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~Ic was measured by recording about 100 I-U curves
on a storage oscilloscope. We identified the largest

value recorded with the critical current. The reproduc-
ibility of the procedure was better than 0.1 and com-
parable to the long-term stability of the He-bath temp-
erature.

A resonant response was also observed using scheme
A. Because of the low Q of the plasma resonance in our
junctions, this resonance (f& =2f&) overlapped strongly
with the wing of the f& f& r—e—sonance and was not clear-
ly resolved.

The Q may include surface losses in the supercon-
ducting films and may depend on the applied micro-
wave power level. No estimate is attempted.

The capacity depends only on geometry and barrier
properties which are assumed independent of tempera-
ture in the narrow temperature range of the experi-
ment.
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A neutron diffraction study of the field-dependent magnetic ordering in TmSe is report-
ed. The magnetic strucutre in zero field is antiferromagnetic fcc type I with TN= 3.2 K.
The magnetic phase diagram may be understood as a successive domain reorientation
and metamagnetic transitions for T (8 K with increasing field. We can explain this
quantitatively using a simple classical spin Hamiltonian. The mixed-valent character
manifests itself mainly in a reduced moment and in a markedly altered crystal field.

The magnetic properties of rare-earth mixed-
valent compounds have been a, subject of contro-
versy for a number of years. ' Until recently,
it was generally believed that conventional mag-
netic ordering was not possible in mixed-valence
materials if the fluctuation energy was large com-
pared with the exchange energy. Varma, ' how-

ever, has predicted that long-range magnetic or-
der be possible provided that both rare-earth va-
lence states are magnetic. The best-known exam-
ple in which this situation is achieved is the rock-
salt chalcogenide TmSe. ' Early unpublished neu-
tron diffraction experiments by Cox et a/. ' in a,

polycrystalline sample of TmSe indicated com-
plex magnetic correlations but no true long-range
order at 1 K. However, more recent macroscop-
ic measurements, 4 ' including susceptibility,
thermal expansion, elastic constants, and mag-
netostriction, on mell-characterized single crys-
tals indicate a well-defined phase transition at

7=3 K. The magnetic-field dependence of the or-
dered state appears to be quite anomalous. ' '
The nature of this magnetic state and i.ts relation-
ship to the mixed-valence fluctuations remains
mysterious.

In order to clarify the magnetism of TmSe we
have carried out a, neutron diffraction study of
the magnetic ordering on a well-characterized
single crystal' of TmSe. We demonstrate that
conventional long-range order is indeed achieved
(TN=3.2 K in our sample) thus giving unambigu-
ous configuration of Varma's prediction. The or-
dering is fcc type I antiferromagnetic (a/f). We
show that in a. magnetic field there is only one
bona-fide phase boundary separating the a/f
phase from the paramagnetic (para) phase. The
magnetic properties of TmSe may, in fact, be
simply understood using a classical spin Hamil-
tonian. The principal manifestations of mixed-
valent effects seem to be a drastically altered
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FIG. 1. (a) Magnetic structure of monodomain TmSe
for a field along the (010) direction. The tetragonal
axis is along the z direction. A modest magnetic field
turns all of the spins through the angle n out of their
positions along (100) in zero field. (b) Magnetic phase
diagram of TmSe with the magnetic field applied in the
(100) direction.

magnetic anisotropy and a reduced Tm moment.
The experiments were carried out on a two-ax-

is spectrometer at the Brookhaven National La-
boratory high-flux-beam reactor using conven-
tional neutron diffraction techniques. A "good"
sample with well-defined phase transitions was
kindly supplied by Walsh et al.' Resistivity and
susceptibility measurements on adjacent pieces
indicated a sharp well-defined transition at - 3 K.
The crystal, which had a mosaicity of 0.3 deg,
was a platelet 5&3&&1 mm'. The lattice parame-

0

ter was 5.71 A at room temperature; using con-
ventional linear-interpolation techniques, this
lattice constant implies a mixed valence of about
80% Tm" (4f") and 20% Tm" (4f").

