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Direct Optical Resolution of the Recoil Effect Using Saturated Absorption Spectroscopy
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The recoil-induced spectral doubling of the CH4 saturated absorption peaks at 3,39 pm
has been c1early resolved. A working resolving power of 8 &10' (1 kHz half width at half-
maximum), achieved with aberration-compensated parabolic optics of 32 cm diam, was
available to study the height ratio and splitting of the recoil peaks. The resolved Doppler-
generated level crossings are not recoil doubled and give improved hfs information. We
derive new, exact equations relating the atomic natural frequency to laboratory reso-
nance frequencies.

As predicted by Kol'chenko, Hautian, and So-
kolovskii, ' momentum exchange between the radi-
ation field and a quantum absorber gives rise to
spectral doubling in saturation spectroscopy. The
smallness of that frequency splitting may provide
an ultimate natural challenge to the techniques of
saturated-absorption spectroscopy. The CH,
t a st' at 3.39 pm afa abl a f th
investigation in view of the small mass and high
transition frequency. On the other hand, struc-
tur e within the linewidth can only be regarded as
detrimental to the otherwise very attractive pros-
pects for an optical frequency standard. With
suitable attention to the laser frequency stability
and to the various spectral broadening mecha-
nisms, ' it has become possible to resolve' the
two components clearly for the first time and to
begin investigation of their pressure and power
dependence.

We begin by recalling the physical origin of the
recoil effect. We then mention the improvements
of the laser spectrometer which led to this new
level of resolution, and consider the several re-
sidual broadening mechanisms that limited the
working resolution. Finally, we report improved
frequency intervals for the CH, hyperfine spec-
trum.

An essential feature of sub-Doppler spectros-
copy is the necessity to consider momentum con-
servation between the light and the absorbing
molecules, as well as energy conservation: In
fact the usual Doppler broadening is just a mani-
festation of momentum conservation. We also
know that the resolution limit in sub-Doppler
spectroscopy depends directly on how precisely
the light momentum is defined. "' A second mani-
festation of momentum conservation —not so fa-
miliar in optical spectroscopy —is the recoil ef-
fect. Although the recoil energy can be obtained
from a nonrelativistic approach, a complete and

consistent formulation including both the recoil
and the relativistic Doppler effect can be devel-
oped by making a relativistic energy and momen-
tum balance. In that way we can obtain the reso-
nance condition for light of frequency + and wave
vector k applied to the two-level atom of transi-
tion fr equeney &0 = 27l'vo. The aton1 8 /mass jg may
conveniently be referenced midway between the
two atomic levels. For an absorber having a ve-
locity v, in its lower state, one derives the ab-
sorption resonance condition

(& i/ '/c')" ' l—
1-k ~ v./(a 1 —s) '

where e =he, /2Mc'. For emission from the up-
per state, the resonance condition is

where v~ is the velocity in the upper state. These
expressions correspond to single-quantum transi-
tions. In saturation speetroseopy the moleeules
in a given velocity group must be able to interact
with two waves of opposite wave vectors to sup-
press the Doppler broadening. For example, the
velocity class corresponding to the population
hole created in the lower state by absorption of
the +k wave must also satisfy the absorption res-
onance condition for the probing -k wave, ' This
implies k«v, =0 and the lower-state resonance
condition

The velocity-resolved population peak created in
the excited state gives amplification of the sec-
ond beam when the emission resonance condition
is satisfied. This occurs when R ~ i~=D and
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To a good approximation we have ~/+, = 1 —v'/2c'
+ e. Thus one expects that in saturated absorp-
tion spectroscopy each spectral "line'* will ordi-
narily be a doublet of splitting 25 = 2m v„where
the higher frequency component corresponds to
saturation resonance in the lower state. ' In the
plane-wave approach of Kol'chenko, Rautian,
and Sokolovskii, ' the two peaks are I orentzians
of the same width and their heights are propor-
tional to the respective reciprocal level decay
rates. If the Gaussian spatial structure of the
laser beam is taken into account, one obtains
more complex amplitudes and shapes for the two
peaks. ~ Some further theories describing the
strong-field modifications of this picture have
been presented and others are being developed. ' "
If there is structure (e.g. , hfs) within the Dop
pier width, one can observe three-level reso-
nances (Doppler-generated level crossings) in
saturated-absorption spectroscopy. (They arise
from molecules with nonzero axial velocity. )
Since only molecules in the one common level
can interact with both light beams, we must ex-
pect only one recoil peak with a red or blue shift
equal to 5, according to whether the common lev-
el is the upper or lower state.

