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BThe effective terms in the kinetic equation are v ~ Vf
=S, so that for S~ 6(r —v~, ), f- S/v arises and there-
fore Sfx:ve "yields f o-e ".

Drift-Wave Turbulence Effects on Magnetic Structure and Plasma Transport in Tokamaks

J. D. +allen
Oak Ridge National Laboratory, Oak Ridge, Tennessee 37830

(Received 22 July 1977)

The small magnetic perturbations accompanying drift waves are shown to produce mi-
croscopic, fluctuating magnetic island structures and to enhance radial electron heat
transport in tokamaks. The "magnetic-flutter"-induced electron heat-conduction coeffi-
cient is found to be X, ~~&6 (v+y)5, where 6 is the magnetic island width, v is the elec-
tron-ion collision frequency, and y is the drift-wave growth rate, or inverse island cor-
relation time.

Small, helically resonant, magnetic perturba-
tions can cause significant distortions of the mag-
netic surfaces in tokamaks. It has previously
gone unrecognized that since the high-mode-
number, drift-wave-type turbulence, which has
been observed experimentally, ' is probably not
purely electrostatic, ' it is, in fact, accompanied
by magnetic perturbations that can induce dense-
ly packed magnetic island structures and thereby
strongly affect radial plasma transport in toka-
maks.

Stochastic magnetic turbulence effects were
found to be important in determining radial elec-
tron heat transport in a fluid regime in the Zeta
device. ' Rechester and Rosenbluth4 have advanced
a model of radial electron heat transport due to
ergodic magnetic field lines in a collisional plas-
ma. Here, we investigate magnetic turbulence
effects in tokamaks by replacing the stochastic
turbulence assumption with drift-wave-induced
magnetic perturbations, with their attendant
spatial and time scale orderings. This new
mechanism for radial electron heat transport in
tokamaks may well resolve the apparent dis-
crepancy' between the observed heat transport
and that estimated quasilinearly from the fluctua-
tion spectrum.

Small radial magnetic perturbations can easily
modify radial plasma transport because plasma
transport is much faster along magnetic field
lines than perpendicular to them. To the extent
that particles "see" a stochastic radial motion
of the magnetic field lines, the effective radial

heat transport is

x.ff
—x +(8„/8)'x~, , (1)

where y~ and gtt are the heat transport coeffi-
cients perpendicular and parrallel to the mag-
netic field, 8„ is the (stochastic') radial com-
ponent of the magnetic perturbation, and B is
the strength of the confining magnetic field. In
a collisional plasma, y~~/y, -X'/p' where A. is
the mean free path and p is the particle gyro-
radius, Thus, magnetic perturbation effects
may be significant if 8„/B&(g~/)t~, ) '-p/g,
which is very small in tokamaks (e.g. , p/A —10 '
for electrons).

The magnetic component of drift waves is
caused by the fluctuating current produced by
the difference between the wave-induced perpen-
dicular drifts (P~) of the ions and electrons. '
Since the perturbed current must be divergence-
free for these low-frequency oscillations, the
component of the perturbed current parallel to
the magnetic field is given by Z~~ =(ik~, )V ~ [ne(V„.
—V~, )]. With the polarization and finite ion gyro-
radius drifts taken into account, the perturbed
current induces, through Ampere's law, a per-
turbed magnetic field 8, such that

8 /8 =i[(u/k ~~(x) V~](k p.)(V, /V&)

~(1+T,&u, /T, (u)(eg /T, ), (2)

where p is the perturbed potential, &u~
—= ks(cT, /

eB) dlnn/dr and k,~(x) —= k ex/I. „with x = x —c, —

being the radial distance away from a rational sur-
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face, k e is the poloidal-mode number, I, ' =(r/
Rq)q 'dq/d~, V =—B/(4~am, )~', V, = (T—, /m, )/'. ,
and p,. = V, /0, . Note the following (1) B~ bends
or twists the magnetic field lines but does not
compress them; (2) since V, /V~=( —,'P,)'~', where

