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A density-functional theory capable of predicting free energies and spatially dependent
number densities of simple classical fluids is applied to the case of argon films in the
presence of a solid carbon dioxide substrate. For pressures less than the saturated va-
por pressure, a new phase transition for which the order parameter is the film thickness
is described. The phases are the usual unsaturated film and a one- or two-atomic-layer
structure localized at the argon-CO, interface.

In this Letter we present the results of calcula-
tions of free energies and density profiles of thin
argon films in the presence of a model carbon
dioxide substrate which interacts with argon via
a Lennard-Jones (6-12) pair potential. We find
that for given pressure P& P,(T), the saturated
vapor pressure at temperature T, two different
film phases can occur. One is an unsaturated
liquid film whose thickness t increases monoton-
ically in accord with the well-known relation' t '
-ln[P, (T)/P] as P approaches P,(T) from below.
The other is a very thin film having a thickness
on the order of one or two atomic layers and
which possesses considerable structure. When
stable, this film is rather insensitive to changes
in P and T. To distinguish the second type of
film from the first, we shall call it an adsorption
layer (AL).

A brief qualitative description of the physics is
best posed in terms of adsorption isotherms
along which 0& P&P,(T). For T,s&T &T, (T, is
the liquid-gas critical temperature), the thick-
ness of the film grows continuously as P in-
creases, becoming infinite atP =P,(T); T,s is
the critical temperature for the new phase tran-
sition reported here. Then, for TAL(T & T,~, the
AL is stable with respect to other structures at
small P in that it possesses the smallest grand-

canonical free energy. As P increases, a point
is reached at which the AL becomes less stable
than a true film structure, which in general has
a thickness considerably larger than that of the
AL. For higher pressures up to P,(T), t again
increases in accord with the relation t '- ln[P, (T)/
P]. Finally, for T, &T&TA„, the adsorption lay-
er is the only stable structure, and the usual un-
saturated film never appears; T, is the tempera-
ture at the argon triple point. The T-t diagram
of Fig. 1 summarizes this rather striking behav-
ior; t is precisely defined by (4).

These results have been obtained using a densi-
ty-functional technique recently developed by
Ebner, Saam, and Stroud. ' The theory is de-
signed to describe nonuniform, classical Len-
nard-Jones (6-12) systems. The principal entity
in the theory is the Helmholtz free energy E [n],
which is a nonlocal functional of the particle den-
sity n(r). In a given physical situation, minimiza-
tion of

n [n] =F[ ]+nfd'r [V„,(r) —p]n(r)

with respect to variations in n(r) yields an equa-
tion determining n(r) in the presence of the ex-
ternal potential V,„,(r) for fixed T and chemical
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FIG. 3. Argon-film profiles at T =0.9~0/&&T,z for
argon vapor densities between 0.009 and 0.0101; the
density is in units of 1/o and z is in units of o. Each
curve is labeled by the value of n„.

film profiles are shown in Fig. 3 for this value
of n„. These structures both have the same value
of Q[n] and they are at local minima of the free-
energy functional for the given values of ILL and T.
In order to learn something about the free-energy
barrier separating these two profiles in the space
of configurations, we have calculated 0 along a
path specified by a linear interpolation of the ten
parameters in n(z) between the values taken on in
the two equilibrium configurations. The barrier
height is b, Q = 0.020', /v'. It would naturally de-
crease with increasing T and vanish at T =T,~.

The thickness t in Fig. 1 has been calculated
for each n(z) as

t = f, dz[n(z) -n„]/n„ (4)

where n, is the liquid density at the liquid-gas
coexistence curve for the temperature in ques-
tion.

A qualitative understanding of this new phase
transition' is obtained by examining the major
contributions to the difference between the free
energies of the AL and of the film. Relative to
the AL, the film has a positive free energy aris-
ing from its surface tension and a negative free
energy coming from its interaction with the at-
tractive part of the external potential. Also, the
free energy of that portion of the film which has
approximately a constant density of order n, is
larger than the free energy of the AL in the same
region. Relative to the film, the AL has an im-
portant negative free energy arising from the
negative short-range part of the correlation func-
tion C, there being relatively fewer atoms in the

Al, on the vapor side of the large peak in n(z).
As a consequence of these facts, one can make
several predictions. Increasing the strength of
the attractive wall-substrate potential favors the
film configuration (relatively weak potentials are
required for the existence of the phase transi-
tion). Further, an increase in T decreases the
surface tension and thus favors the film configu-
ration. Finally, increasing n„or P„decreases
the free-energy difference between liquid and

vapor and hence also favors the film configura-
tion. It should be recognized, however, that this
simple picture breaks down for very thin film
configurations in which a distinction between sur-
face and bulk effects becomes impossible.

