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Theory of Nuclear Spin Conversion in the P Phase of Solid Methane
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The dominant mechanism for spin conversion in solid. CH4 in the P phase is found to be
a hybrid process in which intramolecular dipolar interactions mix the nuclear spin states,
and the intermolecular octupole interaction, modulated by phonon emission, causes tran-
sitions between orientational states. The conversion rate calculated for free rotor mole-
cules is 31 to 54% per hour. The mechanism is shown to be inefficient for ordered mo?e-
cules which are estimated to convert at least 1000 times slower.

In this Letter we report the first theoretical
calculations of the nuclear spin conversion rate
in solid CH~. Our calculations apply specifically
to the partially ordered p phase which has been
the subject of several experimental' "and theo-
retical" ' studies and in which one might expect
the details of the spin isomer composition to play
a crucial role. Two important new results have
emerged from this work. First we have identi-
fied the dominant mechanism for conversion as
one involving the intramolecular dipole-dipole in-
teraction H«'"'", which mixes the nuclear states,
in conjunction with the intermolecular oetupole-
octupole interaction, modulated by phonon emis-
sion, which causes the rotational transition. We
find this process to be about 30 times faster than
that involving intermolecular dipole-dipole inter-
actions 0«'"'". Second, we have shown that fast
conversion (v=2 h) occurs only on the free-rotor
molecules while conversion of the ordered mole-
cules is much slower. This is mainly because
the off-diagonal matrix elements of the octupole-
octupole interaction are very small for ordered
molecules. In addition, the larger mixing of
these closely spaced levels (see Fig. 1) by H«'"'"
is more than cancelled by the smaller density of
final phonon states.

Our results are consistent with existing experi-
mental data, ' ' and the possibility that fast con-
version occurred only on the freely rotating mole-
cules had been suggested earlier on the basis of
NMR measurements. " However, this suggestion
was not widely accepted, and the mechanism
which could lead to such a great difference in con-
version rates remained obscure. The most at-
tractive feature of our work is that in establish-
ing the probable mechanism for conversion, i.e.,
one which accounts quantitatively for the observed
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FIG. l. Energy level diagram for the low-lying states
in the P phase of solid CH4. The T-A splitting is 12.7
K for the nearly free rotors and 1.6 K for the oriented
molecules. In this calculation the A, T, and (T,E)
"free-rotor" states are approximated. by true free-ro-
tor states with J=O, 1, and 2, respectively.

time constant of the free-rotor molecules, we ob-
tain in a natural way an explanation for the differ-
ence in conversion rates of ordered and disor=
dered molecules. In addition, several of our ar-
guments, namely, those concerning possible spin
conversion mechanisms, the dependence of the
conversion rate upon the phonon spectral density,
and the smallness of off-diagonal matrix ele-
ments of purely spatial operators between tunnel-
ing states, should also apply to spin conversion
in CH, groups.

The P phase of solid methane was first predict-
ed in 1959 by James and Keenan" on the basis of
a classical model of interacting octupoles on a
face-centered cubic lattice. The structure con-
sists of eight sublattices. The molecules on six
of these sublattices are ordered in such a way
that their octupole interactions with molecules
on the other two sublattices add to zero, and thus

408



VOLUME 38, NUMBER 8 PHYSICAL REVIEW LETTERS 21 FEBRUARY 1977

the molecules on these two sublattices rotate free-
ly.

In 1972 Press' established, by neutron scatter-
ing, that the P phase of solid GD„and by infer-
ence the low-temperature phase of CH4, did in
fact correspond to the James and Keenan struc-
ture. Later Press and Kollmar' determined the
energy levels of both the nearly free-rotor mole-
cules and the tunnel splittings of the ordered
molecules. Using this energy level scheme, Code
and Higgenbotham4 were able to interpret the
NMR results ' in terms of a model in which the
freely rotating molecules converted rapidly (v
=1 h), while no conversion occurred in the or-
dered molecules. Fast conversion of the freely
rotating molecules can also be inferred from the
second moment measurements of Nijman and
Trappeniers. '