We consider first the results in zero field. Be-
low 3.2 K ma, gnetic Bragg scattering appears at
all of the forbidden fcc positions (h, k, l), that is,
with h, 0, and l integers but neither all even nor
all odd. This is immediately suggestive of a
multidomain sample with type-I a/f order. This
is a tetragonal magnetic structure with planes
perpendicular to one of the cube axes. As illus-

FIG. 2. Relative intensity of Bragg reflections vs
applied magnetic field at T = 2.75 K.

tra, ted in Fig. 1 the magnetic moments are pa.ra.l-
lel within the planes but oppositely directed in
successive neighboring planes. From the ob-
served magnetic scattering, we find that the rel-
a,tive intensities of the sixteen magnetic super-
lattice reflections studied are accurately repro-
duced, assuming a/f type Istructure with-the
spins pointing along (100) directions perpendicu
lax to the tetragonal axis and assuming equipopu-
lation of the six possible domains. The magnetic
form factor, a.iso obtained from these mea, sure-
ments, is in close accord with the theoretical
form factor for Tm". This by itself is a surpris-
ing result which warrants further investigation.
Finally, by normalization of the magnetic intensi-
ties to the weak nuclear reflections we deduce an
ordered a/f moment of (1.7+ 0.2)pB. As we shall
discuss later, both the spin direction and the
small moment are anomalous.

An unusual phase diagram with some rather ex-
otic explanations has been observed in TmSe un-
der application of a magnetic field. ' ' We find a,

similar phase diagram (Fig. 1) for H along [100]
as determined from the magnetic intensities
shown in Fig. 2. However, a straightforward sim-
ple picture emerges from our direct observations
of the magnetic order. No measurable change in
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lattice parameter was observed at any of the
phase boundaries. This eliminates any possibil-
ity of a mixed-valence phase transition. At
phase boundary I (Fig. 1), an apparently second-
order phase transition is obtained by cooling in
fields of H ( 3 kG and corresponds to the a/f or-
dering discussed above. At low temperatures in
a polydomain sample, as a magnetic field is ap-
plied the domain distribution is reduced from six
to two at a field of H- 2 kG and the superlattice
intensity begins to increase (Fig. 2). This corre-
sponds to phase boundary II. When TmSe is
cooled in a field of H = 6 kG only two domains
are present and phase boundary II disappears.
On reapplication of the field, the antiferromag-
netic intensity decreases and the ferromagnetic
intensity increases (Fig. 2). At a field of H-3
kG the a/f intensity disappears and a metamag-
netic transition occurs. From the magnetization
measurements, this appears first order, but be-
cause of demagnetizing effects, the first-order
nature may smeared out. The exact nature of all
the transitions studied will require careful meas-
urements on properly shaped samples with a ho-
mogeneous demagnetizing field. With this reser-
vation, we arrive at the following picture of the
phase diagram. Phase boundary III is a line of
first-order metamagnetic transition separating
the a/f and paraphases. Boundaries I and III
meet at a multicritical point which is most like-
ly a tricritical point. I ine IV, which has been
located by others, represents the points at which
the bulk susceptibility is a maximum. This is
not a true phase boundary, but, in our picture,
represents an extension of the multicritical point
into the paraphase.

Similar results to the above are obtained for
applied fields in the (110) and (111) directions,
in agreement with previous work. ' ' As shown
in Fig. 1, the metamagnetic transition fields are
higher and indeed they scale approximately like
the inverse cosine of the angle between a cube
axis and the field direction.