P, is the ratio of electron pressure to magnetic
energy density, B~ -vP„and (3) this expression
for B~ is valid only for ke» S/&x and &u &k ~~(x) V~
[i.e., x &x„, where x~-=~L, /keV„=j;(L, /r„)(V, /
V~)]. The equation governing the full x depen-
dence of 8„ is derived and discussed by Catto
et al. ' For typical parameters in present toka-
mak experiments (k ~ p; ~ 1, V, /V„~ 1/20, T;
& T„and ey/T, ~ 10 '), one has 3JB& 10 '(& /
k ~~V„) & 1.0 ', which is ea, sily large enough to af-
fect Eq. (1).

These magnetic perturbations can change the
magnetic topology of a tokamak by forming thin,
high-order magnetic islands' at rational surfaces.
The radial variations of the perturbed potential

P and the magnetic field are shown in Figs. 1(a)
and 1(b). In Fig. 1(c) I illustrate the magnetic
islands formed by adding this magnetic perturba-
tion to the helical component of the equilibrium
magnetic field near a rational surface, ' namely

B„=-[B,—(r/R)(n/m)B ~] =xBeq 'dq/d~,

where q=—ny —mo is the helical angle variable at
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FIG. 1. Schematic i1.lustration of the spatial struc-
ture of (a) the perturbed potential p; (b) the magnetic
field perturbation ~„; and (e) the magnetic island
structure formed by the combination of &„and the heli-
cal component of the equilibrium magnetic field gg „= B~xq'/q.

a, given rational surface at which q(x, ) = m/n;
here, (&p, 8) and (n, m) are, respectively, the to-
roidal and poloidal angle coordinates and mode
numbers. With B„=B(x~/x) for large x, the full
width 6 of the induced magnetic island structure
and the distance (2vRN) that a magnetic field line
travels in tracing out a particular magnetic is-
land are specified by'

5 = 2[(B/B,)(r r, /nq )]~', N -q/n 5q,
where Ã is the toroidal winding number for cir-
cumnavigation of a magnetic island. For typical
parameters in present tokamaks [B/Be —(B/B e)

x(B/B) -1/50, x~-0.1 cm, x, -10 cm, q'-0. 1
cm ', q-2, and n -50], we obtain 6-0.4 cm and
N 2 1. If the magnetic perturbation were nearly
uniform in space, such as occurs in tearing
modes or externally induced perturbations, then
in Eq. (3) the g~ power becomes —,', the x„ is re-
placed by 2, and iV becomes a factor of 4 larger. '

The effects of the drift-wave magnetics are
quite different on ions and electrons. In one drift-
wave period, since cu» v, /2mRN, ions are not
aware of the magnetic island structure, but in-
stead see a stochastic B~. The quasilinear effect
of the stochastic B~ is negligible since it is a fac-
tor of P smaller than the usual E xB electrostatic
quasilinear effect of drift waves on ion transport
processes.

In contrast to ions, electrons are aware of the
full magnetic island structure since they circum-
navigate an island many times in a wave or growth
period, i.e., ur «v, /2&RN. All Fourier com-
ponents of the mode structure that are nonreso-
nant on the rational surface contribute stochas-
tically to the usual quasilinear response of the
electrons, However, the electrons do not re-
spond stochastically to the resonant component
of the mode structure, which causes the mag-
netic- island for mation.

