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In Wilson's lattice gauge theory, we obtain an effective Lagrangian for a string with
quarks attached to the ends. A set of classical solutions are obtained, and quantized by
the Bohr-Sommerfeld method to give the Begge trajectories. The ground-state spectra
are those of the SU(6) model in the classical limit.

Wilson's' lattice gauge theory is considered to be a promising model for hadrons which provides
both quark confinement and asymptotic freedom. As was shown in his original article, the confine-
ment of quarks is achieved by the area law in the strong-coupljng approach. The study of hadron spec-
trum in this model seems to be an urgent problem. ' In this I etter, we apply the area law to the model
including the quark interactions, and obtain an effective Lagrangian which governs the motion of the
string made by links and quarks.

Let X"(cr, v) be a point on the world sheet swept out by the string. The propagation of the lattice-
gauge string, whose length is larger than the lattice distance a, can be given by the path integration

P = fexp(iIs)[(exp(iI, )g,(X,(T))g,(X,(T))g,(X,(0))g,(X,(0)))(exp(il, )) ']&X. (1)

Is = ffLsdodv= f d7 f do'(-y[(X„Xo) -X~ Xo ] },
I, = f (L, +L,)d 7',

and X'," =BX"/a~, X," =8X"/ev, X,"(~)=X"(0, v), and X,"(7)=X"(n, 7). The action (2) plus (3) governs
the motion of the string (parametrized by 0&o &n) which keeps the quarks at v=0 and a =m. Angular
brackets denote integration over the anticommuting field g, and g, with no color component (see Ber-
ezin'). The integration over X"(o, v) covers all the possible deformations of connected world sheets
for a given initial and a final setup of the string. The gauge-fixing terms for X"(o, 7') and an initial and
final conditions must be imposed in performing the integration. Then the formula defines a field theo-
ry of interacting string if all possible topological sheets' are taken into account. It is interesting to
point out that the quark Lagrangian (2) plus (3) is precisely the one previously proposed by Bars and

Hanson, ' without reference to the lattice gauge theory.
To prove the above statement, we begin by writing down the lattice-gauge action in Euclidean space:

I= Q g Tr(U &U„+& „U„+» U„1)+P[sK+q—(n)(1+i)")U„&q(n+tt)-q(n)q(n)], (5)
n, +p, v n tp

where U and q are the link and the colored-quark fields, respectively, and e„aunit vector which points
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in the p. direction.
The quantity we are concerned with is

I' =((exp(I)D(k, k )D(l„/ )))/((exp(I))),

where

(8)

D(Eg, 4) =e(f g)&g p'''~g -g pq(I2)

and the double-average notation denotes integration over both q and U. According to Wilson, ' we first
choose a world sheet encircled by a perimeter, Ey l2 k2 ky ly then perform the U and q integra-
tions to obtain

P =QC' "exp[-A I n(g' C)/a'][II~(- K/2)(1 +if~)], (8)

where the summation extends over all world sheets, and A. represents the area of the world sheet, II~
the product along the perimeters I', C the number of color components of the quark, and n an integer
which characterizes the topological structure of the world sheet, i.e. , the number of holes plus twice
that of the bundles of the sheet.

Now, we assume that the area A can be replaced by the Nambu-Goto area factor" [Eq. (2)], with y-=In(g'C)/W2a' for q-q distances larger than a. Although the straightforward calculation provides a
somewhat different area factor which violates the rotational invariance due to the rotational noninvari-
ant representation of the original action (5), we assume that the invariance should be recovered in a
refined formalism.

That the last factor in (8) can be replaced by the second factor in (1) can be confirmed if one notices
that the following action reproduces the last factor in (8):

I, =g [g,„-'KP(~)(I+id„)4'(~+9) —0'(~)q'(n)],

where the sum is taken over the lattice sites along I'. Crucial differences between the second term in
(5) and (9) are that U is missing in (9) and that the latter contains series of g'(n) only along the world
line (the timelike direction in Lorentz space) while the former contains them along all directions. Since
our model has local gauge invariance, we can always choose a special gauge where all links along the
time direction are about unity. This enables us to take g (n+ p) = g (n), if p. points to a timelike direc-
tion, so that g'(n+p) can be expanded about the site n, even in the strong-coupling approach. The ex-
pression (9) can then be replaced by the continuum limit:

Pz[~KtII'ig&B" (' —(1-K)a 'g'P'] dX"=f[2iX,"(X,') ~'Q„—g-mlX, '+]dv,
8'T (10)

where we have used a=idX" i, e" =X„"/VX,', dX" =X,"dv, (=&K'', and m =(I-K)/aK. We note that
the continuum assumption (10) along the timelike direction has been necessary in obtaining the Hamil-
tonian formalism. ' The above replacements show the equivalence between (8) and (1) if one changes
the metric to Lorentz's.

At this point, we make some remarks. First, we have not yet succeeded in determining an exact
functional measure in X. Second, the factor C' " in (8) must be distributed over the wave-function re-
normalization constants by WC and also over the coupling constants of string-string interactions by 1/
WC. In contrast to the usual string model where the coupling constant is arbitrary, the lattice gauge
theory predicts the value. Third, we point out that the quark mass at the string ends, m = (1-K)/aK,
is heavier than the one obtained by Wilson [who gives (1 —4K)/aK]. The latter is considered to be the
weak-coupling case. Finally, we note that the slope parameter y '=[In(Cg')/W2a'] ' does not tend to a
finite value unless g - 1 as a-0. This seems to be inconsistent with asymptotic freedom. However,
we disregard this feature under the assumption that the higher-order corrections by the interstring in-
teractions will cure the behavior in a-0, and proceed to examine the string properties.

