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I'he properties of hadronic jets in e e annihilation are examined in quantum chromo-
dynamics, without using the assumptions of the parton model. We find that two-jet events
dominate the cross section at high energy, and have the experimentally observed angular
distribution. Estimates are given for the jet angular radius and its energy dependence.
%e argue that the detailed results of perturbation theory for production of arbitrary num-
bers of quarks and gluons can be reinterpreted in quantum chromodynamics as predic-
tions for the production of jets.

The observation' of hadronic jets in e'e anni-
hilation provides one of the most striking con-
firmations of the parton picture. ~ In particular,
the distribution of events in the angle 8 between
the jet axis and the e'-e beam line is observed
to be very close to the form 1+cos'8 that would
be expected for the production of a pair of rela-
tivistic charged pointlike particles of spin ~.
We shall argue here that the existence, angular
distribution, and some aspects of the structure
of these jets follow as consequences of the per-
turbation expansion' of quantum chromodynam-
ics' (QCD), without assuming the parton picture
(in particular, the transverse-momentum cutoff)
in advance. Thus, the observed features of jets
provide evidence for an underlying asymptotical-
ly free gauge field theory with elementary spin- —,

'
quarks. We also wish here to demonstrate a gen-
eral approach, which may be applicable to a wide
range of high-energy phenomena.

Our procedure is to define a partial cross sec-
tion for jet production, which in asymptotically
free theories like QCD can be calculated perturba-
tively at high energy. By ordinary dimensional
analysis, any sort of total or partial cross sec-
tion in QCD can be written in the form

c=E-'f(m/E, qs, x),
where E is the energy; x stands for all other di-
mensionless variables characterizing the final
state; m stands for all mass variables; and gE
is the gauge coupling constant, defined at a re-
normalization point with four-momenta of order
E. [We express the cross section in terms of gs,
rather than a coupling g, defined at a renormal-
ization point with momenta of arbitrary scale e,

in order to avoid factors of In(E/x). Physical
quantities are of course independent of the choice
of renormaliza. tion point. ] Even in asymptotica. l-
ly free theories, where g~-0 as E -~, it is gen-
erally not possible to calculate the cross section
perturbatively for large E, because the cross
section will exhibit singularities for m/E -0. It
is of course for this reason that asymptotic free-
dom has as a rule been used directly to justify
perturbative calculations of Green's functions and
Wilson coefficient functions, rather than cross
sections themselves.

However, by performing various sums over
states, it is possible to define a wide range of
cross sections which are free of m -0 singulari-
ties. To learn what they are, we observe that
quantum field theories of massless particles have
always been found (in the absence of superre
nor malizable couplings) to be physically sensible,
i,e., that any cross section which would actually
be measurable in such a massless theory is free
of infrared divergences in each order of perturba-
tion theory. ' Hence in the real world with m &0,
any sort of partial cross section which wouM be
measurable for m =0 is expected to be free of
singularities in m as m —0, and can therefore be
calculated perturbatively' in QCD for E -~.

For instance, the cross section for production
of a definite number of particles does have singu-
larities for m -0, because for m =0 we could
not expect to be able to tell the difference between
one particle or several particles moving in the
same direction. At the opposite extreme, the
total cross section for e+e -hadrons would
clearly be measurable even for 'zero quark mass,
and hence must be free of singularities in m (to
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lowest order in o.) for m -0. Indeed, although
the original application of asymptotic freedom to
this process was by way of the vacuum-polariza-
tion Green's function at Euclidean momentum, '
it is easier to justify the use of QCD perturba-
tion theory' here directly, by working with the
cross section itself.

To study jets, we consider the partial cross
section o(E, 8, Q, e, 6) for e+e hadron production
events, in which all but a fraction e «1 of the
total e'e energy E is emitted within some pair
of oppositely directed cones of half-angle 6«1,
lying within two fixed cones of solid angle Q (with
nb'«Q «1) at an angle 8 to the e'e beam line.
We expect this to be measurable for m=0, be-
cause the only quarks or gluons which are likely
to be diffracted or radiated away from a calorim-
eter at 8 have very long wavelength, and so
carry negligible energy. Thus o should be free
of mass singularities for m -0, and calculable

by a perturbation expression in g~ for F. -~.
We have calculated o(E, 8, Q, c, 6) to order ge'.

It proved algebraically convenient to set the
quark masses equal to zero from the beginning,
but to use a finite gluon mass p. «eE as an in-
frared cutoff in intermediate stages of the calcu-
lation. To order g~', 0 receives contributions
from three distinct kinds of final state'. (a) One
jet may consist of a quark or antiquark plus a
hard (energy ~eE) gluon, the other jet of just an
antiquark or quark; (b) there may be a quark in
one jet, an antiquark in the other, and a soft (en-
ergy - eE) gluon which may or may not be in one
of the jets; (c) there may be just a quark and anti-
quark, one in each of the jets. Working to order
g~', we evaluate the contributions of (a) and (b)
using only tree graphs, while for (c) we include
the tree graph and its interference with one-loop
graphs. The respective contributions to 0 are
then

o, = (do/dQ) 0 Q(g~'/3 v') [—3 ln(E 6/ p) —2 ln'2e —4 ln(E 5/ p) ln(2e) + —", —m'/3 J,

v, = (do/dQ), Q(g~'/Sv') [2 ln'(2eE/ p) —~'/6],

o, = (do/dQ), Q(1+ (ge'/Sm') [-21n'(E/p) + 3 ln(E/p) —+ + ~'/6]],
where (do/dQ), is the cross section for e e —qq in Born approximation:

