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region is needed. On the other hand, it has been
shown in Refs. 6, 11; and, in particular Ref. 12,
that if heat conduction is not drastically reduced
M, (taken at E, =O) is supersonic. We conclude,
therefore, that for steplike solutions strong re-
duction of heat conduction is needed.

The importance of radiation-pressure profile
modifications lies in the fact that light absorption
will be modified. Furthermore, it appears as
evident that the thresholds for instabilities, cal-
culated in a WEB-like manner (see, for example,
Rosenbluth" ) for inhomogeneous plasmas, cannot
be expected to be correct. As a matter of fact,
none of the many instabilities predicted analyti-
cally and localized at the critical point has been
identified in a convincing manner in a laser plas-
ma experiment. The calculations presented in
this paper were performed without absorption.
As far as absorption follows Beer's exponential
low (e.g. , inverse bremsstrahlung), no modifica-
tions have been seen because in this case local
absorption is very low.

It should be pointed out here that the steplike
solution in spherical geometry which is obtained
for Mp &1 has practically the same structure as
in the plane case (see Ref. 5) as long as only a
narrow region around the critical point is con-
sidered. However, no bounded, i.e., physically
correct, solution for the electric field is obtained
in plane geometry if one starts with M, & I, be-
cause in this case maintains its initial curvature
with growing R, as can be seen from Eqs. (5) and
(6') with 2/R-O. For the formation of the plateau
it is essential that (i) M, be supersonic and (ii) the
flow be divergent.
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Interfacial Surface Energy between the Superfluid Phases of He
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(Received 24 January 1977)

We report the first measurements of 0&B, the surface energy associated with the inter-
face between the A. and ~ phases of superfluid He as they coexist at T~z. At melting
pressure we find a~a =6x 10 erg cm in no magnetic field (Tzs/Tc =0.79) rising to o„s
=1.6& 10 5 erg cm in a magnetic field of 4 kOe (T„8/7.'~ ——0.5). Theoretical calculations
that we present give an estimate about 50% larger.

Af low temperatures liquid He' forms two very
different superfluid phases. ' ' In magnetic fields
the A phase is always stable near T„butbelow
a transition temperature T» depending both up-

on field and density, the B phase becomes the
stable phase. The phase transition at T» is
first order, and normally is observed to super-
cool and/or superheat. As a result, experimen-
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»~ »+o)~B=o 2(XA XB+o (2)

From Eg. (2) we can determine AE» at all fields
and temperatures, provided we know T» as a
function of H„and g„—g~ as a function of tem-

peraturee.

talists have been able to study both phases over
a rather broad temperature interval without
changing a single parameter of the system under
study. Comparing the properties of the two phas-
es, we can then learn a great deal about them
which we could not have learned from either
phase alone.

The hysteresis of the A to B phase transition,
and in fact the nucleation of the B phase in gen-
eral, is strongly dependent upon the characteris-
tics of the interf ace between coexisting r egions
of He'-A and He'-B. This interface is an intrin-
sic property of bulk liquid He', and depends in
no way upon the interaction of quasiparticles with
surfaces. Ke report here the first measure-
ments of cr», the surface energy associated with
this interface, and present theoretical calcula-
tions of o» which agree reasonably well with the
experimental results.

We use an experimental configuration suggest-
ed by I eggett to measure 0» which is analogous
to the classical techniques used to measure more
conventional surface tensions. Consider a sam-
ple of liquid He' divided into two separate re-
gions by a thin membrane containing a number
of holes of radius z,. We arrange to have one re-
gion filled with He'-A, and the other filled with
He'-B, with the entire sample at T». As we
cool the sample, the A-B interfaces at the holes
bow toward the A-phase region. The radius of
curvature of the interface, x, is related to the
difference in free energy of the two phases: ZF»
=2v»/r, whe~e AE» equals iE„—E~i, the dif-
ference in the free energies of the two phases,
zero at 7». Once r =r„the interfaces will pop
through the grid. By knowing &I"» when the in-
terfaces pop, we obtain 0», since then

&E» = 2~&globo

To determine hE», note that in a magnetic
field, H„the free energy of each phase is low-
ered by 2X;Ho', where y is the magnetic suscep-
tibility of the phase in question. T» is shifted
by the field to a new value, T»(FIo), where agai~
gE»(p»(Ho)/» z =0. Since the field has al-

0 j.tered bE» (at constant temperature) by ~(X„
—X~)IIo', we know that in zero field

In our experiment, we use the He' melting
pressure as a thermometer. ' By expanding Eq.
(2) about T» and through a change of variables
we obtain

+EAB 2(XA XB)»(d&ABi~o ) (3)

Here I'» is the melting pressure at T», and ~
is the melting pressure interval from I'», where
the interface first reached the grid, to the pres-
sure at which the interface popped through the
grid.

