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We calculate the weak decay constant of paracharmonium (q ) using a linear potential
model. The result is somewhat larger than, but of the order of, F~ and depends on the
universa1 Begge slope u'. A number of amusing features are noted.

The weak decay constants of the pseudoscalar
mesons are extremely interesting dynamical
quantities which also play a fundamental role in
the discussion of the sA'ong interactions of these
particles at low energies. Unfortunately, it has
been very difficult to compute them reliably from
basic considerations. For example, to get I' „
one would have to solve the highly relativistic
bound-state problem for the pion in terms of its
constituents.

However, there is one pseudoscalar for which
we do have a hope of getting a reasonably reliable
estimate of the decay constant. This is the q,

which, on the basis of the success of the char-
monium picture' for g/8, would be an s-wave
nonrelativistic bound state of a heavy charmed
quark and its antiparticle. g, is of course dis-
tinguished by the fact that it is the only pseudo-
scalar which does not contain (to lowest order)
any light quark. We will carry out this calcula-
tion here and find that E(q, ) is in fact of the same
order as E„and E~. Some observations and
speculations on the reason for this will be dis-
cussed later.

For convenience we use a field-theoretic nota-
tion. A pseudoscalar-meson bound state B of a
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qua. rk and antiquark is (in the rest frame) expanded a,s

I B(|))) = ~„,[V/6(21/)'] "'jd'p y(p)a„t(p) b, t(-p)
I 0),

P4(x) =iq't(x)y, q(x) (summed over colors) (2)

[q(x) and q'(x) are the appropriate quark field op-
erators], between the state (1) a.nd the va, cuum.
Substituting the expansion of q(x) and q'(x) in
terms of free-field creation and destruction op-
erators and keeping terms to lowest order in p
(as appropriate to a nonrelativistic approxima-
tion) results in

(0IP,(0) IB(5))=i[6/(2&)'V]"'$d'py(p). (3)

The decay constant for particle 8 is taken to be

E, =(2V/m, )"'I «I P,(0) I B(&))I, (4)

where the magnitude sign corresponds to the fact

where e„=-e„=1and e„=e„=0. y(p) is the
momentum-space wave function normalized so
that fd'p I q1(p) I

' = 1. Also, c„t and b, t are, re-
spectively, the appropriate quark and antiquark
creation operators normalized in a volume V so
that [a„(p),a„t (p') ]+ = b„„ib& &, etc. Note that our
meson state is normalized so that (B(5) I B(5)) =1.
Finally summation over the three color degrees
of freedom is to be understood. We need to con-
sider the matrix element of the fourth component
of the pseudovector current,

that the phase of y(p) is undetermined. Putting
(3) into (4) and performing a Fourier transforma-
tion to x space results in the formula

E~ = (2&3/m ~1/2) |r/(t) ), (5)

V(r) = r/21/n', (6)

where n'= I GeV ' is the universal Begge slope.
The overall constant can either be derived' from
a stringlike model or observed to agree roughly
with the value obtained from fitting the spin-I
spectrum. Note4 that the addition of a small Cou-
lomb or Yukawa term to V(r) has little effect on

g(0). The normalized f =0 wave function is then

y(x) being the s-wave Schrodinger wave function
satisfying fd'xI 4I(x)I'=1. The factor v 3 arises
because we are using a color quark model rather
than the old-fashioned one.

We will now calculate g(5) from the Schrodinger
equation using a linear potential acting between a
charmed quark and a charmed antiquark. This is
roughly consistent with the spectrum of the spin-
I objects' and is motivated by any model which
effectively produces a stringlike set of excita-
tions. '~ The potential is taken to be

1 m '/2 I 1/3
& x) =

(41/) "'r 21/n ' Ai'[ —(m/ 21/u)"'( 21/nE) ] 21/n 'Ai (r -21Tn'Z)

where m is the mass of the charmed quark, Ai is
the Airy function, Ai'(z)—:dAi(z)/dz, and F. is the
bound-state energy eigenvalue. Equation (7) re-
sults simply in

q(5) = (m/81/2n')"'. (8)

Substituting (8) into (5) gives the decay constant

E(q,) = (21/) '[6m/m(7l, )n'] '/'. (9)

We may simplify this formula, further (with about
15% accuracy) by neglecting the binding energy so
that we have the easy relation EE!F„=1.1 to 1.28, (12)

Note that the binding energy was taken into ac-
count in arriving at (11) [specifying n' gives m
since m(g, ) -2m = 2.338m '/2(21tn') '/']. We have
taken m(q, ) to be 2750 MeV; by (10) we see that
its exact value is not critical for our result. The
three values of u' used in (11) correspond, re-
spectively, to rule-of-thumb, p-trajectory, and

P/J determinations. Clearly the most striking
feature of this result is that the value of E(r/, ) is
of the same order as F, and F~. Since

E(~ ) (2&) 1(3/n I)1/2

From (9) we get the numerical result

' I.78E, for n'= I GeV '

F(q,) = 1.86E, for n'=0. 89 GeV ',

1.97E„ for n'=0. 76 GeV '.