&he resonant electron distribution function in
the presence of the islands must be calculated
from a drift-kinetic equation. Magnetic pertur-
bations come in both directly through the M

~,
/st

term and indirectly through the unit vector along
B, which becomes n —= B/B =n, + BJB, where n,
is the unit vector along the equilibrium magnetic
field. &aking into account these magnetic per-
turbation effects, perturbing the lowest-order
(in finite Larmor radius) drift-kinetic equation
about a, local Maxwellian distribution jf=f+f, -
with f =n, ( &2T m/)

' 'exp[-(E —q4')/T], and Z
-=me'/2+ qC j, and assuming that the lowest-or-
der f is an adiabatic response (f= qyf /T+g), —
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one obtains'

Here, I have assumed that f, j,8„-e xp[i(ny —m8
—u t)], used the fact that B„=ik eA~~ and in the
E &8 rest frame where 4 = 0, defined

u~r -=e~dlnf /dinn,

The usual quasilinear particle and energy trans-
port fluxes in the plasma can be obtained from
Eq. (4) for the m/nwq(~, ) mode components. The
B„'contribution to Eq, (1) is obtained by assum-
ing that the collision operator in Eq. (4) gives
the dominant contribution to the left-hand side of
Eq. (4) (i.e., C -v» ur, ~„etc.), and then com-
puting the contribution to g and the heat flux due
to the inhomogeneous B„term on the right-hand
side of Eq. (4).

Here, we wish to determine the additional singu-
lar contribution (gq) to the perturbed electron
distribution function due to the presence of the
drift-wave-induced magnetic islands. Since the
definition of a magnetic field line is dl/B =dx/B„,
we can identify v ~~B„/B = dx/dt as the radial veloc-
ity of a particle moving along a magnetic field
line within the magnetic island structure. Thus,

gz is obtained by integrating the B„term in Eq.
(4) over the characteristics of the left-hand side
[including the nonlinear term u

~, (B„/B)&g/&r] of
the equation (for Im&u &0):

dt' — exp[ —i((u+ iv)(f' —t)], (5)
t

dt

where the primes denote integration along the
(perturbed) electron trajectories and B„=Q„B„
xe ' ' has been decomposed into its temporally
and spatially varying parts such that dx/dt =&~~B„/
B. For simplicity we have taken an energy-in-
dependent Krook collisional model.

Since the radial velocity dx/dt must be periodic
in t with a period of T ~ =—2v/a ~

= 2nKV/v, ~, we
assume

x = x + —Qsinwg g,

where —,'6 is the spatial half-width of a given con-
tour within a magnetic island [cf. Fig. 1(c) and
Ref. 7]. Performing the time-history integration

in Eq. (5) along this trajectory, we obtain

g~=-5 e ' '(1 —~/~, ')(&f /&~)( ,'&)-

&&(sinwzt —i[(~+iv)/u q]cos~~f+ ~ ~ ~ ] (7)

in which we have made an expansion in (~ +iv)/~~
«1. From Eq. (6) we see that the sin~at term
in Eq. (7) represents a flattening of the total elec-
tron distribution function (f +f) around x, due to
the magnetic island. This is, however, a revers-
ible process, as evidenced by the e ' ' coeffi-
cient. The i[(~+iv)/~~]c os', ~t correction term
to the flattening represents the irreversible proc-
esses of wave growth and collisional changes in
the island-averaging period T z through diffusion
in e ~~, which will ultimately lead us to obtain net
transport in the radial direction from this per-
turbation.

The induced particle transport flux, which adds
to the neoclassical and quasilinear particle fluxes,
is calculated from the velocity-space moment of
the drift-kinetic equation: I'„=- (J d'v(v ~~B„/
B)gq), where ( ) represents an island and wave-
period average. Again splitting B„ into its spa-
tially and temporally varying parts and noting
that t ~~B„/B=dx/dt, we find

r„' = — Q —,'(-,'a)'(v+ y)n,

d inn, e d4 ~eB
dy T 4J' ckeTe

in which ~ „are the set of rational-surface drift
frequencies occurring within the plasma. Since
the ion particle flux is the much smaller quasi-
linear one, I'„would cause a nonambipolar ra-
dial flow of electrons, This causes a radial po-
tential to build up rapidly (b,t «7 z) and make the
particle flux ambipolar. From Eq. (8), a suffi-
cient condition for ambipolar diffusion is

(e/T, )d4/dr =(1 —(u „/&u~)dlnn, /dr.