To measure 0», we have divided the nuclear
magnetic resonance (NMR) tail piece of a com-
pressional cooling device into two separate re-
gions by placing a grid containing about 1500
nearly identical holes across the bore of the tail
piece in the center of the NMR region. Two sep-
arate experiments were performed, one using a
12-pm-thick copper grid containing (41+ 3)-pm-
diam holes, and the other a 12-pm-thick Mylar
grid containing (91+3)-pm-diam holes. The
epoxy tail pieces were mounted with their sym-
metry axes in the vertical direction, and each
had an open cylindrical bore 6 mm in diameter.
By using such a large number of holes we were
able to reduce the thermal gradients associated
with the grid, and could insure that not all the
holes were in some way obstructed by solid He'.

Heaters above and below the NMR region were
used to control the distribution of solid He' dur-
ing the experiments. We could prevent solid
from forming within the NMR region, or cause
solid to form at approximately 1-mm intervals
throughout the NMR region by appropriate heat-
ing and cooling techniques. Since the tempera-
ture of the solid-liquid He' interfaces is fixed by
the melting pressure, our ability to control the
solid distribution allowed us to control the static
temperature distribution throughout the cell very
precisely. Because of the hydrostatic pressure
head of the 1iquid He', the nearly uniform solid
distribution enforced a thermal gradient of 3.4
pK/cm in the vertical direction, with the top be-
ing warmer than the bottom.

Continuous-wave transverse NMR was used to
study the distribution of He'-A and He'-B within
the NMR region by using the large frequency shift
of the A-phase absorption signal to differentiate
it from other contributions. A gradient in the
static field could be placed along H, (vertically)
to provide spatial resolution of the absorption sig-
nal. This last technique was useful in understand-
ing the motion of the A -B interface upon warming
and cooling.
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FIG. 1. The interfacial surface energy between He~-

A and He -B at melting pressure. The solid line is for
comparison with theory which predicts 0&~ = 1.1(E, .
The inset shows typical data from which 0&z is deter-
mined. The labeled points are explained in the text.

To measure bp accurately, the cell was slowly
warmed toward T» until- the A-B interface was
seen to drop into the NMR region. (Because the
B-A transition does not superheat at melting
pressure, A phase would always nucleate in the
upper portion of the cell first. ) Then the A-phase
absorption signal averaged over the entire re-
gion was recorded as a function of melting pres-
sure while the temperature was raised at a rate
of 1 to 3 pK/min. Once the A-B interface dropped
below the NMR region, the sample was cooled
back before the B-phase region had been de-
stroyed entirely. Finally the average signal was
recorded again while cooling.

Typical signals recorded in the manner de-
scribed above are shown in the inset to Fig. 1.
Upon warming (lower curve), the A-B interface
dropped down into the NMR region at C, reached
the grid at D, passed through the grid at F. , and
dropped below the NMR region at E. The inter-
val over which the interface remained on the
grid, D -E, varied from about 1 to 2 pK for both
grids in a nonsystematic manner. The tempera-
ture interval corresponding to C -I' was general-
ly about equal to the temperature difference from

the top to the bottom of the NMR region. We
therefore conclude that the 4P corresponding to
D -E is not associated with o» but results from
the small disturbance in the thermal gradient
caused by the presence of the grid. The ease
with which the interface appeared to pass through
the grid indicates how easily the A phase can be
nucleated from the B phase upon warming. '