(10)
(depending on the exact va. lue of the Cabibbo an-
gle) it also seems natural that E(q,) should be
larger, rather than smaller, than F~. If we were
to take E(1i,) roughly the sa, me a,s E, we might
then interpret (10) as setting the sca, le for low-
energy pion phenomena in terms of the parameter
n' which governs high-energy phenomena. A
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~
p
P ~

= 2f mQ'P5Q . (15)

Sandwiching this between the vacuum and (1) and

proceeding as before gives

m(q, ) = 2m, (16)

which amounts simply to neglecting the binding
energy. It is amusing that this consistency with
PCAC becomes better as the constituent parti-
cles become heavier and more nonrelativistic.
Putting (16) into (5) then shows that F(q, ) ~ $(0)j

The linear potential has the unique feature
(see the following) that ((0)~rn"' so that, with
the assumption of (16), F(q,) is independent of
m. If the extrapolation to zero mass' is allowed,
we find that F (q, ) of course is nonzero in the
limit. This is the usual signature of a Goldstone
boson!

In a picture where a.ll sixteen 0 objects are

number of authors' have speculated that some
such relation should exist.

As a check on our procedure we can apply the
above method to calculate

(2k V)' '(Oi Jp i y(k)) =Flap

for orthocha. rmonium, g. This is related to ex-
periment by I'(g-e'e ) =F&'e'/12vm&'. Neglect-
ing the (-q, mass difference we can state the re-
sult in the form of a Kawarabarashi-Suzuki-Fay-
yazuddin-Riazuddin-type r elation:

(14)

Actually F& has been already evaluated' with a
linear potential model; the result is in reason-
able agreement with experiment. Note that, like
the r -2y matrix element, the decay constants
here provide a test of the color theory. In an old-
fashioned quark model without color the predicted
I'(P-e'e ) would be reduced by a factor 3.

How can we undrstand the physics of the situa-
tion where all pseudoscalars have F's of the
same order~ This is of course what one would
expect if they behaved like Nambu-Goldstone bo-
sons. However at first glance the g„being a non-
relativistic bound state of two heavy objects,
would appear very different from the nearly zero
mass, highly relativistic collective objets one
considers as Nambu-Goldstone bosons. Neverthe-
less there are some highly suggestive features of
the present calculation which indicate that the g,
may be "trying" to behave in this way. First,
consider the usual partially conserved axial-vec-
tor current (PCAC) relation' for the pseudovector
current in (2):

2~ 3&2(~+ 2)
(18)

where m, is the mass of the first qua, rk and m, is
the mass of the third quark.

Taking s = 1 (the linear potential) in (18) and
either a "constituent" determination of quark
masses, m, /m, = -', , or a "current" determina-
tion, m, /m, = 25, would give F» =F„/2 in contra-
diction with (12). To get F» /F „around unity in
(18) requires s = —1.5 with m, /m, = 5. This re-
sult crudely suggests that the binding potential
for light quarks contains an important Coulomb
(or perhaps Yukawa) piece in addition" to the
linear one. Such a. model has been suggested by
a number of authors' ' for a variety of reasons.
The overall picture would be one in which the
heavy charmed quarks and high excitations of the
light ones would mainly feel the linear "confining"
potential. For light quarks, the Coulomb-like
forces may be important and reliable calculation

Nambu-Goldstone bosons it becomes plausible to
adopt a sigma model or current-algebra approach
for them. The situation is then as follows. In a
general version' of the linear SU(4) o model
there is enough freedom so that one can choose
all F's to have the same order of magnitude. If
this model is restricted to be renormalizable, "
the F's, at tree order, for the particles contain-
ing charmed quarks are ~ 5F,. Both sigma mod-
els predict too large a value for m(D). However
in a current-algebra approach which encompass-
es the sigma-model results as a special case,
the value of F (q, ) gotten here can be used as an
input to find" a satisfactory fit to all presently
known masses with all E's of the same order.

Finally, it is natural (though not really justi-
fied) to try to apply the simple linear potential
model also to mesons containing light quarks. If
we assume (6) to hold exactly for all mesons,
we would immediately get in trouble with the pre-
dicted mass spectrum (see Ref. 2, for example).
We would also get in trouble with F»/F, . This
may be seen either from a direct analysis simi-
lar to the above or from the following considera-
tion. Suppose that a meson is composed of bvo
constituents with reduced mass p. and can be de-
scribed by a Schrodinger equation with V = const
xx', s being arbitrary. Then by dimensional
analysis we can derive" the formula

((0) = p.""""((0). (17)

where ((0) has no dependence on p. . Applying (5)
and (17) to the ratio F»/F, gives
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may involve field-theoretic techniques.
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