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It is shown that the calculation of quantum effects associated with the classical four-
dimensional pseudoparticle can be carried to completion in the one-loop, lowest-order-in-
source approximation, with size effects calculated exactly. The result is finite, and
leaves symmetry-breaking results intact. For the case of two flavors the theory reduces
to a particularly simple form which suggests that the pseudoparticle acts as a source of
zero-mass bosons which, in turn, are made of fermion pairs.

Recently, ’t Hooft''? has calculated the quantum
effects associated with the classical pseudoparti-
cle solution found by Belavin et al.® in non-Abe-
lian gauge theories. This pseudoparticle was con
jectured by Polyakov* to be the basis of the con-
finement mechanism of a color theory of strong
interactions. Related vacuum tunneling effects
have been stressed by Jackiw and Rebbi,’ and by
Callan, Dashen, and Gross as well.®

’t Hooft’s calculation of the generating funtional

W = ,:{0]0);p =fS)A:D$:sz£D<I> exp{fd‘*xeﬁ} (1)

proceeds via a perturbation expansion about the
classical pseudoparticle solution keeping lowest-
order (quadratic) terms, i.e., calculating the one-
loop contribution. The zero-energy modes are
handled by the collective coordinate formalism.
They involve the position and size of the classical
pseudoparticle solutions. Apart from a gauge and
ghost fixing term and the scalar multiplets, the
Lagrangian L descr.bes N;-flavored color-doublet
fermions coupled color-gauge-invariantly (D p is
the covariant derivative) to the triplet of color-

|

vector-meson fields,
£="%GpvaGpva"$7uDu‘/"*’Js‘]stlpt- (2)

Here a labels color isospin; and, s and ! are fer-
mion flavor indices, suppressed in all but the ar-
bitrary source term J. ’t Hooft’s calculation in
Ref. 2 stops short of a generating functional with
the collective pseudoparticle-size coordinate p
completely integrated; rather, he finds W for
fixed p, obtains a corresponding effective Lagran-
gian (p fixed), and then integrates over p. In the
unbroken-color-gauge-theory interpretation of the
effective Lagrangian, he then gets an apparently
intractable infrared divergence.

In this Letter we would like to point out that at
least for N; =2 the generating functional can be
computed exactly by performing the remaining p
integration explicitly. Then a corresponding ef-
fective Lagrangian can be constructed with some
interesting properties to be discussed in the con-
clusion.

The functional integration that gives the one-
loop contribution proceeds as follows:

WlJ]=eSc1 DA, DA ., D2DYDT expl{[dxL(A,®) +T(M + Iy}

= fd‘*xfowdpf(p)fswsoi exp ) dXT(M + I)Y
= Jax S ap7(p) detl (p ,x) + 71,

®3)
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where M (p,x) is the differential operator obtained from (2) by expanding about the classical solution.
The notation A, and A .., indicates the separation of zero and nonzero eigenvalues in the Gaussian inte-
gration, the former being handled by the collective-coordinate procedure. Now

detlM (p,x) + I~ 7, E(p)1,E 2(p,d),

(4)

where E;’s are the eigenvalues of M +J, with E,°(p,J =0) =0. With this separation ’t Hooft®> gets (« are

some fixed spinors)

4 (2)u” }
wla= fa ), de(P)det[de[p—_Fﬁx‘—z)?Ja (5)
In the case of no scalar multiplets, ’t Hooft gives
f(p) =Ke‘87r/«§'2g'8(#0p)7(1+Nf)/3IJ.05'3Nf, (6)
K =914+ Np) p(6=2Np) exp[ZNfa(é) - 01(1)], )
where the a are numbers given in Ref. 2 and {1, is the renormalization subtraction point.
To continue further it is profitable to use Fourier transform on the source J(x). For notational
simplicity we write the formulas, for the moment, only for a diagonal source J. We define
Ji(zy) =fd4pi exp(ipiz;)Ji(pi). (8)
Then after translating z; =x + w;, we obtain
- o~ 8m28? If '
wili]=xk X8 s TN [ fatp,uc*Ji(pu ]<2n)4o4(2 P, ©)
where
sz dpp7(1+Nf)/3H fd‘l _m_i)%).. (10)
(4]
Now the angular integration over any w, can be done and we get
- in(lp,|lw,l)
4, exP(lPk ) Zﬂzf dlw.|lw.|? sin(|p,llw, .
Jauw SE T on [ "ahoy A (11)