The general behavior of the a/f and ferromag-
netic moments at low fields may be readily under-
stood using a classical spin Hamiltonian. For
simplicity we consider a field-cooled sample
with the field along (010), the tetra, gonal axis
along (001) and, therefore, the spine along (100).
Further we consider an effective spin Hamiltoni-
an with a Zeeman term, a cubic anisotropy [only
the nonvanishing terms are shown in Eg. (I)], and
nearest-neighbor (nn) and next-nearest-neighbor

I.O--

(nnn) isotropic exchange:

X=ggpaH S&+—
Ba, Q(S, ')'+(S, )'

+ Z~~S 'S + Z~ nS. 'S (1)
& nn& & nnn)

where the S& 's are unit classical vectors and H
is the internal field. From the type-I structure,
from T„and the metamagnetic field one knows
immediately that J„n is weak and antiferromag-
netic while J„„„is much stronger and ferromag-
netic. In a classical picture for the above confi-
guration, as the field is increased the moments
will rotate out of the (100) direction towards (010).
If 90 —+ is the angle between the magnetic mo-
ment and the field direction then, in the mean-
field approximation for a type-I two-sublattice
a/f, the angle-dependent energy per spin is

E =+4J»cos2A —5B, cos4A —gppH sinm.

The relationship between the rotation angle +
and the field H at T =0 is then simply

coso. =0

gpaH = (- 16&„„+80B, cos2o.') sino.'. (3b)

We show in Fig. 3 the ferromagnetic and anti-
ferromagnetic moments calculated from Eqs. (2)
and (3) as a function of gpaH/80B4 for various val-
ues of —J /5B, (5. The condition for the transi-
tions to be first order at & =0 is —J„„/5B4(5;
for larger values one has a second-order transi-

- Jnn
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FIG. 3. Theoretical values for the ferromagnetic and
antiferromagnetic (shown dashed) moment as a function
of gp aH/80B4 for various values of the reduced exchange
—J„„/5B4, calculated from Eqs. (2) and (3).

1023



VOLUME )9, NUMBER 16 PHYSICAL RKVIKW LKTTKRS 17 OcTQBER 1977

tion.
We have not carried out the mean-field theory

for finite temperatures. However, based on re-
sults for analogous metamagnetic models" it
seems evident that, for —J„„/5B,«5, as the tem-
perature in increased from T =0 the size of the
first-order jurnp will decrease; the first-order
line will ultimately terminate at a tricritical
point T, and for &, -T -TN the transition will be
second order.

It is clear that the above model and explicitly
the curves in Fig. 3 reproduce qualitatively both
our own experimental results as well as those of
previous workers, most notably the pressure
measurements by Guertin, Foner, and Missell. '
In our sample we may estimate from our data
and those of Walsh et al.' that at low tempera-
tures H(first order) = 2.8 kG, and sino.'(first or-
der) = 0.4. Within the mean-field approximation
one has kT N=- —', J„„+2J„„„.From these three
pieces of information we then deduce B4= 4x10 '
meV, J„„=-3&&10 ' meV, and J„„„=1.3&10 '
meV. The values for &4 and J„„aremarkedly
sample and pressure dependent while the domi-
nant ferromagnetic exchange 4„„„seems to be
somewhat less so.

The most surprising feature of the above re-
sults is that they are so simple. The mixed-va-
lent effects play no obvious role in the magnetic
phase diagram. Bather a simple symmetry-de-
termined classical spin Hamiltonian accounts for
all of the principal features of the magnetic data.
A number of caveats are encountered, however,
when one attempts to relate the classical spin
picture to the real Hamiltonian. First, the or-
dered moment is extremely small and it increas-
es very slowly as a function of field." Previous
workers' ' have suggested that the small moment
originates in Tm' singlet-ground-state effects.
However, based on experiments in analogous sin-
glet-ground-state materials we would expect sa-
turation of the moment at (6-7)ps for moderate
fields. Instead the moment is only -4p& at 150
kG. ' Second, the crystal-field anisotropy is
anomalously small and of opposite sign to that
estimated on a point-charge basis and observed
in related pnictide compounds. We should empha-
size that no appreciable crystal-field splittings
have been detected by any of specific-heat, elas-
tic-constant, ' or inelastic-neutron- scattering
measurements. On the basis of the above facts,
we believe that a singlet-ground-state explana-
tion of the magnetism in TmSe is not tenable.

