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The low-frequency stability of a field-reversed ion ring/layer of large Larmor radius
in a background pla. sma is treated by a generalized form of the "energy principle. "

Recent advances in the production of multikilo-
ampere ion beams' are applicable to the creation
of field-reversed ion rings/layers by single pulse
injection in the manner already demonstrated for
E layers. ' It has been pointed out' that the field-
reversal factor r„=—5B/B, =Nr, R „,/R' can be in-
creased by adiabatic magnetic compression, i.e.,
i; ccB,' '; here B, is the external field, 5B is the
diamagnetic change in the field on axis, N is the
total number of ring ions, r, = e'/ cr'nis the ion
classical radius, R is the mean ring radius, and
Rt, =mY, /eB, is the ion Larmor radius in the ez-
ternal field &0. Thus injection of a pulse of in-
tense ion beam followed by magnetic compression
may be a reasonable technique for the production
of a field-reversed ion ring. The low-frequency
stability of the combined ion-ring/background-
plasma system has not yet been satisfactorily
resolved although there have been studies of
(i) specific modes, 4 with and without a background
plasma, and (ii) stability of plasma confined by
ion ring/E layer but with the ring/layer assumed
to be rigid. ' More recently Lovelace' has ad-
dressed himself to the stability of the combined
system The pre.sent calculation is more general

and differs from his in that the Vlasov formalism
is employed for the ion-ring dynamics as opposed
to his approach which limits consideration to rig-
id displacements of the center of mass of the ring
cross section.

We resolve the system stability by a technique
employed initially by Newcomb' and applied sub-
sequently by Davidson and Krall' to unneutralized
E layers. The addition of a background plasma
enormously complicates the problem. We give
below the main results of the analysis, deferring
the details to a future publication. Since our ob-
jective is to obtain an energy principle that fur-
nishes sufficient conditions for stability we begin
by recognizing the following constant of motion of
system, viz. ,

C =U —(AI., —Jd'xd'v f lnf),

where the total system energy U is composed of
plasma kinetic energy fd'x a nmua, pressure en-
ergy fd'x P/(y - 1), electromagnetic energy Jd'x
x (IEI'+ IBI')/8n and the ring kinetic energy fd'x
xd'v

& mv'f, where f(z, v, t) is the ring distribu-
tion; I, is the ~ component of the total angular
momentum,

L, = fdaxz ~ (nmrxu+(4vc) 'rx(ExB)+mfd'v rxvf'I,

and 0 is an arbitrary constant. The quantity 0I,
—fd'xd'v f lnf may be regarded as a generalized
entropy of the ion ring in which case C is inter-
preted to be the system free energy when the
plasma pressure is neglected. In what follows

I we limit our discussion to a, pressureless cold
plasma governed by the continuity equations, the
plasma ion momentum balance,

nmdu/dt = ne(E+ux B),
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the electron force balance,

E+u, xB=0,
and flux conservation,

8]3/Bt =V xu x]3.

In equilibrium u, =u = E =0 and

n, = n+ n, (charge neutrality),

3 &&8 =TVn, -n, mM'x

(ring force balance).

(2)

(3)

The first-order changes in density are

n, '= —V n,$„n'=—V ng, .
Second-order changes are given by

u, &B+u, ' &5B=0

u ' XB+u ' xgB =——u ' +u ' gu '
e et

fo is a monotonically decreasing function of q =H
-OI'e and for purposes of detailed calculation it
is convenient to choose exp(- q/T); H = -,'mv', —Pz
=mrve erA-e/c; J=n~ert]; andna, n„andn are
beam, plasma electron, and ion densities, re-
spectively. We now cause a perturbation 5f in f
which gives rise to field perturbations 6E and &B.
From these perturbations we compute the first-
order perpendicular displacements $~, = $ ~ and

$&& of the electron and ion fluids, respectively,
from Eqs. (3), (2), and (1) with Vx5A=5B, i.e.,

mQ
5A = $ x B = $, x B- ebt'

S
5n (2) V, (n u (2)+n (x)u (x))

e
' e e e e

etc. We now compute the variation of C to second
order, 6C=- 6C ', since the first-order variation
vanishes to satisfy equilibrium. The system is
enclosed by a conducting container at whose inner
surface the tangential component of the electric
field vanishes. After some vector manipulations
in which the boundary conditions at the container
are employed to eliminate several surface inte-
grals, we obtain

—(I5EI'+ I5BI') — () 5E X5B+nmlu'"I'+ &[«(n '"-n(2))A -m(n"u '"+nu '")]
4m C e

+Tfd3v(5f)2/f . (11)

We assume that $~~ =($ B)/& adjusts itself to maintain charge neutrality under perturbed conditions
also, i.e.,

fd'v 5f =n,")-n,("

5f = (fo/T)(- ($ Jx B)/n, + egj,
where

g =i(lQ- (d)f „dt'$(t') v(t') x]3(t').