Previous high-resolution experimental studies
have provided through line-shape analysis some
evidence for the recoil spectral doubling. ' These
experiments were limited to 2.5-kHz resolution
by transit-time broadening, even with the absorp-
tion cell cooled to 77 K. The offset-locked spec-
trometer now has a new 13-m external absorp-
tion cell with astigmatically compensated, "inter-
nal, f/10 parabolic mirrors of 32-cm aperture.
Wave-front aberrations are less than X/5. The
present 11-cm laser-beam radius should yield a
transit broadening of = 650 Hz half width at half-
maximum (HWHM). Natural lifetime and residual
Zeeman effect contribute less than 100 Hz each.
The effective laser spectral width is about 200
Hz, but long-term drift of the reference system
degraded the resolution another - 100 Hz over the
36-h integration period leading to the derivative
data of Fig. 1 (lower curve). The normal (nonde-
rivative) absorption spectrum formed from a 1-h
sample of these data is shown (upper curve in Fig.
1) to help illustrate the incipient separation of
the recoil doublets into pairs of distinct peaks.
For the - VO-pTorr average pressure correspond-
ing to Fig. 1, the collision-induced broadening is
about 300 Hz. Data were taken for pressures be-
tween 10 and 300 p,Torr; the base pressure was- 3 p.Torr. For computer least-squares fitting of
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FIG. 1. Derivative spectrum of the three main hyper-
fine lines of C4 showing the recoil doubling {lower
curve). Methane pressure, 70 pTorr; room tempera-
ture; modulation, 800 Hz peak to peak. A least-squares
fit (solid line) gives a width of 1.27 kHz HWHM and a
recoil doublet splitting of 2,150 kHz, the the high-fre-
quency peak 1% larger than the low-frequency ones.
The upper curve, integrated from a sample of such
data, shows that each hyperfine component is spectral-
ly doubled by the recoil effect,

such spectra we assumed a line shape consisting
of three pairs of modulation-broadened Lorentz
functions, "which is a reasonable approximation
when the transit-time broadening and finite-lif c-
time broadening are comparable. ~ For all three
hyperfine components we imposed common widths,
and common recoil doublet height ratios and split-
tings. This least-squares fit, as represented by
the solid line in Fig. 1, gives a linewidth (unmod-
ulated) of 1.27 kHz HWHM. The recoil doublet
splitting is 2.150+ 0,005 kHz compared with the
expected theoretical value 2.163 kHz (see below).
The height ratio is (0.989+ 0.003):1. Half-widths
as low as 990 Hz were observed for pressures in
the 10-pTorr range, with a broadening rate of
4.2+0.5 Hz/pTorr. At these low pressures, the
height ratio decreased by a few percent. This
less than unit ratio is understandable in view of
the finite radiative lifetime of the excited state
and the enhanced contribution of slow molecules. 4

At higher pressure (~ 100 pTorr) the height ratio
is fixed by the ratio of the two collision decay con-
stants which describe the loss of velocity-re-
solved information in each state. Experimentally
we found a height ratio within 2% of 1.00:l.

At higher intensities, the observed doublet
splitting has a tendency to be smaller (- 1%). This
effect can be understood as a three-photon proc-
ess and was studied with a fifth-order expansion



VOLUME 37, NUMBER 2() PH YSI CAL RE VI E%' LETTERS 15 NovEMBER 197'

2-

-4g -40 -35

Kilohertz Detuninq from Reference Laser

FIG. 2. Derivative spectrum of the four Doppler-
generated level crossings between the DI = ~ = —1 and
QE'= 0 transitions. Central pair is unresolved. Fit
function (solid line) is four recoil-shifted single Lorent-
zians with 1.7 kHz common width. Modulation, 1.3 kHz
peak to peak; methane pressure, 100 p Torr.

tion of the quantized momentum exchange be-
tween a free-flying molecule and the light field.
For the methane transition studied we find height
ratios close to 1;1with a small enough pressure
dependence that frequency standards based on

heavy molecules such as Os04 may be expected
to give good results even without complete reso-
lution of the recoil structure.

It is also interesting to note that the recoil
splitting provides a measure of h/M in frequency
units. With uv transitions in light molecules or
even with the Ca 6573-A transition, "it may be
possible to make an interesting measurement
of this quantity.

