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N {e,) = const & exp{-e,/&, )

with e, = 10 keV, and for a sili.con plasma where
(Z) =10. The Gaunt factor fEq. (2)] for this case
is given in Fig. 1 for several values of electron
energy. We have evaluatedg„» at n, =10"/cm',
0 = 1 keV, and e = 10 keV for which g ~» = 7.89.
The variations in electron energy and electron
density can appreciably alter g„». If, for ex-
ample, the fast electrons enter dense plasma at
n, =10"/cm', g „is reduced by about 15%,
which is a measure of the uncertainty of the anal-
ysis.

Figure 2 gives the exact and approximate (with

g„, =2) evaluation of Eq. (1), normalized for
g„„=2to unity at hv =0.

The exact calculation is about 20% less than the
exact result for hv & 5 keV. Correspondingly, in

fitting an observed x-ray spectrum above the re-
gion of thermal emission (hv ~ 5 keV), an accu-
rate result can be obtained with the assumption
of g-„d = 1.6, inc reasing the estimated numbe r
and energy of fast electrons by 20-30%.

Keith A. Brueckner, Phys. Hev. Lett. 36, 677 (1976).
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Precision measurements of the phase velocity of sound waves propagating in fused
silica at temperatures between 0.03 and 1.0 K and at frequencies between D.B and 2.0 0Hz
reveal deviations from a lnT' temperature dependence when A~jkT «1 and the existence
of a velocity minimum when ~/kT =—2.2. These results are analyzed in terms of the two-
level tunneling model and yield quantitative information on the deviation from energy uni-
forrnity of the density of scattering states.

The thermodynamic and transport properties of
glass at low temperatures are strikingly different
from those of pure crystalline insulators. These
differences, which have been reviewed recently, '

have been explained by assuming the presence of
broad distributions of two-level atomic tunneling
or defect states intrinsic to the glassy phase. ' In
the present Comment, we show that precision
measurements of the temperature-dependent
phase velocity of sound v in silica glass below 1
K can provide quantitative information on the en-
ergy variation of the density of phonon scattering
states n(e). We find that a uniform ««(e) is not
consistent with the observed r)~ "s and the two-"ev-
el model at phonon frequencies +/'27' = ~/h be-
tween 0.3 and 2.0 QHz when Aw ~k T «1. In addi-
tion, we are able to study for the first time I in
the regime where A~~A T &1 and observe that r~
passes through a minimum when the condition
he/kT =2.2 is satisfied. ' Numerical calculations
of v~(~, T) based on the two-level model and an
energy-dependent ««(e) show good agreement with

experiment over the entire frequency and tempe r-
ature domain.

Recent measurements' of the temperature -de-
pendent decay length, f, of monochromatic pho-

nons in SiO, glass from 0.02 to 0.5 K at 0.5 QHz
have shown agreement with predictions of the tun-
neling model based on resonant phonon absorption
by the two-level systems

l '((u, T) = l, '(~) tanh(fi(u /2I. T),

&, '((u) = ««urn((u)y, '/pv, ',

using the notation of Qolding and co-workers. ''
Pichd et n1. ' have shown that the above expres-
sions lead to a temperature-dependent, but fre-
quency- independent, v ~(T ), of the form

S«. ~/v, = (ny, "'p«, ')ln(T/T, )

in the regime h~/kT«1 provided n(~) = n„a con-
stant. They also suggested that the behavior of

above 1 K due to relaxationa/ interaction with
two-level systems would be more consistent with
their data if ««(u) were a monotonically increasing
function of w, as suggested earlier by Stephens'
from the excess T' specific heat in glass.

The prec lslon of tI1e present I elative -veloc lty
measurements, better than 4~), „/& „,-10 ' above
0.5 QHz, has permitted the observation of devia-
tions from Eq. (3), undetected in the previous ex-
periments. The deviations exist, we believe, not
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as a result of the breakdown of the two-level
model but from the existence of the energy-depen-
dent II(c) similar in magnitude to the previous
suggestions.

Figure 1 shows the phase-velocity changes of
longitudinal sound waves in Suprasil fused silica
containing approximately 1200-ppm OH ions' at
four frequencies between 0.03 and 1.0 K. All v~

changes are referred to the value of i ~ at 1 K and

the data, for each frequency in Fig. 1 are offset by

200 ppm at 1 K. The significant features of the
data are (1) upward curvature of Ai /i on the

lnT plot for all phonon frequencies between 0.2

and 1.0 K, where fiiv/'kT =48f(6Hz)/T(mK) «1
and (2) a weaker temperature dependence below

0.1 K, evolving into a minimum at hid/kT = 2.2.
The minimum is observed in the 1.94-GHz data
near 42 mK as shown in the inset of Fig. 1. Pre-
vious Brillouin scattering measurements of v~ by
Pelous and Vacher' in fused silica were carried
out to h~/kT 0.8 and they did not observe the
minimum whereas the present measurements ex-
tend to h~/kT 3.2.

In order to understand the phase-velocity tem-
perature dependence, we have calculated Av /'v„,

expected for resonant interaction of sound by two-

level systems by numerically evaluating the Krame
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rs-Kronig transform of Eq. (1):

FIG. j.. Relative phase velocity of longitudinal sound
waves in Suprasil fused silica glass as a function of
frequency and temperature. The dashed line shows the
phase velocity expected from the two-level model with
a constant density of states; the solid line shows the
calculated velocity with a quadratic (in energy) correc-
tion term added to 8(e). Each frequency is offset by
200 ppm at j. K. The inset shows the region near the
veloc ity minimum.

