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We have calculated the deuteron electromagnetic form factor to all orders of q'/M~ in
the impulse approximation. Our results are compared to the data for selected deuteron
wave functions. We also extract the ultrahigh-q limit of our results, and obtain most
naturally the same q falloff predicted by the quark model.

Recent measurements' have made it necessary
to calculate electron-deuteron elastic scattering
without making nonrelativistic approximations or
q'/M' expansions. Here we report on a relatjv'js-
tic calculation of the deuteron electromagnetic
form factors in the impulse approximation (RIA),
retaining terms to all orders in q'/M'. ' Two ef-
fects are included in this relativistic treatment.
First, relativistic kinematics is used throughout.
Second, the two nucleons in the deuteron cannot
both be on shell. We have included the most im-
portant consequence of the latter by allowing the
interacting nucleon to be off shell, which requires
that all four invariants (or, equivalently, four
wave functions) be retained in the deuteron-nucle-
on vertex. ' We obtain the three deuteron form
factors as functionals of the four deuteron wave
functions.

We shall present two aspects of our results in
this Letter. We first examine the ultrahigh-q'
limit of our results, discussing its implications,
and then compare numerical results for selected
deuteron wave functions with the recent data at
high q .

The key to understanding the high-q' behavior
of the form factor lies in examining the q depen-
dence of the generic overlap integral

I = f d'pu(k, ')u'(k, '),

where u and u' are any two of the deuteron wave
functions. The arguments are the magnitudes of
the relative momenta of the incoming and outgo-
ing deuterons evaluated in their respective rest
frames. This is related to the three-momentum
of the on-mass-shell spectator, p, and the mo-
mentum transfer q in the Breit or brick-wall

frame by

k»' =pi'+ [(D,p i, + 2qEt, )/Me]

where p~ and p ~~
are components perpendicular

and parallel to q, D, = (Ms'+q'/4)'t', and E~ =(M'
+p')'t'. If we expand the wave functions in a ser-
ies of Hulthhn-like functions

u (p) =p, c;(p'+ p, ') ',
we find that for very large momentum transfer

K~/q if Q ~ c i 4 0, (4a)
I(q)-

K,/q if Q, ci=0, butgictp)40, (4b)

where

K, = 8g'ui„'Q; c;)K,.c,y,. 'arctan(y, /pt)],

K, = 32m'(M, '/M') E,. c, P, ')E,c,. P,),
and

(M
2

P 2)1/2

It may be seen that the second result is the one
which is natural for the deuteron. The high-mo-
mentum behavior of the vertex functions or wave
functions may be determined by studying a co-
variant wave equation obtained by restricting one
particle to the mass shell. If the binding is due
to one-boson exchanges and if each BAN vertex
has a form factor which goes like' (t+p, '+p, ') ',
where t is the momentum transfer through the bo-
son and p,' and p, ' are the square of the nucleon
four-momenta, then the momentum-space wave
functions used in Eq. (I) must fall like I/k, ' and
may be arbitrarily well approximated by a sum
of Hulthen functions with+;c& =0. If the nucle-
ons and bosons were themselves elementary par-
ticles, there should be no BNN form factor, the
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[A.(q')+B(q') tan'-,'()]

do'
E, (q, e),

Mott:

and an examination of the detailed formulas re-
lating A and B to integrals like Eq. (1) yields

q-'E„(q') gc, ~ 0,
E (q2 g)

8 fixed -6E (q2) g 0 (7b)

wave functions would fall like 1/k,.', arid we would
get P, c,e 0.

The e-d differential cross section is
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where E„is the nucleon isoscalar form factor.
The first result is consistent with work' which
showed that for a system composed of n elemen-
tary constituents the electromagnetic form factor
should behave as (q')' ". The second result shows
that the HIA for the deuteron electromagnetic
form factor falls like q ', provided I'N falls like
q ~. This is the same result predicted" on the
basis of the quark model. '

We note an interesting consequence of the above
result concerning the relative size of the RIA and
meson-exchange contributions to Ed(q', 8). Since
the quark model and the RIA both fall like q ',
their difference presumably the meson-exchange
effects~rust fall like q

" (or faster). While the
constants multiplying the falloff s of the RIA and
meson-exchange effects remain to be determined,
there is no a priori reason to expect one to dom-
inate the other.

Since the q
"prediction follows from both the

quark model and the (relativistically calculated)
conventional n-p bound-state model of the deuter-
on, it might be regarded as a fairly secure pre-
diction. Nevertheless, one should ask how well
it is verified by the present data. The cynic mill
point out that if one fits the data for q'» 0.& GeV'
to a monomial q ", the best fit has g = 5.5. How-

ever, in order to fairly compare the q
' predic-

tion to the data, one needs to estimate the non-
leading terms, which are important in the q' re-
gion where the form factor has been measured.
For the n-p bound-state model, the numerical
evaluations of the complete formulas mill be pre-
sented shortly, and one will see that while the
asymptotic falloff is q ', the falloff at finite q'
is slower, and indeed follows the trend of the da-
ta. For the quark model, a detailed examination
has indicated that the form (1+q /mo ) 'E» (q /4)
is appropriate for the deuteron form factor. The
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FIG. 1. (a) The deuteron form-factor data compared
to (1+q'/mo ) 'E~'(q /4); this is the quark mode1 pre-
diction of Ref. 6. (b) The data compared to (1+q2/
mo ) 'EN(q ). The filled circles are data from Ref. 1
and the open circles are data from Ref. 8. In both fi-
gures mo ——9.28 (GeV) .