Upon cooling (upper trace in the inset to the
figure) the A-B interface is seen to rise up to the
grid at G, and finally pop through the grid at H.
The temperature interval corresponding to G -II
was typically 8 pK for the 91-pm grid, and 18 pK
for the 41-pm grid. To compensate for thermal
lag in the motion of the interface, I'» was de-
fined as 4(D+E—) + 2G. The pressure interval in
Eq. (8) is then AP =H —,'(D+E—)—2G. The point
H reproduced itself during a single run to better
than + 100 nK, but because of the thermal lag in
the motion of the interface, AP typically fluctuat-
ed by + 4% for a given value of T»

Data of the sort described above were obtained
in a series of magnetic fields corresponding to
values of T»/T, from 0.78 to 0.50. Over this in-
terval, values of bP decreased by about 25/0 as
the temperature T» was lowered. Surface ener-
gies were calculated from (1) and (8) using the
dynamical values of g~/y„measured by Corruc-
cini and Osheroff' assuming the normal-state
susceptibility to be' X„=1.12~ 10 '. Values of
o» determined from the data are shown in the
figure as a function of T/T„and the reader is
reminded that Ho is an implicit variable as well.
We observe no systematic variation between the
41-pm data and the 91-pm data. Furthermore,
we saw no systematic dependence of the results
upon the distribution of solid He' within the cell.
For these reasons we believe estimates of cr»
based on averages of the values shown in the fig-
ure should be accurate to better than 5%.

We have calculated 0» as the additional free
energy due to the requirement that the gap ma-
trix, d, changes continuously across the inter-
face. This energy is the sum of the bending en-
ergy (the energy resulting from gradients in d)
and the extra free energy of the nonequilibrium
states passed through.

To determine the path in the multidimensional
space of the components of d which minimizes
o» is exceedingly difficult. Instead, we use
physical arguments to determine a suitable path.
We know that cr»™(F,f)'~'g, where F, is the dif-
ference between the normal phase and superfluid
free energies at T», f is the maximum addition-
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al free energy along the path, and g is the tem-
perature-dependent coherence length [we choose
the normalization g = V)(3)k vz /48m ks T, (1 —T/
T,)]. We take the path to be A P-B-, where A is
the Anderson-Brinkman-Morel state, B is the
Balian-Werthamer state, and P is the planar,
or two-dimensional, state (for a description of
these states see Ref. 1). The peak height f is
then the P-A free energy difference. This differ-
erence is zero in the weak-coupling limit, and
small if the strong-coupling corrections are not
too large. Thus we take

cosX
d=~ 0

(- i sine cos)t
cos8 cosy 0

0 v 2 sinxf

Here y=0, ~/2& 6& 0 defines states from A to P;
8 = 0, 0~ X

~ sin '(1/W3) defines states from P to
B; 6 is the energy gap, taken to be constant;
and the x direction in orbit space is normal to
the interface. This orientation minimizes at each
point the bending-energy terms with respect to
rotations of d in spin and orbit space. '

Expressions for free energies at arbitrary tem-
peratures including strong-coupling corrections
are not known. However, weak-coupling free-
energy differences between phases, when ex-
pressed as a fraction of E„arepressure inde-
pendent at constant T/T, and also nearly temper-
ature independent. Therefore along the T» line,
where strong-coupling corrections just cancel
the weak-coupling free-energy difference between
the A. and B phases, the strong-coupling contri-
butions must also be roughly constant when ex-
pressed in the same manner. We therefore cal-
culate o» by determining the ratio o»/E, g at
the polycritical point, and use this ratio as a
guide to the corresponding ratio at melting pres-
sure.

At the polycritical point, we use a fourth-or-
der Ginzburg-Landau expansion for the free en-
ergies, ""and determine the five fourth-order
free-energy invariants in superfluid He' from
spin fluctuation theory. " This theory is quite
successful in describing the ratios of the free en-
ergies of the various phases. ' Bending-energy
expressions in the Ginzburg-Landau region are
well known. "' Finally, the sum of the bulk and
bending energies integrated over the path is min-
imized. In this manner we find o» =1.1)F

To compare the experimental results with the
theory, we determine I'", by integrating the spe-
cific heats of the superfluid and normal phases

twice from T, downward using the polynomial ex-
pressions with which Halperin fitted his data. ""

In the figure we show as a solid line 0.7/E„ob-
tained from the integrated specific heats described
above. By comparing this line with the experi-
mental results, we see that the theoretical pre-
diction that v» —1.1$E, is reasonably accurate,
particularly considering the uncertainties which
exist in determining the strong-coupling effects
and the extrapolations which we have made in
both temperature and pressure to make the com-
parison.