From this we see that there will be no angular correlation between the N, momenta apart from momen-
tum conservation, i.e., I is a function of |p,| only. For |p,|>0, I is a finite function bounded by, e.g.,

226N,

Ny
II(<<H |pe|-1> (10+Ng)/3Ng
=1

@0+, @8N, ~10) 21"

(12)

For the case N;=2 we have |p,|=1p,| and, therefore, by scaling the p, w,, and w, integrals we get

Wl 1=Ke™3""/8 g~ san iy & [a'p, [a%p,(2m)46%(p, +p,)

X [uoc*ju(p1)uauo¢*j22(p2)ua —uoc*jlz(ﬁl)uau o

—

where

t? sint
—/ dss [f dt @ +sz)3} (14)
is a finite positive constant.

It is important to compare and contrast our re-
sult with ’t Hooft’s. All the chiral properties
which arise from the determinant structure in-
volving right-handed spinors « (and left-handed
spinors when the parity-reflected solution is add-
ed) remain the same. Thus, conclusions regard-
ing breakdown of U(N’) X U(N’) symmetry persist.
Behavior of the theory with regard to the renor-
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Jp(p)ullp, 172 p,l"2C, (13)

malization-group subtraction point is also unaf-
fected.

However, with pseudoparticle-size effects ex-
actly incorporated, ’t Hooft’s simple interpreta-
tion of the amplitude in terms of fermions propa-
gating to the pseudoparticle fails in an essential
way, i.e., the momentum dependence and connec-

- tions are changed. Rather, our final result for

=2 has the form

SapRin), (15)
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The physical interpretation of the result (15) is
obscure to us. Perhaps a full understanding of
the Green’s function singularity structure can on-
ly be obtained after summing the one-loop contri-
butions of the other (multipseudoparticle) station-
ary points in the functional integral. Our result,
by itself a single term in this sum, represents an
unacceptable dipole singularity which, if it per-
sists in the full theory, would appear to be a ca-
tastrophe.

It is interesting to note that the p~* term may be
the second term in an expansion (p%+m2)”! in or-
ders of m2. Such a term might appear in a theory
of bound fermion-antifermion pairs, but there is
as yet no clear indication of such a binding phe-
nomenon in the non-Abelian gauge theory. If,
however, this were the case, our result might be
relevant to a calculation of hadron masses such
as the 7 mass, for example. (It is interesting
that we then get a nonzero contribution already
from the one-loop single-pseudoparticle sector.)

But what, then, is the origin of the 22 term?
And is it really there at this level (one-loop), or
must one extend the expansion not only in the
winding number, but also to higher order in 7 ?
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I construct the supergravity theory for a supersymmetry algebra whose spinor genera-
tors carry SO(3) internal symmetry. Spins %, 1, 2, and 2 are unified in one gravitational
multiplet. The method used should be applicable to theories based on other internal sym-

metry groups.

Supergravity field theories are closely related
to irreducible representations! of global super-
symmetry algebras which contain massless par-
ticles of maximum spin 2. The first locally su-
persymmetric field theory2™ corresponds to the
representation with spin content (2, 3), while a
very recent construction® corresponds to the rep-
resentation (2, 3, 3, 1) of an extended supersym-
metry algebra in which the Majorana spinor
charges and spin-% states transform as doublets
under an O(2) [ or U(1)] internal symmetry.

There are analogous algebras and irreducible
representations® for larger internal symmetry
groups, and lower spin fields would be unified
with spin § and spin 2 in one gravitational super-
multiplet in the corresponding field theories.
This unification offers hope of a more intimate
connection between gravitation and other particle

interactions. Arguments have been given that
such field theories have finite one-loop scattering
amplitudes” and that the leading two-loop diver-
gences cancel.® These are sufficient reasons to
undertake the construction of further-extended-
supergravity theories.

The next simplest representation is based on
the group SO(3), and I construct here the corres-
ponding consistent field theory which has the spin
content (2,3, 3,3, 1,1, 1, 1) involving triplets of
Majorana spin-3 and real spin-1 fields and sin-
glet graviton and spin-3 fields. There is a local
supersymmetry involving a triplet of Majorana
spinor parameters, while the internal symmetry
is global. The method used here in which the in-
ternal symmetry is manifest at all stages. should
be applicable to further constructions of this type.

In first-order gravitational formalism, the
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