We are grateful as usual to C. V. Kunasz for
expert help with the numerical analysis prob-
lems. This work has been supported by the Na-
tional Bureau of Standards as part of its research
program on improved precision measurement
techniques for application to basic standards.

in both fields, ' and with a calculation which treats
one field to all orders and the probe field to first
order. '

In Fig. 2 we show the spectral region of the
Doppler -generated level crossings between the
strong AI' = 6J= —1 and the weaker AF = 0 transi-

13ions. We note that these transitions are not re-
coil-doubled and consequently may be of interest
for optical frequency standards of improved ac-
curacy using suitable molecules. By use of the
data of Figs. 1 and 2 it is possible to improve
our knowledge of the methane hyperfine energy
levels. Using the notation of Ref. 13 and a num-
ber of spectra similar to Fig. 1, we find the main
peak positions to be A —a =+ 11.06 kHz for the
high-frequency (v „J,F ) = (0, 7, 8) —(1, 6, 7) transi-
tion. For the low-frequency (0, 7, 6)- (1,6, 5)
transition we have 5 —B = —11.34 kHz. Both spec-
tral positions have 50-Hz uncertainties. The
(0, 7, 7)-(1,6, 6) line is referenced to zero. For
the crossing resona, nces we obtain -A/2 —5
= —35.3 kHz, -A +a/2 + 5 = —38.7 kHz, b+B/2-
—5 = —39.7 kHz, a.nd —b/2+6 = —43.2 kHz, all
with 500-Hz uncertainties. The inferred ground-
state and excited-state hyperfine intervals are
now within 200 Hz and 5 kHz, respectively, of
the theoretical values. "

In conclusion, this paper presents direct evi-
dence for the existence of the recoil spectral
doublet structure in saturation spectroscopy and
therefore provides a first quantitative demonstra-
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The strorg-signal regime of a free-electron laser is analyzed in terms of a set of
"generalized Bloch equations. " We show that for current free-electron-laser configura-
tions the saturation will be reached for a fieM on the order of 10 V/m, with an efficien-
cy at saturation of 5x 10 . However, a strong reshaping of the electron distribution
may alter the efficiency of free-electron lasers in cases where the electron beam is re-
cycled from one shot to the next.

Recently, a considerable effort has been made
toward the realization of a free-electron laser.
Elias et al. ' have passed a relativistic electron
beam (E =@me' ~24 MeV) through a helical static
magnetic field, and have observed stimula. ted
scattering at 10.6 pm. On the theoretical side, a.

number of authors' ' have computed the small-
signal gain of this laser, and there is now gener-
al agreement on the functional form as well as
the numerical value of the gain. In order to as-
sess the potential of any practical laser device,
it is necessary to comprement the small-signal
theory by an analysis of the mechanisms of satu-
ration. In the present case, we do not need a
quantum theory. ' In fact, the quantum theory of
a free-electron laser is extremely tedious, and
neither desixawe nor necessary.

In this Letter, we present the strong-signal
theory of a free-electron laser. Our analysis is
completely classica1 and relies on the coupling of
Ma.xwell's equations to the relativistic collision-
less Boltzmann equation. ' We use the Weizsa, ck-
er-%'illiams approximation, which allows us to
simulate the static magnetic field of period A. , by
a fictious incident electromagnetic field of wave-
length A, = (1 + v/c)A, =2k„propagating in the op-

posite direction of the electron beam. We then
express the problem in terms of a set of general-
ized Bloch equations coupled to Maxwell's equa-
tions.

Following the derivation of Ref. 5, we find that
the coupled Maxwell-Boltzmann equations can be
reduced to the set of equations

92 1 82 e2J'-
———A = A

g~2 2 A)2 T ~ T

~h . p, ~h e2 ~ A~' ~h

~Z fPEQ ~Z 2 ~Pg

h(z, p„ t) (l)Pe

where I. is the length of the cavity.
Az is the vector potential that we take to be of

Here, the electrons have been taken to be injected
inside the cavity along the z axis. p, =ymv, is the
z component of the electron momentum, and y
=[i+(P,/mc)']'". The filling factor 7 is the ra-
tio of the section &a2 of the electron beam to the
section of the cavity. h(z, p t) is the longitudinal
part of the Boltzmann distribution function and is
related to the electron number N(t) inside the
cavity by

N(t) = ~a'J dp, J,~dz h(z, p„ t),