Energy levels for the low-lying states in the

P phase are shown in Fig. 1. The symmetry la-
bels A, T, and E correspond to I=2, 1, and 0,
respectively. In the calculations which follow,
the spatial wave functions of the "free-rotor"
molecules are approximated by true free-rotor
wave functions. The spatial wave functions of the

oriented molecules are taken to be angular 5-func-
tion distributions of the appropriate symmetries.
The first process which we consider is that in-
volving II«'"'" modulated by phonon emission.
We note that it is the gradient of the dipolar field
which causes transitions between states of differ-
ent I. Then the lowest-order term in the expan-
sion of H„„'"'" which is effective in causing con-
version is

where 5 is summed over nearest neighbors of
the molecule which is to convert, and which we
take as our origin; u~ is a small relative dis-
placement of molecule 5 with respect to that at
the origin; and rp is a vector from the center of
the carbon atom of the central molecule to one of
its four protons (p = 1, . . ., 4). Since the intermo-
lecular distance R, is much larger than Irp I we
make the reasonable approximation that the total
nuclear spins I~ of the neighboring molecules are
localized on their respective carbon atoms. Then
the conversion rate from species T (I= 1) to spe-
cies A (I=2) is

(2)

Treating the nine T states as degenerate and assuming that only the lowest T and A states are occupied,
we have P,(T) = -', . The initial state is assumed to contain no phonons.

The remainder of the calculation proceeds in a manner quite similar to that of the corresponding cal-
culation for solid H, ." However, the rather complicated symmetry of the methane molecules necessi-
tates the use of a more formal group-theoretical approach involving Clebsch-Gordan coefficients of the
tetrahedral group as well as those of the full rotation group. The phonons enter the transition-rate for-
mula in the form of the correlation function

Ggg"" (E, g)=E, 'Z &0I&~"'IK, ~&&K Tl~~"I0&5(E, & EK,,), -
j 7

where K, T specifies a one-phonon state. Since the energies of the transitions are small compared to
the Debye energy ED, it is reasonable for this problem to use an isotropic Debye model which leads to
the result

G~~."" (Er „)=5„„',@,Er „[1—2j,(x)+jo(xJt~~'/R, )],
2

(4)

where M is the mass of CH„v is the sound veloc--
ity, x=Er „Ro/hv, R~~, =Rz —Rz, , and jo(x) is a
spherical Bessel function. After a tedious calcu-
lation, and taking E = 75 K' and Er „=12.7 K,"'"
we obtain a conversion rate of 0.7%/h for the free-
rotor molecules, which is about two orders of
magnitude smaller than the observed rate. ' '

The conversion rate for ordered molecules by
this mechanism is 1.6x10 '/0/h which is very

slow. The difference results mainly from the
phonon spectral function which goes like the cube
of E~ „for E~ „«ED. Thermal population of
phonon states will enhance the rate by about a
factor of 5 at 42. K. This mechanism also ap-
plies to conversion by means of 0, impurities.
A crude estimate based simply on the relative
strength of the magnetic moments gives a conver-
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sion time of about 10 min for an ordered mole-
cule with a single O, neighbor. "

The second conversion process involves H«'"'"
together with the intermolecular octupole-octu-
pole coupling H . For free-rotor molecules, the
dipolar coupling mixes I= 1,J= 2 states with the
I= 2, J=O final states, and I= 2, J-"3 states into the
I=1,J 1 initial states. The (I= 1,Z 1) T states
are not mixed into the ground state by H«'"'" be-
cause the spatial part of this matrix element is
zero. Qther higher-order processes will also
contribute to the mixing. In particular we note
that the crystal field, which acts on the "free-rot-
or" molecules and causes their energies to differ
from the free-rotor values will mix the J= 2 and

J= 1 states, and this admixture ean then be mixed
into the ground state by H«'"'". It is difficult to
estimate the size of this effect, but we expect it
to be smaller than the direct process. For sim-
plicity, we consider first the conversion rate
which results from mixing in. the final state.

Conversion occurs when the phonon-modulated
octupole-octupole coupling, H„', induces transi-
tions between the I= 1,J= 1 state and the small ad-
mixture of I=1,J= 2 in the ground state. H„'~ is
defined as

(5)

and contains no spin operators. The conversion
rate for this process is given by

=
@

Zp;l&y['&f(~)III.."'I ~(&))l'&(E, -Eg),
i, f

(6)

where $z is the mixing coefficient for the I= 1, J= 2 state, with the same nuclear quantum numbers as
the initial state, into the final state. $z is proportional to 8«'"'"/AEo, . The final result for the free-
rotor conversion rate is

117 0.3426 1-j, 2~ + .0286 j, x -j, 3x
E0-2 ED 2''R02E D

(7)

where d~ is the intramolecular dipolar coupling
constant (d~=1.02x10 ' K), and &=(2079~/
325)' 'Q /Bo', where Q is the octupole moment of
a methane moelcule. A straightforward calcula-
tion shows that the effect of mixing J=1 and J= 3
in the initial states leads to an additional rate giv-
en by (b.Eo,/b, E, ,)'mr „. Using the theoretical
value for the ratio of rotational splittings, ' we
obtain a 39% enhancement of the rate from this
mechanism.