Our results do not resolve the B-phase nuclea-
tion problem. Based on our measurements, we
estimate the energy necessary to create a suffi-
cient bubble of He'-B in bulk He'-A to cause nu-
cleation is typically several million times kHT.
Yet, since T» is depressed by the presence of
surfaces, it seems unlikely that surfaces could
promote B-phase nucleation. It has recently
been suggested" that B phase could perhaps nu-
cleate from extended signularities in bulk A
phase. With our results, calculations may now
test this hypothesis.

We wish to acknowledge contributions to the
theoretical work presented here by W. F. Brink-
man and useful and stimulating conversations re-
garding the experiment with A. J. Leggett and
N. D. Mermin. We also wish to thank W. O.
Sprenger for his technical support.
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We have experimentally investigated the phase diagram of antiferromagnetic GdA10&

near its spin-flop multicritical point (T&,H&) in the three-dimensional space spanned by
the uniform fields Hl~ and H~ and the temperature 7.'. In the H ~~~-7.

' plane, (7.'J„,HJ„)appears
as a bicritical point, but as a tetracritical point in the H~-T plane. The approach of all
six boundaries to (Y'~, H„)is described by a single exponent g =1.17+0.02. This implies
crossover exponents y = 1.17+0.02 and p„=+0.08 in excellent agreement with renormali-
zation group theory.

The work on bicritical and tetracritical points
by Fisher and Nelson and Aharony and Bruce
has opened an area of intensive theoretical in-
vestigations of such points. ' Experimental stud-
ies have, however, been confined to bicritical
points. ~" The reason is that systems with the ap-
propriate quadratic' or quartic"' anisotropies re-
quired to yield a tetracritical point with three or-
dered phases of different symmetry are not very
abundant. Recently, Mukamel' has proposed
some planar antiferromagnets with possible tetra-
critical points at zero field. In some of these sys-
tems, a tetracritical behavior is expected only
for distinct field directions, whereas for all oth-
er directions, it appears as a bicritical point.
Thus, the type of critical behavior depends on
the direction of the applied field.

The situation is similar in antiferromagnets
with a spin-flop multicritical point at finite fields.
The present work verifies such tetracritical be-
havior and is the first experimental observation
bearing on y„,the crossover exponent associat-
ed with cubic anisotropy. In addition, the bicrit-
ical lines have been obtained for considerably im-
proved alignment. ' Figure 1 shows the phase dia-
gram of a uniaxial antiferromagnet in the space
of uniform fields IIii and H and the temperature
T."'

Hi~ is applied along the easy axis of mag-
netization, II~ perpendicular to it. The shelf of
first-order spin-flop (SF) transitions touches the
surface of second-order transitions to the para-
magnetic (PM) state in a multicritical point (T„,
H ). In the H„-Tplane, we find the well-known
bicritical behavior, "' where the first-order SF
transition line meets the antiferromagnetic (AF)-

PM and flop (FL)-PM X lines. In the H~ Tplane-
[or, more precisely, in the plane tangent to the
SF transition shelf at (T„,H„)],this point is tet-
racritical and the four critical lines meet tangen-
tially: the two spin-flop critical lines T, bound-
ing the SF transition shelf and the two PM transi-
tion lines T, . It should be noted that this is a
special type of tetracritical point with four Ising-
like critical lines. For other tetracritical points,
the SF transition shelf of Fig. 1 can be parallel
to Hi~. Bicritical behavior is then found in the HJ
-T plane.

For GdA103 with orthorhombic anisotropy, ' Fig.
1 only applies if H~ is applied along the axis of

II

'c

T

FIG. 1. Phase diagram of a uniaxial antiferromagnet
in the space of uniform fields H~~ and B~ and tempera-
ture T. The bicritical lines T,~ and T, I and the tetra-
critical lines T, " and T, + meet tangentially at the
multicritical point (T~,H„)(open circle). The shaded
area is the shelf of first-order spin-Qop transitions.
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