thus extends
the range covered by the fusion data towards
larger values.

In conclusion, I have derived a universal nucle-
us-nucleus potential from a classical analysis of
experimental fusion cross sections. The deduced
potential is consistent with the liquid-drop model
at small separation, and with quantal analyses of
elastic scattering at large separation. I empha-
size that the present analysis is based on the as-
sumption of negligible dissipation (friction) at dis-
tances larger than the critical distance, at least

for the limiting trajectory. Should this assump-
tion be invalid, then the present potential has no

physical significance. However, the remarkable
consistency of the results for many systems and
energies among one another and with theoretical
predictions gives, in my opinion, strong indirect
evidence in favor of weak long-range dissipation
(but strong short-range dissipation). I therefore
suggest that the assumption of strong frictional
forces at large separation' is an artifact of fitting
deep inelastic scattering with unrealistic poten-
tials and/or neglecting essential degrees of free-
dom.
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