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We point out the relatively clean geometrical aspect of the Lorentz-Lorenz effect and
use it to extract the strength of the effect from an analysis of the elastic scattering of 50-
MeV ~' on '60. We find that for a finite-range ~-N interaction there is strong evidence
for the effect with a value 0.2 - $ —0.6.

The existence of the Lorentz-Lorenz (L-L) ef-
fect in pion-nucleus scattering was first pointed
out by the Ericsons. ' They estimated the influ-
ence of this effect upon the optical-model poten-
tial by using a zero-range pion-nucleon interac-
tion and an infinitely repulsive nucleon-nucleon
correlation with a range limiting to zero. Eisen-
berg, Hufner, and Moniz' showed that (at zero
energy) this result could be derived from the usu-
al expansion of the optical potential in terms of
the short-range correlations among nucleons.
They also found that the size of the effect was con-
siderably reduced when the relative size of the
correlation range is small compared to the pion-
nucleon interaction range. This factor is ex-
pressed as a parameter $ which they found to be
-0.2. The parameter $ is normalized to be unity
for the original Ericson-Ericson calculation. Gar-
cilazo' has calculated in a similar manner (to sec-
ond order) at finite energy and finds that the L-
L effect is an excellent approximation to the sec-
ond-order optical potential. Recently Baym and
Brown have suggested that exchange of p mesons

might lead to an enhancement of f.
Attempts to determine $ from the data include

an analysis by Krell and Ericson' of pionic atoms
(which tends to indicate a value of about unity)
and comparisons of an optical model with pion
elastic scattering at 50 MeV by Digiacomo et al. '
(which is inconclusive).

Here we present a different technique for ex-
tracting the L-L effect from experimental data
than that employed in Ref. 6 and illustrate it by
application to the best available data, elastic
scattering of 50-MeV m' from "O.' We note that
the L-L effect changes not only the strength but
also the effective geometry of the optical poten-
tial. The difficulty in determining $ comes from
our inability to disentangle the L-L effect from
other corrections. The largest of these correc-
tions, the angle transform and energy shift, ' af-
fect only the strength and not the geometry. The
uncertainty in most of the strengths as a result
of using different methods of making these trans-
formations is very great. For this reason we
treat the strengths as free parameters and ask
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whether the geometrical aspects of the L-L effect
can be seen.

There is one additional correction which might
strongly affect the geometry: the "true" two-nu-
cleon absorption of the pion. The size of this ef-
fect is not known. However, we may hope to util-
ize the absorptive parts of the strength param-
eters obtained by this analysis to provide an indi-
cation of the relative importance of true absorp-
tion.

We make use of y' fitting procedures and abso-
lute values of X' so that it is very important that
we understand the errors of the data very well.
Since it is almost impossible to give a truly ac-
curate estimate of experimental errors, aside
from counting statistics, it is fortunate that there
exists a technique for determining the average
error utilizing the data itself. We make a least-
squares fit to the data using the exact phase-shift
expression, i.e. , an expansion of the amplitude

in Legendre polynomials up to order l-2KB,
where K is the wave number and R is the nuclear
radius. The precise procedure for doing this
will appear elsewhere. " While many interesting
results may be obtained from these fits, the only
number of interest to us here is the X' per de-
gree of freedom, which is 1.158 for the "O(v', m')

data at 49.7 MeV. ' This means that the errors
are correctly assigned and that there are not like-
ly to be hidden biases in the data. It was for this
reason that this set of data was chosen for this
analysis.

We must choose an optical model containing
enough physics and flexibility to be capable of
representing well the true physical process of
pion elastic scattering, yet simple enough to per-
mit "fitting" of the data in a reasonable length of
time. The pion-nucleon t-matrix used to calcu-
late the first-order optical potential" was chosen
to have the form

It is the effective values of b, and b, which are
difficult to compute for pion-nucleus scattering
and which are therefore treated as free param-
eters. The value of the pion-nucleon-interaction
range parameter cv may also be affected slightly
by the presence of the other nucleons. The val-
ues obtained by Londergan, McVoy, and Moniz"
(and independently by Reiner") are ™300 MeV/c
for the (3, 3) channel and -700 MeV/c for the oth-
er p waves. The s waves have yet different val-
ues. Only a single value of o. is used here and,
since it must represent an average value, it is
expected to lie within the range of 300-700 MeV/
c [probably closer to 300 MeV/c since the (3, 3) is
the strongest channel].

The "strengths" b, (E) and b, (E) may be calculat-
ed from free-pion-nucleon phase shifts. The un-
certainties in these phase shifts lead to consider-
able uncertainties in the values of b, and b, . It
was also pointed out above that a number of cor-
rections must be applied because of the presence
of the nuclear medium. The largest of these are
the angle transform and energy variation due to
the motion of the nucleons. These primarily al-
ter b„' b, is relatively insensitive to these ef-

fectss.

The two-nucleon absorption is expected to af-
fect primarily the imaginary parts of the strengths.
Since the size of this effect is largely unknown,
we must regard Imb, and Imb, as very uncertain.
This leaves Reb, as the best-understood strength.

! To include the L-L effect the density is re-
placed by

b, p' =b, p/(1+ bp), b = gb.