( tanh(~v'/Iv*) —tanh((v'/(u, *)J,
V@ PV; 0

(4)

where cu*=kT!0 and w,*=kT, /f~ with T, =1 K. We
initia. lly assumed n(iv) = no and obtained the re-
sults shown by the dashed line in Fig. 1. This
calculation is in good agreement with the data be-
low 0.5 K (i.e. , the minimum is correctly given),
but the data deviate increasingly from the func-
tion at higher temperatures. In an attempt to im-
prove agreement above 0.5 K, we cons idered a
frequency-dependent density of states, n(iv) =n, !1
+ (iv/Iv, )']. Equation 4 was evaluated numerically
for various values of ~, and the amplitude, n,y~'/
pv~', to obtain the best fit. The result most con-
sistent with v at the four frequencies was H,y~' '
pv~'= (312+6) &10 ' and iv, '= (6 +2) x10 "sec',
as given by the solid lines in Fig. 1. We empha-
size that the good agreement found above does
not rule out other forms for the correction terms
to n, . The quadratic form was used here for sim-
plicity (only one additional parameter) and also
because it was previously used to explain the ex-
cess T' specific heat where it was found' that
~, '= 4.6 &&10 "sec' in good agreement with the

! present value. This agreement can be interpret-
ed as evidence for believing that it is the density
of states, and not the coupling constant y, , which
is energy dependent. Note, however, sound
waves interact effectively with only a subset of
the states contributing to the specific heat' and it
is therefore possible, in principle, to have differ-
ent distributions of states dominating each of the
properties.

We briefly note that the deviation of the tem-
perature dependence of the phonon thermal con-
ductivity K in glasses from T' (K

—T'" to T'"
from experiment)' ' can be a result of the non-
uniform n(w). To quantitatively test this idea,
we use Eq. (1) for f,. ' ~ and our present results
for n(iv) to calculate K from the kinetic formula
K = g; f C;, (iv)i, l, [iv, n(iv) j. The n(Iv) described
above leads to a conductivity which varies as T'
near and below 20 mK, with increasing deviation
from T~ above this temperature. The simple pow-
er law Ii(id) =no~ ", 0 & v &0.3, suggested previous-
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ly'o was not used since it leads to an infinite z
from resonant scattering alone. We find an effec-
tive power law for the silica glass ~ which agrees
favorably with the T' "power law obtained by
Lasjaunias eI, al."from measurements between
between 20 mK and I K. For example, the differ-
ence between a T' and a T' "power law extrapo-
lated from 20 mK to 0.4 K gives a conductivity ra-
tio of 1.13; our calculation yields a ratio v(n, )(
v jn(&u)] = 1.17. The agreement worsens at higher
temperatures, reflecting the inadequacy of the
quadratic correction to n in approximating a pow-
er law. Nevertheless, we believe this calculation
quantitatively supports the assertion that the larg-
er number of scattering states at higher energies
leads to a thermal conductivity which varies less
rapidly than T'.

In conclusion, the present results show that the
details of sound propagation in a glass at low tem-
peratures can be understood quantitatively over
wide frequency and temperature ranges by a par-
ticular distribution of two-level scattering states.
Alternatively, the present work can be viewed as
lending support to the idea of intrinsic two-level
systems in glass.

B.O. Pohl and G. L. Salinger, Ann. N. Y. Acad. Sci.
279, 150 (1976); B. D. Pohl, in Proceedings of the Sec-
ond Enternational Conference on Phonon Scattering in
Solids, edited by L. J. Challis (Plenum, New York,

1976}.
P. W. Anderson, B. I. Halperin, and C. M. Varma,

Philos. Mag. 25„1 (1972); W, A, Phillips. J, Low Temp.
Phys. 7, 351 (1972); J. Jhckle, Z. Phys. 257, 212
(1972).

A preliminary report on some of the results present-
ed here is given by B. Golding and A. B. Kane, in Stn~c-
ture and Exoztatiows of AmoxPhous Solids (Williams—
burg, Virginia, 1976), AIP Conference Proceedings
No. Bl, edited by G. Lucovsky and I . L. Galeener
(American Institute of Physics, New York,, 1976),
p. 261; John E. Graebner, Brage Golding, and Anne B.
Kane, Bull. Am. Phys. Soc. 21 „868 (1976).

B. Golding, J. E. Graebner, and B. J. Schutz, Phys.
Bev. B 14, 1660 (1976).

B. Golding, J. E. Graebner, B. I. Halperin, and

B. J. Schutz, Phys. Bev. Lett. 80, 223 (1978}.
L. Piche, B. Maynard, S. Hunklinger, and J. Jackie,

Phys. Bev. Lett. 82, 1426 (1974). An analytic expres-
sion for the phase velocity when 8 =So has been present-
ed by S. Hunklinger and W. Arnold, in Physica/' Acous-
tics, edited by B. N. Thurston and W. P. Mason (Aca-
demic, New York, 1976)., Vol. 12, p. 155. See also the
discussion by B. Maynard, in Proceedings of the Second
International Conference on Phonon Scattering in Solids,
edited by L. J. Challis (Plenum, New York, 1975);
M. v. Schickfus and S. Hunklinger, J. Phys. C 9, L4~9
(1976); S. Hunklinger and L. Piche, Solid State Commun.
17, 1189 (1975).

B.B.Stephens, Phys. Bev. 8, 2896 (1978).
J. Pelous and B. Vacher, to be published.
B. C. Zeller and B.O. Pohl, Phys. Bev. B 4, 2029

(1971),
J. C. Lasjaunias, A. Bavex, M. Vandorpe, and

S. Hunklinger, Solid State Commun. 17, 1045 (1975).