Now, we solve the Lagrangian (2)-(4) by the classical method. ' Euler's equations are

(B/B7)[BI.,/BX, ~]+ (B/Bo)[BI,,/BX.~] =0, 0 (o(r,
(B/87')[Bl )/BX; ~"]=T BLq/BX ", a =0, m,

(11)

(12)

1310
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for the string, and

(8/av)[aZ, »/ay», ] —sL»/8&,. =0, » = 1,2,

(14)

for the quarks. In the timelike gauge X (o, 7) = &, the energy and the angular momentum turn out to be

H=+, [m P,. y, (1 X ) '« —(1 —X, , ) '5 (X XX,. )]+yf {X /(1-X )]'«do

~=+,{m;»t', P,(l-X, ') '«'(X, xX,, )+5» —(1-X,,') '[(X; X„,)5;-(X; 5,)X,„])
+yf {X /(1 —X ')]+ (XxX )do, (15

where 5» is the spin of the ith quark and is de-
fined by'

5. =-,'(1 —X„')-&g, {y„X„I',o jq, .
The Eqs. (13) for g» are homogeneous and can

be solved for g,. as a function of yet unknown co-
ordinate X»(v) and v. In the center-of-mass sys-
tem of the string, a classical solution to (11),
which is associated with the leading Regge tra-
jectory, is known to be'

(16)

X»'(o, 7) = [~,p(o) cos»»»7', p(o) sin»»Iv. , 0],
p(o) =»o 'sin[«»»o(o —o,)].

(17)

(18)

Using the solutions g» and (17), we determine the
parameters»» and o„or equivalently p, =p(0) and

p, =p(»«), in such a way that (12) are fulfilled,
namely,

[m;(1 —(u'p»')+ 2(u](u

=(- I)'yl(1-»o'p )/(~p»)] sgn(p»'), (19)

where+ refers to the sign of 8,. The solution so
obtained for a given spin configuration is sub-
stituted into (14) and (15), and the Regge trajec-
tory is obtained by eliminating the angular fre-
quency e, The intercepts with integer values of
4 provide us with the hadron spectra. This meth-
od is equivalent to the Bohr-Sommerfeld quan-
tization.

Although the full behavior of the trajectories
has to be determined by numerical analysis (Fig.
1), some characteristic properties can be known
by analytical method. As in the other string mod-
el, ' the low- (high-) angular-momentum behav-
ior is determined by large (small)»o. The bound-
ary condition (19) is then easily solved for these
extreme cases. Some of the properties are list-
ed below.

(1) Two natural-parity [P= (- 1)~] and two un-
natural-parity [P = (- 1) +'] trajectories are ob-
tained.

(2) Two unnatural-parity (w and A, ) trajectories
are degenerate.

(3) The p-meson mass and the 7«-meson mass
are degenerate and equal to the sum of constitu-

ent quark masses (=m, +m, ) with no potential en-
ergy, i.e. , the SU(6) symmetry. ' Since the solu-
tions of (19) for large cu are &up; ™2y/»o', the tra-
jectories behave in H -rn, +m, region as

= I+(3/Sy' ')(&-m, m,-)+',

Z, „=(1/2~)(ff -m, -m, )',

Z, , =- I+(I/4~)(e -m, -m, )'.

(20)

(21)

(22)

3
tn, = N. a = 1.S'

Wev

0
» I

tl Io
I

I I H2

FIG, 1. Regge trajectories for mesons. Free param-
eters are quark masses and the asymptotic slope
(2&p) which is taken to be 1 GeV

(4) All trajectories become parallel and straight
with the slope (1/2»»y) in the high-mass limit.

(5) Effects of the quark mass and spin appear
in the low-mass region. If the qua. rk mass is
large (as for the charmed quark), the slope
around J- 1 becomes small. This is consistent
with the g-family data

As for baryons, we confirmed both the quark-
mass additivity rule for ground states and the lin-
ear asymptotic behavior of the trajectories.
These properties are considered to be a good 0th-
order approximation to the hadron spectroscopy.
We wish to emphasize that the spectrum has the
SU(6) symmetry for ground states even though we
used the relativistic approximation.

One has to keep in mind, however, that the
low-mass region is not considered to be the best
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place to test the lattice gauge model as long as
one adopts the present approach, because (a) the
string approximation may not be good when the
length of the string (-y/&u') becomes ot order of
the lattice distance, and (b) the stationary-phase
approximation that we used may not be valid in
this case.

What is needed to get a better spectrum is sus-
pected to be an additional spin-spin interaction.
Although such an interaction cannot be obtained
in the classical approximation of local string mod-
el, from the quantum corrections its appearance
is highly expected in lattice gauge theories. If
one supposes that the remnant interaction besides
the string force is the weak-coupling exchange of
the gluon between the quark and antiquark, one
can confirm the existence of spin-spin interac-
tions with the correct sign.

Detailed discussions for baryons and the quan-
tum corrections will be published elsewhere.

Note added. —After completion of this work we
were informed that the path-integral formula (1)
was independently obtained by R. Fukuda and
I. Ojima. We are grateful to Dr. Fukuda and
Dr. Ojima for critical and valuable discussions.
We also thank Professor T. Kotani for his help
in numerical calculations.
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