(4)

dQ 4E'
0 fl avors

(5)

As expected, each separate contribution is singular for p, -0, but cancellations occur in the sum, and
the final result is free of mass singularities:

a(E, 8, Q, e, 5) = (dv/dQ)0 Q[1 —(g~'/3&') (3 ln5+41nb ln 2m+ v'/3 ——,')]. (6)

This formula immediately demonstrates the
dominance of two-jet final states at very high
energy where gz'/Sm' is small. By summing Eq.
(6) over a, set of cones of solid angle Q that fill
the 4m steradians around the e+e collision, and
comparing the result with the QCD expression'
(1+g~'/4m') v, for the total cross section, we see
that the fraction of all events which have all but
a fraction ~ of their energy in some pair of oppo-
site cones of half-angle 6 is

f= I —(g~'/Sw')(3 1n6+41n51n2e+ z2/3 ——,') . (7)

If gz'/3&' «I, then even if we take e and 5 to be
moderately small, the two-jet probability f will
be close to unity. To be quantitative, suppose we
define a, jet angular radius 5(E), by requiring that
70% of all events have at least 80/p of their energy
emitted within two cones of half-angle 6(E). Set-

ting f=0.7 and e =0.2 in Eq. (7), and using the
asymptotic QCD formula9 g~' = 24m'/25 ln(E/A)
with A= 500 MeV, we find that 6(E) is about 13'
at the energy E =7.4 GeV of current experiments, '
and decreases as E '" at higher energies. In
contrast, with a fixed transverse-momentum cut-
off P~, we would expect a. jet angular radius y(E)
which would decrease much faster, like I/E or
(lnE)/E. At relatively low energy q(E) will be
greater than 6(E), so that our calculation of the
jet radius is probably invalidated by the nonper-
turbative effects' associated with I'~. However,
at sufficiently high energy 5(E) becomes greater
than y(E), and perturbation theory becomes valid
for angular radii down to 5(E). The angle 6(E)
then defines the outermost angular distance from
the jet axis at which any appreciable hadron en-
ergy is to be found. Even at such high energies,
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it is possible that the fixed-transverse-momen-
tum jet of the parton model will survive deep
within the cone of half-angle 6(E), beyond the
reach of perturbative methods, but the angle q(E)
becomes so small for sufficiently high energy
that the jet angular distribution is in any case
constrained to have the 1+cos'6 form of QCD
perturbation theory.

Our definition of two-jet events has an obvious
generalization to arbitrary numbers of jets, To
order gs', the fraction f of hadronic e'e events
that (by definition) are not of the two-jet type
consists entirely of three-jet events. " However,
in order to determine the angular radius of the
jets in three-jet events, it would be necessary to
carry our calculations to order g~4, where four-
jet events are beginning to enter. Continuing in
this way, it should be possible to test the detailed
predictions of QCD for production of any numbers
of quarks and gluons, but always reinterpreting
these particles in terms of jets."

We can also conclude from Eq. (6) that the two-
jet events have just the same 1 +cos'6 angular
distribution as in the Born approximation for e'e
—qq. This result is expected to persist for mass-
less quarks to all orders in g~', because for e+e

-qq the conservation of current and chirality
limit the matrix element (qqi J"i 0) to just a y"
term, while the effect of adding more gluons or
quarks to these jets is merely to convert ln(E/tJ)
factors to factors of inc or ln6. The dominant
corrections to this angular dependence come
from the finite quark mass and from the ambigu-
ity between three-jet and two-jet events; the
former gives an angular distribution 1+a cos'6I,
with 1 —a = 4(m')/E~

It might be thought that the partial jet cross
section v(E, 6, 0, e, 6) should be measurable for
massless theories, and hence free of mass singu-
larities in the limit of zero mass, even if we

specify the charge in each jet. If this were the
case (and if there are no failures of perturbation
theory' in QCD when jet charges are measured)
then our calculation would not account for real jets
with integer total charge, since to order g~ it is
only possible to produce jets of third-integral
charge. " However, direct calculation to order
g~4 shows that the cross section for final states
with a definite value for the charge emitted in a
given solid angle will have singularities in the
limit that the quark mass vanishes, As far as
we can tell, the reason that cross sections for
the emission of massless particles with a definite
total charge into a definite solid angle cannot be

measured is that any attempt to stop these par-
ticles would result in the emission of soft charged
massless particles in all directions. " Fortunate-
ly, as long as we define jets in terms of energy
but not charge, we must sum over final states in
which soft quarks are emitted in arbitrary direc-
tions, and the mass singularities are expected
to cancel.

The methods of this paper can be applied to
any field theory, not just QCD. However only in
an asymptotically free field theory like QCD can
we deduce the simple behavior whi. ch seems to be
observed experimentally: a total cross section
dominated at high energy by two-jet events, with
an angular distribution characteristic of the low-
est-order production of elementary particles.
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explicitly isolated, these effects become negligible at
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