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Experimental Determination of the Charge Density of the Bond-Forming Electrons in N2$
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High-precision total differential scattering cross sections for 40-keV electrons incident
on N2 have been measured. In order to observe binding effects in the scattering cross
sections, the data have been compared to a theoretical set of intensities based on scatter-
ing from noninteracting nitrogen atoms placed in the proper geometric relation. The re-
sulting difference function has been Fourier transformed according to the procedures de-
scribed by Kohl and Bartell. The charge-density-difference map which is the result of this
deconvolution process is compared with the Hartree-Pock model.

During the last few years, a new electron dif-
fraction unit utilizing counting techniques has
been designed and built at the University of Tex-
as at Austin. The unit was conceptually based on
a unit described by Fink and Bonham' and by Bon-
ham and Fink' and will be described in detail in
another publication. ' Two major improvements
have been achieved; the present uncertainty in
the scattering angle is +2 arc sec, and the scat-
tered intensity is recorded with an average of
O. i%%. The resulting data for 40-keV electrons in-
cident on N, are of sufficient accuracy to warrant,
for the first time, a critical comparison between
theoretical predictions of bonding-electron rear-
rangement in molecules and the corresponding
experimental results. An experimental charge-
density map showing this bonding-electron rear-
rangement has been constructed, and is corn-
pared to the Hartree-Fock model (which appears

to be inadequate to describe certain features
found in the experimental charge-density map).
Even if the necessary assumptions in the develop-
ment of the charge-density map prove to be faulty,
future theoretical charge densities, when trans-
formed to scattering cross sections, can be di-
rectly compared to the present data.

Experimental scattered intensities, generally
expressed in terms of the Rutherford cross sec-
tion as s'I(s), may be compared to theory by sub-
tracting the scattered intensities predicted by the
independent-atom model (IAM), i.e., the scatter-
ing from a molecule made of noninteracting atoms
in the proper. geometric arrangement with vibra-
tional and rotational averaging taken into account.
The difference between the experiment and the
model calculation is called a ho function and can
be expressed theoretically for I, in terms of the
atomic charge densities as

ba(s) = (wap )s (I,„-I,h„,)= —2Z f r AP(r)jp(sr) dr+ J r &P,(r)j p(sr)dr,

where s = (4w/X) sin8/2 is the momentum transfer, Z is the atomic number, and b p(r) and b p, (r) are
the radial parts of, respectively, the electron-nuclear and electron-electron charge-difference func-
tions reflecting the rearrangement of the charge densities when the chemical bond is formed.

The transformation from the momentum space in which the cross section is determined to real space
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(2)hp(r} =g„g~ a„,r'exp(- A„,r)P„(cos0)+g„g,a„,(r')'exp(-A. „,y'')P„(cosg'),
1

where the definitions of r, r', 0, 8', are shown in the inset of Fig. 2, the resulting b, o function (taking
the averages into account) is given by

b, v(s) = —16mZQ, (s) 1 1+jo(sz») exP(- l's'/2)]+ Q g„(s)j„(sx»)exP(- l's'/2)),
n&0

where

which contains the density functions is not straightforward because of the rotational and vibrational
averaging of the target molecule. A study by Kohl and Bartell, ' however, showed that, given a reason-
able functional form for the charge density, the averaging and the Fourier transform can be accom-
plished analytically. If the charge-density difference function for a homonuclear diatomic molecule is
expressed in the form

g„(s)=(2s)"n!g„a„„(-d/dX„„)' ""(s'+X„„')" '

and the a's and the A.'s are free parameters.
In order to take advantage of this study in the

evaluation of the present data, the following ap-
proximation, which may be crucial, has to be
adopted: Because of the 2Z weight factor of the
electron-nuclear charge-density distribution, the
electron-electron contribution can be neglected.
This is an a Priori approximation and can only be
justified by future studies of model calculations.

Eight measurements were made with N, as the
target gas spanning the s range of 1.1 to 20.0 A '.
The different sets of data were scaled to each
other by matching s4I and then put on an absolute
level by matching to an IAM cross section calcu-
lated from partial-wave atomic scattering fac-
tors and the configuration-interaction inelastic

scattering factors from Naon and Cornille. '
From the kinematics of the scattering process,
the bond length and rms amplitude of vibration of
N, have been determined to be 1.0976 and 0.031S
A, respectively, where the total uncertainty in
the fit of the model to the data is 0.2%%uo. These
structure parameters were used to calculate the
reference s'I values.

