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We present the first complete theory of the effect of collisions between charge carriers
on the electrical resistivity of a simple degenerate semimetal. We find that (i) electron-
hole scattering can explain the anomalous T resistivity of stoichiometmc TiS2, (ii) elec-
tron-electron and hole-hole scattering do not contribute to p, and (iii) the theory of elec-
tron-hole scattering predicts that the resistix ity of nonstoichiometric TiS& should fall sig-
nificantly below T at high temperatures.

In a, recent Letter Thompson' reported that the
a- axis, temperature-dependent electrical resis-
tivity, p(T) —p(0), of the layered semimetallic
compound TiS, was proportional to T' from at
least 10 to 400 K. Thompson suggested that this
remarkable behavior was due to "general" elec-
tron-electron scattering which encompasses elec-
tron-electron (e-e), hole-hole (h-h), and elec-
tron-hole (e-h) processes In this .Letter we pre-
sent the first complete theory of the effect of col-
lisions between charge carriers on the electrical
resistivity of a simple degenerate semimetal. In
TiS, the electron and hole densities are sufficient-
ly small and the carrier pockets (assumed spher-
ical) are sufficiently isolated that all e-e, h-h,
and e-h scatterings conserve momentum. There-
fore e-e and h-h processes do not contribute to
p. For e-h scattering momentum conservation
does not imply current conservation; and we find
that this mechanism can explain the observed T'
resistivity. Furthermore, the theory of e-h scat-
tering suggests additional experiments to confirm
the validity of this explanation.

Specifically our theory predicts that a compen-
sated (stoichiometric) semimetal has a T' term
in the resistivity [Eq. (8)] for all T, as has been
found in TiS, . An extension of the theory predicts
that the resistivity of an uncompensated (nonstoi-
chiometric) semimetal, e.g. , Ti„„S„should
fall significantly below T' at high T, eventually
going linearly with temperature as a result of
phonon scattering. The particular behavior we
predict for Tip S2 is shown in Fig. 1, where we
plot the temperature-dependent resistivity versus
T' for different values of x. For stoichiometrzc
TiS„x=0, the solid curve including e-h and im-
purity scattering is pure T' and the dashed curve
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I IG. 1. Theoretical temperature-dependent electri-
cal resistivity of Ti&+„S& for different values of x. The
solid curves include electron-hole and impurity scat-
tering. The dashed curves illustrate the changes that
occur when phonon scattering is included.

including some phonon scattering shows only a.

slight deviation. Both are consistent with the da-
ta of Thompson. For nonstoichiometric TiS, our
predictions are quite different. At low T, p is
also proportional to T', but with a coefficient
that decreases with x. At higher T, however, the
curves fall far below T'. The solid curves be-
come constant at high T, while the dashed curve
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becomes linear in T due to phonon scattering.
The fact that e-h scattering is required to explain
the unusual stoichiometric data is itself surpris-
ing, but our off-stoichiometry predictions are
an extraordinary and, we believe, unique signa-
ture of e-h scattering. Consequently the results
of experiments on nonstoichiometric samples
will provide a crucial test of our theory, which,
if confirmed, would yield additional strong evi-
dence for the existence of holes in TiS, .

Our results for the resistivity are derived from
exact solutions of the coupled electron-hole Boltz-
mann equations, found using the method of H)j-
gaard-Jensen, Smith, and Wilkins. ' Because the
inclusion of impurity and phonon-scattering com-
plicates the theory, exact results are not general-
ly available; but an accurate (10%%uo) approximate
solution is obtained. Rather than reporting the
details of that calculation, we choose to empha-
size the physics of electron-hole scattering by
writing simple, coupled, electron and hole kinetic
equations in the relaxation-time approximation
that, with a proper choice of parameters, repro-
duce exactly our more complicated analysis.

Baber' first showed that e-h scattering leads to
a T' resistivity in transition metals. Appel' pres-
ented, without derivation, an expression for the
total conductivity of an e-h system, which though
similar to ours, leads to the erroneous conclu-
sion that the resistivity of a compensated system
no longer has a T' term at high temperature.