data"' divided by this factor, with a scaling mass
m, ' = 0.28 GeV', are shown in Fig. 1(a). Note the
flatness of the implied curve for q'R 1 GeV'. The
data, thus properly analyzed, certainly do not dis-
agree with the q"' prediction. On the other hand,
let us also compare the data to the odd possibility
that the nucleons and the bosons that bind them to-
gether are elementary, i.e. , the BNN form fac-
tors are unity, but the nucleons still have their
measured electromagnetic form factors. This
leads to a leading q '. falloff for the deuteron elec-
tromagnetic form factor, as given by Eq. (Va).
The data divided by (1+q'/m, ') 'E„(q') [the form
of the first factor gives the correct normaliza-
tion at q'= 0, but differs from a pure q"' falloff
only at low q'] are plotted in Fig. 1(b). The flat-
ness of the curve above q'~ 1 GeV' is again strik-
ing. We must conclude that, because of the im-
portance of the nonleading terms, the data do not
yet distinguish the models, and that we must go
to higher q' to clearly see the leading falloff.

This leads us naturally to the question of the
predictions for 'He and He. While the quark
model predicts a falloff of q and q for these
two cases, the actual falloff in the q' region of a
few GeV' mould be much slower because of the
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FIG. 2. The data for A{q ) from Ref. 1 compared to
the RIA for selected wave functions described in the
text.

tion, and it should be clear that a consistent eval-
uetion of the form factors requires wave func-
tions which were themselves calculated relativis-
tically. There is no consensus on what the best
such wave functions are and the curve labeled ~
= 1 is representative of recent calculations fully
described elsewher e."

From the figure we see that the relativistic ef-
fects tend to decrease the form factor Bt q ~2
GeV' and that the calculated form factors can
vary by an order of magnitude near q'=6 GeV .
Note also that our calculations fall systematical-
ly below the data, so that there is room for other
processes, such as meson-exchange corrections"
or contributions to the impulse approximation
with the spectator off shell, to make up the dif-
ference. Also, further work on the high-momen-
tum components of the wave functions is needed,
and this, along with relativistic evaluations of
the meson-exchange effects, will clarify the re-
sults.

A detailed report on this work will be present-
ed elsewhere.

large masses which enter the specific scaling
prediction of Brodsky and Chertok. ' If, for ex-
ample, the quark predictions are compared with
the forms q Es(q') (for 'He) and q"'J'„(q') (for
He), which follow from the same assumptions

leading to (Va), one finds less than a factor of 2

difference in the range 2 GeV'&q'&8 GeV'.
We now turn to the second part of this Letter;

we discuss our results for A(q') for q'&6 GeV'
as numerically evaluated for several selected
wave functions and plotted along with the data in
Fig. 2.

There are three theoretical curves in this fig-
ure. In each calculation, the nucleon isoscalar
form factor was given a dipole form with a squared
mass of O. V1 GeV'. The curve labeled Reid soft
core is the nonrelativistic impulse approximation
with Reid-soft-core wave functions. " The curve
labeled Reid relativistic is a calculation with the
relativistic formulas using the Reid-soft-core
wave functions for usual S and D states, and set-
ting the two additional wave functions to zero.
The difference between these two curves is due
entirely to treating the kinematics to all orders
inq/M .

The Reid wave functions, however, were ob-
tained from a nonrelativistic Schrodinger equa-
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Charged pions emerge from roughly 70~j~ of the neon interactions that produce stars in
nuclear emulsions at incident energies between 100 and 280 Mev/nucleon. The charged-
pion multiplicity averaged 2.8 per pion-producing event. The data are in apparent dis-
agreement with predictions based upon the independent-particle model. Agreement is
found with the pion-condensation model of high-density nuclear states as formulated by
Kitazoe et al.

Nucleus-nucleus interactions are of consider-
able interest in nuclear and cosmic-ray physics. '
Of particular importance is the extent to which
these interactions differ from predictions of the
independent-particle model according to which
the interactions are between individual incom-
pressible nucleons in the incident and target nu-
clei. ' To search for possible deviations that
would be evidence for such effects as collective
phenomena, compression of nuclear matter,
shock waves, and pion condensation we have been
studying pion production using counter techniques'
and nuclear emulsions. 4

To the best of our knowledge the emulsion ex-
periment described here (some preliminary re-
sults were presented earlier') represents the
first study of pions produced in heavy-ion colli-
sions at near threshold incident energies. The
number of pion-producing events and the number
of pions emerging from the nuclear stars appear
to be in substantial disagreement with the predic-
tions of the independent-particle model as for-
mulated by Bertsch' and can be interpreted as
evidence for pion condensation of the form de-

scribed by Kitazoe and co-workers. '
A stack of 15 Ilford t"-5 emulsion pellicles

were exposed to a beam of 280-Me&/nucleon neon
nuclei at the Princeton particle accelerator,
Each pellicle had dimensions of 3 in. &4 in. &600
pm. Standard development procedures were fol-
lowed that normally result in between 15 and 25
blobs along each 100 p,m of trajectory of a rela-
tivistic, minimum-ionizing, Z = 1 particle. The
beam particles entered the stack parallel to the
plane of the pellicle and in the absence of strong
interactions came to rest about 25 mm into the
emulsion. Beam tracks at entrance into the pel-
licle were examined under a microscope and fol-
lowed to the location where the neon nucleus
came to rest, interacted or left the pellicle.
Roughly 20 m of neon track has been followed
yielding 189 events.

Since the primary neon nuclei have energies
below 280 Me&/nucleon the tracks of energetic
pions emerging from interactions are easily dis-
tinguished from those of protons or &'s. At these
energies it is unlikely that any protons or n's
would emerge from either the incident or target
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