All of the parameters in Eq. (7) can be estimat-
ed with reasonable accuracy except for the octu-
pole moment Q, which is difficult to determine ex-
perimentally and for which no accurate theoreti-
cal calculations exist. The most reliable experi-
mental values are probably those of Ozier and
Fos," IQI=2.6&10 ~ esu, from collision-in-
duced infrared absorption, and of Bose, Sochan-
ski, and Cole" from dielectric virial coefficient
measurements and Snook and Spurling" by a vari-
ety of techniques which give Ill=3&&10 '~ esu.
These values of IQI lead to conversion rates of
31 to 54% per hour, somewhat slower than the ex-
perimental values which range from 50 to 130%
per hour. ' " We note, however, that the experi-
mental values represent an upper bound on the in-
trinsic rate because of the important effect of ox-
ygen impurities on conversion.

The calculation for the ordered molecules pro-

ceeds in a similar way. H«'"'" causes mixing be-
tween the low-lying A, T, and E states. Never-
theless, the probability of transitions between
these mixed states via the octupole-octupole in-
teraction is identically zero in this approxima-
tion in which the localized states are described
by angular 5 functions. To see this we note that
for perfect molecular ordering any purely spatial
operator is proportional to the unit matrix. The
"mixed" states, which result from the interaction
H«'"'", are related to the unperturbed states by
a unitary transformation, which, of course, also
preserves the form of unit operators such as H
Consequently such operators cannot lead to tran-
sitions between the perturbed states.

The actual conversion rate for the ordered
molecules depends on the finite overlap of the lo-
calized wave functions. We have estimated this
overlap using the formulas of Nagamiya' for the
energies of the ordered molecules, the observed
values of their splittings, and theoretical esti-
mates of the average energy of these states. '~

We find the overlap integral to be about 1.3&10 '.
Taking into account, also, the stronger mixing of
the closely spaced levels of the ordered mole-
cules and the smaller value of the phonon spec-
tral function, we obtain an overall estimate that
conversion by this mechanism is roughly 2&10 ~
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times that of the free-rotor molecules. This is
still faster than the rate due to II«'"'", and thus
it is probably this mechanism which determines
the conversion rate of the ordered molecules,
giving a (T= 0) conversion time on the order of a
year.
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' N nuclear-quadrupole-resonance data show that the electric-field-gradient tensor at
the ' N sites in terephthal-his-butylaniline deviates from cylindrical symmetry in the bi-
axial smectic-C, smectic-H, and smectic-VI phases whereas it is cylindrically symmet-
rical in the uniaxial smectic-A. phase. The results suggest that in the smectic-& phase
the molecular tilt induces the rotational bias and not vice versa, whereas in the smectic-
H phase the situation is different and the results may be interpreted within the Meyer-
McMillan model.

There has been considerable interest recently
in the nature of the local orientational order in
the biaxial smectic liquid crystalline phases. Ac-
cording to the Meyer-McMillan theory, ' the tilt-
ing of the molecules with respect to the smectic
planes in the smectic-C and the smectic-H phas-
es is connected with a freezing out of the "iso-
tropic" rotational motion of the molecules around
their long axes due to the antiparallel, antiferro-
electriclike ordering of the "outboard" molecular
dipoles. ' The discovery of ferroelectricity in
chiral smectic-C phases, ' where the in-plane
spontaneous polarization seems to arise from a
small but nonvanishing parallel ordering of mo-
lecular dipoles a.nd a resulting rotational bias
—,has lent further support to this model. The
freezing-out of the molecular rotations around

their long axes is, however, not a necessary con-
dition for the occurrence of biaxiality in smectic
systems and alternative models have been formu-
lated' where the tilt takes place while the mole-
cules are still freely rotating.

The experimental evidence for the local orien-
tational order predicted by the Meyer-McMillan
theory' in achiral biaxial smectics has been so
far either inconclusive or negative. Proton and
deuteron' magnetic resonance measurements in
terephthal-his-butylaniline (TBBA) as well as x-
ray' and quasielastic neutron scattering' data
have all been interpreted in terms of rapid and
nearly or completely "isotropic" rotational mo-
tion of the molecules around their long axes. On-

ly a recent magnetic resonance experiment' on
the terminal methyl-group deuterons in n-heptyl-
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