Our theory strictly applies to any degenerate
e-h system with spherical carrier pockets in
which collisions between charge carriers con-
serve momentum; although we consider only TiS„
many of the features are quite general and should
be of interest to those concerned with transport
in elemental semimetals, transition metals, and
the new "unusual" metals such as the layered
compounds, (SN), and tetrathiafulvalene tetra-
cyanoquinodimethane (TTF-TCNQ). '

TiS, has a hexagonal Brillouin zone. Although
existing band structure calculations' predict that
it is a semiconductor, experiments' indicate that
it is a semimetal. Following the recent sugges-
tion of Freeman and Zunger, ' we assume a pocket
of holes at I and electron pockets at the M points.
This structure is shown in Fig. 2. TiS, is a lay-
ered compound, but with a small anisotropy ratio,
p, /p, &10. Since detailed Fermi surface data are
not available, we assume the simple case of
spherical carrier pockets. ' For stoichiometric
TiS„ the density of electrons and holes are equal
so thatn, =n„=no 2&10" cm '.'

FIG. 2. Reciprocal lattice of TiS2 viewed along the
c axis. The large circles denote pockets of holes and
the small circles pockets of electrons. The three dif-
ferent types of electron-hole scattering are indicated.

To illustrate the importance of momentum con-
servation, we consider first e-e scattering. The
current carried by the electrons is given by

J, = (-e/m, )Qn, p,. -=(—e/Qm, )P, , (1)

where p,. =m,v, is the physical momentum of an
electron in state i, n,. is the distribution function,
and 0 is the volume of the sample. The current
is proportional to the total momentum P, in the
electron system. The wave vector of the ith elec-
tron is q,. =K,. +p,. where K,. is the vector from the
origin to the center of the pocket containing the
ith electron. In an e-e collision, wave vector is
conserved which implies that q, + q, = q, + q4+ G,
where G is a reciprocal lattice vector (including
G= 0). In terms of momenta, this reads p, + p,
=p, +p, +Q, where Q=K, +K, —K, -K, +G. A proc-
ess in which Q= 0 conserves momentum and there-
fore cannot affect the current. In TiS, the small-

0
est nonzero ~Q~ = 1.1 A ' is greater than the max-

0
imum momentum transfer 4p~=0. 50 A '; there-
fore, momentum nonconserving e-e processes
do not occur at all. We conclude that e-e scatter-
ing does not contribute to the electrical resistivi-
ty of TiS, .' The same conclusion applies to h-h
scattering.

We now turn our attention to e-h scattering.
The current carried by the e-h system is simply
written in terms of the total electron and hole mo-
menta as

J = (—e /Q)(P, /m, —P„/m „).
It is more physical to rewrite this expression in
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terms of the total and relative momenta defined
by

P= P, + P„,
(3)

t= p(P, /n, m, —P„/n„m„) =Op (V, —V„),

where 1/p = 1/n, m, + 1/n„m„and V, —V„ is the
relative velocity of the electrons and holes. Thus
the current becomes

In general J depends on both the total and relative
momenta. Using the same reasoning as for e-e
scattering, we see that e-h scattering also con-
serves the total momentum in TiS, . However, the
the relative momentum is degraded by e-h scat-
tering. For a stoichiometric sample, J is inde-
pendent of P and there is a finite conductivity due
to e-h scattering alone. In contrast a nonstoichio-
metric system with only e-h scattering has an in-
finite conductivity; impurities and phonons must
be introduced to relax the total momentum. This
fundamental difference between a compensated
and uncompensated system leads to surprising
consequences.

Consider an electron-hole system in an exter-
nal field E with e-h, impurity, and phonon scat-
tering. In the steady state the total rate of the
change P, is zero, i.e. , dP, /dt~«, »=dP, /dt~E

+dP, /dt~, „+dP,/dt~;~=0, where the change due to
E is d P,/dt~ E

= -n,QE. Impurities and phonons
relax P, toward zero; dP, /dt~;p = —P, /w;z, where

1/7;p =1/v; ~ 1/+r& . A new feature of this cal-
culation is the recognition that electron-hole scat-
tering relaxes the relative velocity or relative
momentum to zero;

d(P/dt~, p
= (P/r, t, =d—pe/dt~, g

= dp„/dt~, „-. (5)

Making the same analysis for the total hole mo-
mentum and writing P, and P„ in terms of P and

t, we find the coupled kinetic equations

0 = —en, QE 6'/7', „—[6'+—(p, /n„m„)P]/v;z,

0 = en „nE +0/7, „-[-g+ (p /n, m, )P]/~, ,

where we have assumed that 7;p was the same for
electrons and holes. Solving we obtain the follow-
ing expression for the conductivity:

(n, n„)'—
m m I

(7)

where the first term derives from P and second
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from O'. The relaxation rates obtained from our
Boltzmann equation analysis are given in Eqs. (9)
and (10). We note that 1/7; p

is a constant inde-
pendent of temperature; 1/r &&,„ is given by a
Bloch-Gruneisen function, thus varying as T' for
low T and linearly at high T; 1/v, h is proportion-
al to T' at all temperatures.