Substituting for 5f, n(2), ue(2), etc. , from E(]s. (13) and (7)-(10), respectively, and employing (12) and
(5), we finally obtain after some algebra,

(12)

and when g~~ is disallowed then Jd v 5f = -V n, $ J . This assumption enables us to neglect the contribution
of the electric fields which in any case are positive definite. ' Without loss of generality we may write
$ =$(r,z) exp[i(18 -cut)], where &d is the perturbation frequency. From the perturbed Vlasov e(luation
we obtain

5C =5W~D+5S;+5W„

where

5~~D =kfd'~&I5BI'/4~+(' JXB(V () - (i ~ Jx 5B],
5W, = ,' fd'~ ~ Jx]3-(mrs]2/T)~, r,
5W, = ,'(e'/T) fd'x d'v f, l gl-',

(14)

973



VOLUME $6, NUMBER 16 PHYSICAL REVIEW LETTERS 19 APRIL 1976

and 5B=Vx fx 8 . In arriving at (14) we have neglected diamagnetic terms arising from the background
plasma of O(&e/u„), where &u„. is the ion-cyclotron frequency. Stability is assured if 5C &0 for any ar-
bitrary perturbation f Notice that 5WMHD is equivalent to the 5W of the magnetohydrodynamic (MHD)
energy principle in which the current S is carried by inertialess particles; 5W, is the destabilizing
contribution from the centrifugal force on the ring; and 6W~ is a positive definite term that emerges
from the dynamics of the ring ions which corresponds in some sense to the yp(V $) term of convention-
al MHD 5$'.

To illustrate the application of this extended energy principle (14) we treat the stability of an infinite-
ly long field-reversed ion ring, i.e. , ion layer with B=Bz and f,~ exp(-q/T). In this case one can
readily calculate

5WMHD = (8v) 'fd x8 [k $~ +(V $~) ],
for g = f(x) exp[i(l0+kz —~t)]. Employing (5) we obtain

5W, = —2fd'x n, m &„&2((mr 02/T) +2[1+(x/»„)d»„/Ch]].

We evaluate the orbit integral g that occurs in 5W, in the limit of a thin layer T/mR'0'—= e«1, and
strong field reversal so that the radial betatron frequency ~& satisfies 0'/v&'~ e«1. For marginally
unstable (Im~-0+), nonlocalized modes, i.e. , xd In»„/dh~„„«1, we obtain in the limit e «1, and for
lg0,

5W, =2 d xn, mf '0
I

+2m —ln(„+l (1 ——
) +6 —8(1 ——) +3(1+ )(1——)

d3~ Q2 2 + p' 2

+nba~&„'a' /' 1-—" +4 — 1-—" 8-3 1+ (15)

It is easy to establish that 5C &0 for l~ 2. For / = 1, cu/0-0, it is also positive because of finite k.
For arbitrary co, i.e. , 0&co/Q« 1 and I = 1, the coefficient of n, m»„'0' in (15) is positive for O'R'
&0.15. Thus the sufficient condition for stability against all modes l - I, viz. , 5C &0, is satisfied for
kR &015

For the mode l =0 we may also take ur -0 thereby reducing the positive definite term 5W, to zero.
We are thus left with

5C=-,'i d ~~»„~ —'
k + """'' -a~a™2"2+21

~din»

On minimizing 5C we obtain the Euler-Lagrange
equation for the vector potential A = »„B:

———pA —[k 5 —2p n, (p)/~, ]pA = 0,
d1d 2 2 2

dp p dp

where p =x/5, 5'=(c'/4vn, e')(2T/0'), and n,
=n, sech' —,'(p' —p, ') is the equilibrium density dis-
tribution for the ion layer. Equation (17) is iden-
tical to that derived by Marx' and thus we re-
cover the conventional results on the tearing in-
stability of a long layer.

These results indicate that a short layer, sta-
ble to the tearing instability, has improved sta-
bility properties against all other modes. How-
ever, in the above treatment the destabilizing ef-
fect of field curvature does not occur because of

the long-layer approximation. In the opposite
limit which accentuates this effect, Lovelace'
has shown that the stability of a "bicycle tire"
equilibrium is achieved against the kink mode
for R/a &(w/g)"', where R and a are the major
and minor radii and g is a numerical factor of
order unity, i.e. , stable configurations are those
which are "fat" and hence do not truly lie within
the "bicycle tire" approximation R/a» 1. Thus
our calculations and those of Lovelace lead us to
the belief that the most likely equilibrium that is
stable to low-frequency perturbations is one in
which I.-6 -R, characteristic of experimentally
observed relativistic electron rings in a gas back-
ground, ' and also obtained numerically by parti-
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cle simulation. "
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enjoyed the hospitality of the Institute for Ad-
vanced Study, Princeton, N. J., and of the U. S.
Naval Research Laboratory, Washington, D. C.