Figure 1 shows the cross-section difference
function ao, as defined in Ec!. (1). According to
a study by Tavard, ' the net area under this curve
has to be equal to the binding energy of nitrogen
(9.8 eV) reduced by the energy already taken care
of in the 1AM (7.1 eV). The value determined in
this study for the binding energy of nitrogen is
12.6 eV. This value is somewhat high, but it re-
flects the progress made since previous values'
determined by the same method were 22.6 and
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FIG. y. ~0 curve, difference between the experimental differential cross section and theoretical values based on

the independent-atom mope&. The so!id line represents the analytic fit to the data utilizing Eq. (3}. The &»h«!ine
is the &0 curve employing molecular Hartree-Fock and atomic Hartree-Fock wave functions.
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FIG. 2. Deconvoluted charge-density difference map based on the analytic fit to experimental data. The density
is in electrons per ao . The inset defines the coordinate system used.

24.8 eV.
The b, v curve has been fitted in Eq. (3) and the

solid curve in Fig. 1 presents the function ob-
tained with a nonlinear least-squares procedure.
Two n =2, A, =1 terms were necessary in order
to obtain the best fit. The parameters in Etl. (4)
were determined to be

nuclear axis in the experimental figure. The
charge required to build up this ring structure is
mostly drawn from the area immediately sur-
rounding the nuclei. A comparison of the 40
curves (measured and calculated by HF molecu-
lar wave functions) shows which special feature
can be responsible for the appearance of charge

aoo = 5.0,
a, =-0.93,
ao~ =4.97,
a„=4.93,
a„=—160.0,
a~, =- 3.92,

X00 = 30.5,
x„=4.15,
z„=5.78,
x„=11.82,
x„=11.97,
x„'=3.94.

'

When those parameters (given in atomic units)
are inserted in Eq. (2), an atomic charge-density
difference map can be generated, and this map is
shown in Fig. 2. For comparison, a map was
constructed utilizing the molecular Hartree- Fock
(HF) wave function of Bader, Henneker, and
Cade' and the HF nitrogen atom. Thus, Fig. 3
shows the rearrangement of the atomic electrons
in forming the bond, as predicted by a HF calcu-
lation. A comparison of Figs. 2 and 3 shows sev-
eral similarities between theory and experiment
but also some rather striking differences. In
both functions the j, term strongly dominates the
behavior of Lp(y). There is an electron charge-
density enrichment of equal amounts in the two
cases between the atoms to form the bond. The
main difference lies in the appearance of two
rings of charge gain centered around the inter-

FIG. 3. Charge-density difference map reproduced
from Ref. 4 using molecular Hartree-Fock and atomic
Hartree-Pock vrave functions.
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rings at these positions in the molecule. The h, o

curves disagree rather strongly near the maxi-
mum at s =8 A '. In order to fit the experimenta1.
curve, two j, terms with opposite signs and very
different damping factors (A) are required to
eliminate the natural j, peak at s =8 A ', while
the theoretical curve allows the j, to reach this
maximum. A detailed analysis shows that it is
the coupling between the two j, terms which gen-
erates the two rings in the experimental La func-
tion.

At present, highly accurate differential cross
sections can be measured for gaseous targets.
With the adoption of the approximation that bp,
«2Zb p the data can be transformed into charge-
density difference functions. A comparison with
HF calculations shows good overall agreement
with the exception of two weak rings of charge.
These rings reflect either the importance of
&p, (r) or the influence of the m, ', m„' interaction
on the bond. However, a configuration interac-
tion calculation should be able to confirm the

ring structure in b,p.
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By means of active field shaping, a D-shaped, elongated plasma has been obtained with

a maximum plasma current of 50 kA corresponding to q =2.4 for the toroidal magnetic
field of 2.2 kQ. In this stage magnetic perturbations of m =2 kinklike mode have been at
high level. The disruptive instability with a negative voltage spike, an expansion of the
plasma column, and an inward shift in the major radius have been observed. These mag-
netohydrodynamic properties are similar to those of circular cross section tokamaks.

Tokamaks with certain noncircular cross sec-
tions may introduce significant advantages rela-
tive to conventional tokamaks. ' For an elliptical
cross section with toroidal major radius R, ma-
jor and minor semi-axes b and a, respectively,
toroidal field B, , and total plasma current I~, the
safety factor at the plasma edge, q„ is

2wa'8, 1+ (b/a)'
@~I 2

under the assumption of a flat current profile.
With the safety factor, the toroidal magnetic
field, the plasma volume, and the aspect ratio
R/a fixed, the plasma current and the current
density of the elongated tokamak can be larger

than those of the circular one by a factor

n, = (a/b)"'[1+ (b/a)'j/ ,2

n, = (a/b)"'[1+ (b/a)&]/2,

(2)

(3)

respectively. The gross magnetohydrodynamic
(MHD) configurational stability in noncir cular
tokamaks has been studied in devices such as
Doublet series, ' Finger-Ring, ' and Rector. How-

ever, experimental data on the stability at low

q in the case of active field shaping are insuffi-
cient.

A device named TNT (Tokyo Noncircular Toka-
mak) using external shaping coils has been con-
structed to investigate what type of cross section
makes best use of the advantages of noncircular
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