On stoichiometry, the term deriving from P
disappears and the resistivity reduces to

1 1 1/7, h + 1/r;p
v ne' 1/m, +1/m„

At low temperatures, phonons may be ignored
and p =A+CT'. At high T, phonons contribute a
linear term and p =A+BT+ CT'. For sufficiently
small B/C, the T' term dominates for all T as
observed in TiS,. For other materials with a
large B/C, p will look phononlike at intermediate
temperatures. We note, however, that the T'
term is present for all T and eventually domi-
nates.

Off stoichiometry, the first term in Eq. (7) no

longer vanishes and this dramatically changes
the high-temperature limit where the second
term becomes negligible compared with the first
and p =A'+B'T, which has no T term at all.
This surprising result may be understood by re-
calling that e-h scattering, which predominates
at very high T, tends to make the relative veloc-
ity equal to zero. When this occurs, both elec-
trons and holes are carried at the drift velocity;
and the current, proportional to the net charge
—e(n, —n„), is degraded only by impurity and pho-
non scattering.

Our theory completely specifies the resistivity
in terms of the electron-hole interaction, the
electron-phonon coupling constant x, and 1/7,
Unfortunately the interaction between d electrons
and p holes is not known and therefore we simply
assume a. constant (in q) e-h scattering rate W

which we take to be the same for all three types
of e-h scattering shown in Fig. 1.. This yields

1 n„m, (k~T) W

eh

(9)

where o = 1 gF/kF) for PF/kF greater (less) than
1; kF is the Fermi wave vector for holes. A
crude estimate of W is given by W= (2m/h)VY~',
where V~~ is the q = 0 Thomas-Fermi interaction,
known to be too weak for electron-electron scat-
tering in the alkali metals. "

For stoichiometric TiS„ this yields a resistiv-
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ity too small by a factor of 16; and we must choose
the lntex'Rctlon foux' times strongex' thRn VgF to
fit the observed T' term.

For 1/v „we use

1/~p„= (2m/h)Xk, T[4(T/8~)' J,(8„/T)], (10)

where 8„=2P~v„d and Z, is a Debye integral.
Since our theory predicts that p =A+87 +CT' for
stoichiometric TiS, at high T and the linear term
is not evident experimentally, we conclude that
the electron-phonon coupling constant is rather
small (X ~ 0.05), which we do not fully understand.
1/7~ is now determined by the observed resis-
tivity ratio of 10. [Our e-h analysis of experi-
ment' shows that 1/7',.

&
is not the same for elec-

trons and holes as assumed in Eg. (6) and that a
straightforward generalization is required. ]

Nonstoickiomet~ic TiS, is obtained by interca-
lating additional Ti. atoms, which are each as-
sumed to give up four electrons. Calculating the
electron and hole densities as functions of x in
Ti,+„S„wefind that all the holes are filled when

n, = 5.4n, or x =0.015. Using the same parame-
tex's Rs fox' stoichiometric TiS2 Rnd assuming ful-
ther that 1/r, &sea.les as the density of states,
we are able to calculate the temperature-depen-
dent resistivity of Ti,+„S,for different values of

x. We exhibit curves for X, = A.„=0 and 0.05 in

Fig. 1, which has been discussed eaxlier.
In conclusion, we emphasize that the general

features of our off-stoichiometry predictions are
independent of our crude approximation to the e-
h interaction; and, therefore, these experiments
will pxovide a severe test of the theory. Obvious-

ly more work on the interaction is needed, but
the additional effort will be justified only i.f ex-
periments confirm that e-h scattering is the dom-
inant mechanism. Thompson informs us that sys-
ternatic measurements on nonstoichiometric sam-
ples are now underway and his preliminax'y re-
sults are in qualitative agreement with our pre-
dictionss.

The authors thank A. H. Thompson for gener-
ously shRX'lng his knowledge of TlS2.
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Electron-positron»~ihilation should be a rich source of charmed hadrons. The search
for invariant-mass peaks together vrith the measurement of recoil-mass spectra is a
technique that recently has borne fruit at SPEAR. We show how this technique may re-
veal the existence of the charmed baryons and of the excited states of the charmed mes-
ons.

Charmed hadrons should be abundant in debris D' was found at SPEAR' at 1.865 Geg decaying
of e e annihilation above the charm threshold. ' into& ~+ and K m m'v, presumably a J =0
A good candidate for the lightest char med particle S-wave cu meson. Its isotopic partner D' must