Our picture of TmSe in the mixed-valent (MV)

state emerges as follows: At low temperatures,
the effective moment is markedly reduced by the
mixed- valent hybridization. Explicitly, but in
greatly simplified terms, if we write IMV) =n I3+)
+PI2+) (in our sample n' =0.8 and P' =0.2), then
the cross term 2nP(3+ II, +28, 12+) must be of
comparable magnitude but opposite in sign to the
diagnonal component a'(3+ ~1, + 28,

~
3+) + P'(2+

~ L,
+2$, 12+). Similarly, the crystal field, (MVIXcp I

&&MV), is considerably reduced from (3+ IXGF I

x3+) and indeed it is of opposite sign. We can
estimate the magnitude of the hybridization ener-

gy as follows. Magnetic fields of 225 kG' are not
sufficient to overcome the moment-reduction ef-
fect so that the mixed-valent spin fluctuation en-

ergy must exceed 10 meV. However, for temper-
atures &100 K the full moment seems to be ob-
tained in the Curie-Weiss susceptibility; that is,
the 12+) and 13+) states contribute incoherently.
Both of these suggest a mixed-valent bandwidth

of the order of 10 meV to within a factor of 2 or
3. This is consistent with estimates in other ma-
terials. '
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The energy gap in one-dimensional Fermi systems with weak attractive interaction is
expressed in terms of the parameters of the Hamiltonian and the electron density. The
models of Hubbard and phonon-mediated interactions are studied in detail. The result
for the Hubbard model is compared with numerical calculations.

As is well known, the energy spectrum of Fermi systems with attractive interaction has a gap. The
purpose of this work is to derive an expression for the magnitude of the gap in a weakly interacting on@-
dimensional system. We obtain results for two systems: the Hubbard model and electron-phonon sys-
tem.

The Hubbard Hamiltonian,

II= —TQ(a,,ga;+„+a,,fa; „)+Uga;yea, &ta;~a;~,

describes electrons on a lattice with nearest-
neighbor hopping and interacting only when they
are in one cell.

In the weak-coupling limit I U/Tl «I, U/T «,
our result for the energy gap is

6 = 8(2/7t)'" Tsin'(7'� /2) v g e '", (2)

where p is the average number of electrons per
cell, the dimensionless coupling constant g is de-
fined as

g= U/vn,

and the Fermi velocity v = 2Tsin(wp/2).
The dependence of b, on the coupling constant g

can be obtained from the renormalization-group
(RG) equations. ' ' However, for the determina-
tion of the density-dependent factor in (2) it is
necessary to know the boundary conditions for the
integration of the RG equations.

In the RQ method one integrates over those de-
grees of freedom which are characterized by
wave vectors separated from the Fermi points
by distances larger than some value k. The wave
vector k is arbitrary but it is assumed that k

«kF, the Fermi momentum, so that the electron-
ic spectrum is well approximated by a linear
function of momentum. As a result one obtains
an effective Hamiltonian which has the form

'&(bktbk-Cktok)' —
~& ~(&i'&. -&s-& )!g4i~ ~ »CD~k. C~.+gs&k;tC» ~ «k "~~.

[P )
&k kgksks»4

The effective coupling constants depend on k and

g, obeys the following RG equation

hagi/d& gy + sgz +f(gz)~ (4)

where the first two terms were calculated by per-
turbation theory' and the function f(g, ) is an un-
known remainder about which we only need to

! know that for small g, it is of order (g, ).' We as-
sume that the function f depends only on g, alone.
This is consistent with the theories based on the
bosonization of fermions in which the Hamiltoni-
an splits into two commuting parts, one of which
contains only g, . Equation (4) is valid when the
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