For the case of a Woods-Saxon density,

N(c, a)
1+exp[(r —c)/a] '

we have

(2)

b,N(c, a) 1

1+bN(c, a) 1+exp[(r —c')/a] '

c' =c+a(ln[1+bN(c, a)]],

(3)

(4)

so that the transformation alters only the half-
density radius and the normalization. This re-
markably simple result shows that a nonlinear
form in the density can be replaced with a linear
form containing an altered value of c. We as-
sume that we are at sufficiently low energy that
a scattering-volume approximation is reasonable
for b; hence it (and c') is real.

Modern values of the rms body radius of "0
cluster very closely around 2.58 fm (generally
within 10 mfm) so this value is fixed. Then the
ratio a/c is adjusted, so that the charge form
factor (including a Gaussian proton form factor
of radius 0.81 fm) is matched to the form factor
obtained from the charge density of Sick and Mc-
Carthy. ' The comparison of these two functions
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G. 1. Comparison of form factors ( bt '
d fo aine rom

e convolution of a proton charge density with two dif-
ferent body densities) with the form factor f R f.

The dashed curve corresponds to the density actu-
a y used in the analysis while the unevenly dashed
curve corresponds to the geometry required to fit the
data with o. —8000 MeV/c and no Lorentz-Lorenz effect.

is given in Fig. 1.
A series of y' minimization procedures is per-

formed treating the real and imaginary parts of
b, and b, as free parameters, for a selection of
values of n and c'. In Fig. 2 we show the curves
for fixed o. as a function of c'. %e may immedi-
ately translate from c' to b using Eg. (4) and,
employing a scattering-volume estimate for b of
4.4 fm'; a corresponding value of ( is obtained.
All three scales are displayed in the figure.

Since the system is highly nonlinear, the num-
ber of degrees of freedom is not clearly defined.
However, it should lie between 18 (the number of
data points) and 18 —8 (the total number of param-
eters being varied). These numbers would be
correct if X' per degree of freedom were 1 in the
amplitude analysis. They are corrected by mul-
iplying by the actual y' per degree of freedom
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from that analysis. These two values are shown
as horizontal dotted lines and the proper value of
minimum X' should lie between them. The con-
tinuous ambiguity of acceptable solutions is im-
mediately visible. The solution for smaIl values

note th
of e is slightly better than for large val W
no e at a fit can be obtained for very large val-
ues of n with zero I -L effect, but th
trary to all present beliefs, since with zero-

=1 or r
range pion-nucleon interactions we wo ld h

(or greater). For very small values of a we
should have no L-L effect and this is also con-
trary to our results. The only acceptable solu-
ion is to have intermediate values of e, around

400 MeV/c, as anticipated.
Table I hs ows the strength parameters extract-

ed. Judging from the most reliable parameter,
Reb„we would also conclude that the range of n
is 400-500 MeV/c for acceptable fits.

For the results described here inner C l br ou om

dens'
e ec s were calculated with a uniform chm c arge

ensity inside the half-density radius. Modifying
this density to account for the finite size of the
proton and the pion leads to different values of b

and Imb b„but the y vs c curves were unchanged.2 1
0

The present technique of separating the I orentz-
Lorenz eff ect by geometrical considerations
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TABLE I. Values of the strength parameter corre-
sponding to the minima of the y curves in Fig. 2. The
"free" and "angle-transformed" quantities are also
shown for comparison.

This work was performed under the auspices
of the U. S. Energy Research and Development
Administration.

(MeV/c) Reb~ Imb& Rebo

300
400
500
600
800

1000
3000

0.58
0.32
0.21
0.15
0.10
0.05
0.00
Free

Angle trans-
formed

8.71 1.98
7.83 1.65
7.43 1.48
7.19 1.38
6.87 1.80
6.61 '1 .3 9
5.67 0.96
6.85 3.02

—4.06
—3.76
—3.62
—3.53
—3.43
—3.34
—3.09
—1.01

7.56 0.91 —2.55

—0.01
—0.01
—0.02
—0.06
—0.]2
—0.14
—0.19

0.79

0.50

clearly contains sufficient sensitivity to observe
even fairly small values of $. From the present
analysis it seems clear that a value of $ as large
as 1.0 is definitely ruled out. While a maximum
value of 0.7-0.8 is permitted, the preferred
range is 0.2-0.6.

We have removed the Lorentz-Lorenz effect
from the strength parameters and find that the
best-known one (Reb, ) agrees with predictions
rvhile the others fall within reasonable ranges.
These strengths can be of use as intermediate
quantities to be directly predicted from more
fundamental theories.
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The reaction (E+,R+p) is considered as a probe of the deep hole states in nuclei. Dis-
torted-wave impulse-approximation calculations are presented for the knockout of a 1s&~&

proton from Ca. We conclude that the experiment should be valuable.

The knockout of nucleons from nuclei by pro-
tons' and electrons' has proved to be a very use-
ful tool in demonstrating the shell-model struc-
ture of both light nuclei and the surface of medi-
um-weight nuclei. Binding energies, hole-state
widths, form factors, and spectroscopic strengths
have all been extracted with varying degrees of

success using these reactions.
Recent proposals' have suggested knockout by

K mesons as a probe of nuclear structure. This
is particularly relevant at the present time in
conjunction with the possibility of upgrading cur-
rent kaon beams. 4 In this Letter we present ab-
solute distorted-wave calculations for knockout


