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to the field, and p the magnitude of the orthogonal co-
ordinate. We take for P the fixed state const. &B'
x e 8~'/ and vary &. One then obtains the variational
problem for a one-dimensional potential +'(z) const.
xB JV(p, rp, z)e +~ 2pdpdrp so that small B corre-
sponds to weak W where the binding energy (see B. Si-
mon, Ann. Phys. (N.Y.) 97, 279 (1976)] is (z f&(z) dz1'.

~J. J. Hopfield, P. J. Dean, and D. G. Thomas, Phys.
Rev. 158, 748-755 (1967).

The inequality (2) comes from the following: The
lowest state for which the electron can become unbound
has an energy B/2m due to the zero-point energy of
the Landau oscillator. On the other hand, the energy

of the ground state must go up in a magnetic field tsee
B. Simon, Phys. Hev. Lett. 36, 1083-1084 (1976)] and
we are supposing it to be zero if B =0.

V(r) = —n /(P +r ), with 0 (2m' & 1/4 (which im-
plies no bound state if &=0), one finds by an explicit
variational computation that

IimE(B)/B ) z o!2m
Sc 0

which can be made arbitrarily close to (~3/92) (zm)
= {0.969)(2m). This comes close to saturating the
bound (2).
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The two-photon transition rate for hydrogen is evaluated with the E x and the X p in-
teractions including the continuum. We find that the Z ~ x interaction approaches the final
result with a small number of intermediate states and consequently is the one to be used
in any approximate calculation. Numerical values of the two-photon absorption coeffi-
cient as a function of frequency are given and the resonance enhancement is exhibited.

The problem of the choice of the gauge in multi-
photon transitions has been discussed by a num-
ber of authors" in connection with the proper
choice of the unperturbed wave functions required
to insure gauge invariance. We have shown' that,
at least, in the dipole approximation the two ex-
pressions E x and A ~ p for the photon-electron in-
teraction give the same transition probability to
all orders with the same unperturbed wave func-
tions, provided that the complete set of interme-
diate states is used. In an exact calculation it is
thus irrelevant to use one or the other form of
the interaction. However, in general only a limit-
ed number of intermediate states can be taken in-
to account and the problem of which interaction
gives more reliable results in this approximation
is essential.

In order to answer this question we have con-
sidered a case which can be solved exactly, the
two-photon 1s-2s transition in hydrogen. We pre-
sent the exact results for the transition rate and
absorption coefficient in the two gauges and we
compare the convergence over all intermediate
states including the continuum. The result of our
analysis indicates that the E ~ x interaction is the

V & = —eE,e, ~ r cose, t —eE,e, ~ r cost@,t, (la)

e, ~ p 'p
V =eE, ' sin&, t +eE2 sin&, t,

1 2
(lb)

where E, and E, are the electric fields of the in-
cident electromagnetic waves traveling in the y
direction with polarization vectors e, and e, and
frequencies , and , .

The two-photon transition probability per unit
time and per atom between the 1s and 2s states
reads

2 4+ 4

(2a)

(2b)

in the gauges J, and J, respectively. In (2), a,
denotes the Bohr radius; 4=3.29&& 10'

one to be used in any approximate calculation.
The interaction of radiation with the electron in

the two gauges, denoted by J, and 4, takes the
following forms in mks units:
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the Rydberg frequency; and

3 ~, e, ~ (2s [r/a, ln) (nfr/a, lls) ~ e,

3
( )

e, ~ (2s[p/me@, a, [n) (n[p/me&&, a, fls) e,
12 v (n) —v (ls) —v2

where P» interchanges the frequencies and polarization of the two photons. The sums in (3) extend
over the discrete and continuum spectrum; v denotes dimensionless frequencies defined as

(u; =2m(Rv;, v(ls) =E„/2zSS. = —1, v(2s) =E2, /2m'. = —~;

(3b)

and v(n) are the frequencies of the intermediate states In). The argument of the energy-conserving 5
function rea, ds b,v =v(2s) —v(ls) —v, —v, .

Using the well-known relation p =- (im/5) [r,H, ], we transform the matrix elements of p into matrix
elements of r: (n'I pin) =(n'[r[n)(E„.-E„)im/@. This relation is also valid for a many-electron sys-
tem if one uses exact eigenstates, but has to be corrected as indicated by Starace' if one uses exact
eigenstates of an approximate Hamiltonian which contains nonlocal potentials as, for instance, Har-
tree-Pock eigenstates. The explicit expression for D in both gauges is given for the discrete spectrum
by

D [J )= ljm —4 1 ——g-v1 +
4

——2+v1 R10
N~ ~ n=2

--', ~ I('- —', —.,)
',

(-,
' —'. ..) 'I .. .:(-', —', ('- —',

) .,(-,' .,5 ',

(4a)

(4b)

TABLE I. Dimensionless bvo-photon transition probability amplitude Dtzo] for 1s-2s transitions in hydrogen as
a function of the incident photon frequency p, in the gauge E ~ r. The argument & denotes the highest intermediate
state included in (4a). D" fJo~] denotes the contribution from the discrete spectrum up to the p&th intermediate
state. D't Jo] denotes the contribution from the continuum.
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-13.6o42

-13 5519
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-94.0971
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-86.8543

-86.7788
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-86.6916

! -86.6649
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-86.6446
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-86.5373

2.0121

-138.712
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-131.187
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-264. 731

-264. 6o3

-264. 522

-264. 467

-264. 428
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-11.7805 -14.7319 -41.1484 -49.6878 -62.6595 -84. 5252 -128.683
!