It is important to point out that the large peak
in n(z) near the wall is virtually the same for all
cases shown in Figs. 2 and 3 (as well as for ajl
other calculated profiles). As a consequence, the
contribution of this feature to 0 is rather inde-
pendent of the important variables in the problem—and fortunately so, for our theory is least trust-
worthy in the region of z where the peak occurs.
There are two reasons. First, the density at the
top of the peak exceeds the density n„= 0.966/v'
of solid argon at the triple point. It is thus likely
that the first layer of argon is solid, a feature
not included in our theory. ' Second, the smooth-
ing of the CO, substrate inherent in (3) certainly
has its largest effect on the first layer of argon.
Both of these simplifications affect the various
film structures and energies in the same way.
Our central conclusions are based on free-energy
differences and are therefore not strongly depend-
ent on these two flaws in our theory.

We conclude with a brief summary and some
further general remarks. We have presented
hare calculations of argon-film profiles and free
energies given a solid CO, substrate. Although
the calculations are approximate, they are made
from frist principles since F[n] is obtained di-
rectly from a pair potential. A prediction of our
theory is a striking new phase transition for which
which the order parameter is the film thickness;
the two phases are the ordinary unsaturated film
and the adsorption layer, a structure which is
roughly two monolayers thick and which changes
relatively little with P and T. The CO, substrate
was chosen because its interaction with argon is
sufficiently weak and also because it remains
solid throughout the temperature range of inter-
est. We remark that our theory has implications
with regard to the phenomenon of wetting; in par-
ticular, it is easy to show that the argon-CO,

1488



VOLUME 38, NUMBER 25 PHYSICAL REVIEW LETTERS 20 JUNs 1977

contact angle will be greater than zero for T
& TJ,„. Careful measurements of adsorption iso-
therms would appear to provide the simplest
means of testing our predictions. Neutron scat-
tering experiments could, in principle, provide
a wealth of detail about n(z).

O. Maass and W. H. Barnes, Proc. Roy. Soc. London,
Ser. A 111, 224 (1926).

5The trial function used is

5

n(z) =
( )

+ Z ();z~ 'exp( —ez )+n„
exp tq(z —a)1 + 1

x exp(—
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sult similar to what we have found for argon on CO2.

Shubnikov —de Haas Oscillations in a Semiconductor Superlattice

&. L. Chang, t H. Sakaki, t f. C. A. Chang, and I.. Esaki
IBM Thomas J. Watson Research Cente~, Yoxktoum Heights, Nezo 7'oak 10598

(Received 9 February 1977)

We have observed Shubnikov-de Haas oscillations associated with the quantum sub-
bands created in superlattices made of periodic layers of GaAs and Ga, „Al„As. By con-
trolling the periodic potential profile, a variety of sample with sub-bands of different
degrees of two-dimensionality have been prepared for investigation. The obser~red oscil-
latory behaviors agree with those predicted from the Fermi surfaces calculated theoreti-
cally on the basis of the superlattice configuration and the electron concentration.

The investigation of quantum sub-bands has
been one of the major objectives in the studies of
a semiconductor superlattice —a periodic struc-
ture made of alternating, ultrathin layers of
two semiconductors. Experiments reported to
date, "' including the recent resonant Raman scat-
tering measurements, ' have largely established
the existence of such sub-bands, their energy po-
sitions, and their influence on the dynamics of
electrons moving perpendicularly to the layers.
In this Letter, we report the first observation of
magnetoquantum oscillations (Shubnikov-de Haas

effect) in superlattices with the current flowing
in the plane of the layers. The superlattice pro-
vides a unique medium where the bandwidths of
the sub-bands can be controlled by selecting the
barrier and well thicknesses as well as the bar-
rier height. The observed oscillations manifest
the electronic sub-band structure, which becomes
increasingly two-dimensional in character as the
bandwidths is narrowed.

Figure 1 illustrates three sub-band structures
(A), (8), and (C), with a superlattlce energy
diagram shown schematically in the upper panel:
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