Thus, in the rest frame of the plasma, except for
high-energy runaways, ' electrons are electro-
statically confined in the radial direction by this
ambipolar potential and the electron particle
transport is only the ion quasilinear value. None-
theless, the radial electron heat flux can be en-
hanced significantly.

So far, we have calculated gz within only a sin-
gle closed magnetic island of width ~h& 25 [cf:
Fig. 1(c) and Ref. 7]. However, since the sepa-
ratriees, which are isotherms, connect the is-
land structures on opposite sides of the rational
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surface, the electron temperature profile will be
quickly (t& v~) flattened over the entire magnetic
island structure. Thus, —,'b, in Eq. (7) should be re-
placed by ~5. When this and Eq. (9) are taken into
account, —,'a(&f /&r) in Eq. (7) is replaced by —,'5
&&(E/T —2)(f d lnT/dr). Then, calculating the is-
land-induced electron heat flux in the same man-
ner as the particle flux, we obtain Q„=—n, X,
xdT, /dr, where

X,
' =-,' Z (v+1)(-,'&)'. (10)

~= ~mn

The physical implication of this "weak-turbulence"
result is that electron heat diffuses radially with
a step size of half the magnetic island width (-,'5)
at a characteristic rate given by the sum of the
drift-wave growth rate and the (90 ) collisional
scattering rate. In a fully developed turbulent
state, the y would apparently be replaced by the
"birth and death rate" for the various magnetic
islands. Net transport occurs only if the radial
heat transport is irreversible through an entire
magnetic-island life cycle. In an abstract sense,
Eq. (10) would be replaced by )t,

- Jd7(dx/dt),
x(dx/dt), +,. In order for there to be radial elec-
tron heat transport over the entire plasma radius,
the various magnetic islands represented by the
v „ in Eq. (10) must be closely packed, or per-
haps overlap. Note, however, that magnetic
braiding is not required for heat transport in this
model. Since the spatial separation of rational
surfaces having the same n is only M-1/nq'
-0.2 cm for typical parameters, such proximity
is quite probable for the various m modes having
the same n, and is virtually certain for the doub-
ly denumerable infinity of admissible combina-
tions of rn and n.

The drift-wave growth rate in Eq. (10) can be
that due to one or all of the destabilizing effects
of trapped electrons, finite ion Larmor radius,
plasma current, etc. Our treatment of the ef-
fects of drift-wave magnetics would also apply
to the hypothesized. high-mode-number drift tear-
ing modes, ' with 6 and N modified as indicated
after Eq. (3) for these B„- ncsot modes.

Since the electron heat transport due to the
magnetic island formation scales as y, —P -(ere/
T, ) ', whereas the typical quasilinear estimate
gives y, -(ep/T, )', at low fluctuation levels
the magnetic effects are likely to dominate. For
the fluctuations observed' in ATC and TFR, we
estimate v-y-2x10' sec ', k~p, ~ 1, y/~~- 3,

V, -3&&10' cm/sec, (dlnn, /dr) '-10 cm, ey/T,
-3 &10 ', and obtain t) -0.4 cm; hence, X, -10'
cm'/sec vs y, ~~ - 10' cm'/sec. Thus, we find

» y,, D, etc. The electron energy con-
finement time estimated from Tz, -a2/4y, is al-
so reasonably close to that observed experimen-
tally. Finally, we note that the temperature per-
turbations T induced by the magnetic islands are
given by T-(6/T) dT/dr. Since T —(ep /T)'~' and
n -ey/T with T/T»n/n typically, the "ma, gnetic
flutter" effects may be operative in the PLT ex-
periment where large temperature fluctuations
were recently observed in the drift-wave fre-
quency range with a broader spectrum than the
density fluctuations. "
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