-262. 165 -»34.33
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TABLE II. Dimensionless two-photon transition probability amplitude D[J] for lz-2s transitions in hydrogen as a
function of the incident photon frequency v| in the gauge X ~ p. The argument & denotes the highest intermediate
state included in (4bj. D [J&] denotes the contribution from the discrete spectrum up to the&th intermediate state.
D'[J] denotes the contribution from the continuum.
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and for the continuum by

D'[J,] = ' f, dw —1(2w+1 —v, ) '+ (2w +-,'+v, ) ')X„,X„„
D'[&] = —a f, dw1(2w+1 —v, ) '+(2w + & +v, ) ']X,X,(-,'+2w)(2w +1)[v,(& —v)] ". (5b)

The matrix elements of lxl between the s states
and the P, states of the discrete and continuum
spectra are taken from Bethe and Salpeter, ' Eqs.
(63.4), (71.4), and (71.14). We notice that all
matrix elements are positive with the exception
of 820" = —~27. The above expressions (4) and (5)
refer to photons polarized in the same direction;
for polarization angle L9 between the two photons,
expressions (4) and (5) have to be multiplied by
cos6t.

The evaluation of (4) and (5) is performed nu-
merically and the results are given in Tables I
and II for the gauges ~, and 4, respectively. We
notice that both gauges give exactly the same fi-
nal result, but the respective contributions from
intermediate states are dramatically different.
In particular the 2P state (degenerate with the fi-
nal state 2s) gives the dominant contribution in
the E ~ r gauge, while it gives contribution zero
in the A p gauge. It can also be observed that

t the continuum spectrum gives a negligible con-
tribution in the E ~ r gauge, while it gives more
than half the total contribution in the A p gauge.

From the above results one easily obtains the
absorption coefficient for photons of frequency
~, in the presence of +, photons per unit volume
of frequency , . The absorption coefficient is
given in terms of the transition rate by

W(ls- 2s)k&u, X,
sEi60 lEil C/'lj Ej

where N, is the density of atoms in the sample
and E, is the dielectric function of the medium
for the radiation of frequency &u, . The density of
photons of frequency , is related to the energy
density by
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Introducing (2) and (7) into (6) we obtain

FIG. ]. I)imensionless absorption coefficient f(v&)
as a function of the incident photon frequency p, . The
variation of f(p, ) for 0.3760& p, &0.6760 is negligible.

Our result is not confined to atoms but can be
extended to electronic transitions in crystals,
where in general only one intermediate state is
considered. In particular, our result, showing
that the intermediate state which lies nearest to
the final state is the dominant one for the E x
interaction, justifies the validity of the Mahan
model with respect to the Loudon model for ttvo-
photon production of excitons. '

The authors are indebted to Dr. R. Calinon for
assistance in the numerical calculations. One of
the authors (A.Q.) acknowledges the kind hospital-
ity at the Laboratori Nazionali di Frascati, Fras-
cati (Italy), where part of this research has been
performed. This work was parially supported by
the Consiglio Nazionale delle Ricerche (Gruppo
Nazionale di Struttura della Materia del Consiglio
Nazionale delle Ricerche) through the convention
PULS.

where f(u, ) is a dimensionless function. From (8)
we can also obtain the emission coefficient and
the natural lifetime of the metastable state 2s,
which has been previously computed. '

The function f(v,) is plotted in Fig. I, which
clearly shows the resonant enhancement as v,
approaches the ls-2p separation. Such an effect
has been observed for the 3s-4d transition of
sodium vapor. ' The 1s-2s transition in hydrogen
has been observed, but the value of the absorp-
tion is not given. '

The results here presented allow us to draw
some conclusions which go beyond the specific
case of hydrogen. First of all, in order to ob-
tain a gauge-invariant two-photon transition rate
one has to include the complete set of intermedi-
ate states, which is in general not feasible. The
convergence of the transition rate on the inter-
mediate states depends dramatically on the choice
of the gauge. Since a much better convergence
is obtained in the preferential gauge E x we con-
clude that this is the interaction to be adopted.

The reason for such results may be intuitively
understood by considering that the connection be-
tween matrix elements of p and of r introduces in
EII. (Bb) the factor (E„-E„)(E„-E„)/II'&u,&u,

which becomes very large for E„very fer from
initial or final states and consequently enhances
the contributions of those intermediate states in
the gauge A p. Similar considerations were
brought forward by Dalgarno and Lewis' for one-
photon transitions, when initial and final wave
functions are expanded in a particular basis.
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