*Work supported by the U. S. Energy Research and
Deve1opment Administration and the U. S. Naval Re-
search Laboratory.

S. Humphries, Jr. , J.J. Lee, and R. N. Sudan, Appl.
Phys. Lett. 25, 20 (1974), and J. Appl. Phys. 46, 187
(1975); P. Dreike, C. Eichenberger, S. Humphries, Jr. ,
and R. N. Sudan, J. Appl. Phys. 45, 87 (1976).

M. L. Andrews, H. Davitian, H. H. Fleischmann,
B.Kusse, R. E. Kribel, and J.A. Nation, Phys. Bev.
Lett. 27, 1428 (1971); M. L. Andrews et al. , in Pro-
ceedings of the Fourth International Conference on
Plasma Physics and Controlled Ãuclear elusion Re-
search, Madison, Wisconsin, 1971 (International Atom-
ic Energy Agency, Vienna, 1972), Vol. I, p. 169.

B.N. Sudan and E. Ott, Phys. Bev. Lett. 38, 355

(1974) .
H. P.. Furth, Phys. Fluids 8, 2020 (1965); N. Christo-

filos, R. Briggs, R. Hester, E. Lauer, and P. B.Weiss,
Lawrence Radiation Laboratory, Livermore, Report
No. UCRL-14282, 1965 (unpublished); H. L. Berk and
B. N. Sudan, J. Plasma Phys. 6, 418 (1971); B.V.
Lovelace and R. N. Sudan, Phys. Fluids 15, 1842 (1972).

J. L. Johnson, R. M. Kulsrud, and K. E. Weimar,
Plasma Phys. 11, 468 (1969); D. V. Anderson et al. ,
iu Proceedings of the Third International Conference
on Plasma Physics and Controlled Thermonuclear Pu-
sion, Novosibirsk, U, S, S. R. , 2968 (International
Atomic Energy Agency, Vienna, 1969), Vol. II, p. 187.

6B. V. Lovelace, Phys. Bev. Lett. 35, 162 (1975).
A description of this method is given by T. K. Fow-

ler, in Advances in Plasma Physics, edited by A. Si-
mon and W. B.Thompson (Interscience, New York,
1968), Vol. 1, p. 201.

B.Davidson and N. Krall, Phys. Fluids 18, 1548
(1970).

In the examples investigated in this Letter $ ~~
is al-

lowed.
K. D. Marx, Phys. Fluids 11, 357 (1968).
A. L. Friedman, B. L. Ferch, B, N. Sudan, and A. T.

Drobot, Bull. Am. Phys. Soc. 20, 1831 (1975).

Strong Coupling between Liquid 'He and Electron Spins at the Magnetic Phase Transition

Shinhachiro Saito
The Research Institute for Iron, Steel and Other Metals, Tohoku University, Sendai 980, JaPan

(Received 3 November 1975)

A steep dip in the nuclear-spin-lattice relaxation time, T&, of liquid He in contact
with CuTA [copper tetrammine sulfate monohydrate, Cu{NHg)4SO4 ~ H~O] has been observed
near the ordering temperature, TN = 0.48 K, of CuTA. Data show that the electron-spin
fluctuation in Cu TA plays an important role for the relaxation mechanism of liquid 'He
through the boundary interaction. An effective way of liquid- He cooling through this
type of interaction is suggested.

Since the observation of the anomalous thermal
boundary resistance between liquid 'He and ceri-
um magnesium nitrate (CMN) in the ultralow-
temperature region by Abel et al. ' in 1966, many
theoretical' ' and experimental" investigations
have been carried out to explain the origin of the
phenomenon. Leggett and Vuorio' carried out an
explicit calculation of this phenomenon in terms
of the magnetic interaction between electron
spins in CMN and 'He nuclear spins. Guyer' re-
derived the boundary resistance for the same
system using the relationship between the bound-
ary resistance and the longitudinal relaxation
time of interacting spin systems, and he pointed
out that the strength of the coupling between elec-
tron spins and 'He nuclear spins depends on the

degree of synchronism between the motion of the
two spins. Mills and Beal-Monod4 re-examined
theoretically the rate of energy transfer produced
by the interaction between 'He nuclear spins and
electron spins. They suggest that the study of the
longitudinal relaxation time, T„of the He nuclei
in contact with the magnetic salt, which has the
magnetic phase transition in the low-temperature
region, would be fruitful for the investigation of
this boundary resistance problem. The present
experimental work has been motivated by this
suggestion.

I have chosen several magnetic salts as elec-
tron-spin systems to interact with the 'He nu-
clear spin, and made 'He NMR and T, measure-
ments by the cw method. The results observed


