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dividual particles. As expected, no echo can be
detected for a very small number of particles.
In the continuum limit the echo shape given by
Eq. (3) is the same as the analogous spin echo.

The model outlined here to explain the long T,'s
is based entirely on the physical rotation of the
individual particles as a consequence of the
torque exerted on an oscillating dipole by an ap-
plied rf field. It is important to note that the
sample polarization which gives rise to the echo
is the total pattern of individual particle rota-
tions. The pattern can be probed many times to
create an echo, as long as the field of the prob-
ing pulse does not exceed the fields used to cre-
ate the pattern. In conclusion we remark that
the only particle-particle interactions which have
been included in the model are those giving rise
to the angular damping constant I" of Eq. (2). In-
terparticle coupling may be important in deter-
mining 7, ' and T,.

We would like to acknowledge discussions of
various experimental aspects of this problem
with K. Kajimura and K. Fossheim. The techni-
cal assistance of D. Vigliotti and T. Kazyaka is
gratefully appreciated.

E. Giebe and A. Scheibe, &. Phys. 33, 760 (1925);

R. Livingston, Ann. N. Y. Acad. Sci. 55, 800 (1952).
2E. L. Boyd, J. I. Rudnick, L. J.Bruner, and R. J.

Blume, J. Appl. Phys. 33, 2484 (1962).
3M. Bubinstein and G. H. Stauss, Phys. Lett. 14, 277

(1965), and J. Appl. Phys. 39, 81 (1968).
A. R. Kessel', I. A. Safin, and A. M. Gol'dman, Fiz.

Tverd. Tela 12, 3070 (1970) [Sov. Phys. Solid State 12,
2488 (1971)]; S. N. Popov and N. N. Krainik, Fiz.
Tverd. Tela 14, 2779 (1972) fSov. Phys. Solid State 14,
2408 (1973)]; Ch. Frenois, J. Joffrin, and A. Levelut,
J. Phys. (Paris), Lett. 35, L-221 (1974).

58. N. Popov, N. N. Krainik, and G. A. Smolenskii,
Pis'ma Zh. Eksp. Teor. Fiz. 21, 549 (1975) [JETP
Lett. 21, 253 (1975)].

6V. M. Berezov, Ya. Ya. Asadullin, V. D. Korepanov,
and V. S. Romanov, Zh. Eksp. Teor. Fiz. 69, 1674
(1975) [Sov. Phys. JETP (to be published)].

P. I. Kuindersma, S. Huizenga, J. Kommandeur, and

G. A. Sawatzky, Phys. Bev. B 13, 496 (1975).
R. L. Melcher and N. S. Shiren, in Proceedings of

the IEEE Ultrasonics Symposium, Los Angeles, Cali-
fomia, 1975 (Institute of Electrical and Electronics
Engineers, New York, 1975).

N. S. Shiren and R. L. Meloher, in Proceedings of
the IEEE Ultrasonics Symposium, Milwaukee, Wiscon-
sin, 1974 (Institute of Electrical and Electronic Engi-
neers, New York, 1974).

' B. L. Melcher and N. S. Shiren, Phys. Rev. Lett. 34,
731 0.975).

~iThe function a(x) is determined by the particle geom-
etry and the boundary conditions. For a thin plate, a(x)
=coskx. See B.A. Auld, Acoustic Infield and Waves in
Solids (WIIey, New York, 1979), Vol. II, Chap. II.

Phonon-Assisted Energy Transport in Inhomogeneously Broadened Systems*

T. Holstein, S. K. Lyo, and R. Orbach
Physics DePa&ment, University of Califoynia, Los Angeles, California 90024

(Beceived 29 January 1976)

Recent experiments have demonstrated Anderson localization in inhomogeneously broad-
ened paramagnetic spin systems. We examine two-phonon processes which can frequency
shift the individual spin packets, and thereby allow energy transfer to take place. We
make specific application to ruby, and show that the dominant phonon-induced energy-
transfer rate is directly proportional to the (spin-nonflip) E 2A rate [varying as exp(-42/
T)], and inversely proportional to the square of the energy mismatch of the participating
spin packets.

Recently, Hsu and Powell' and, independently,
Koo, Walker, and Geschvrind' have reported evi-
dence of Anderson localization' in inhomogeneous-
ly broadened optical transitions in paramagnetic
crystals (the former in CaWO~:Sm; the latter in
AlsO, :Cr, ruby). Also, Flach et a/. ' have report-
ed evidence of phonon-assisted energy transfer
within an inhomogeneously broadened optical line.

The purpose of this Letter is to calculate the two-
phonon-assisted contribution to energy transf er
in inhomogeneously broadened spin systems. Be-
cause of the wealth of information available for
ruby, we shall make direct application of our re-
sults to that system, though our approach is con-
siderably more general. Our findings are that,
for the case of ruby, (l) there is no significant
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one-phonon-assisted energy transfer; (2) the two-
phonon-assisted resonance process involving the
E and the 2X levels [proportional to exp(- 42/T)]
dominates over the two-phonon-assisted nonreso-
nance process involving the same levels (propor-
tional to 2') and the two-phonon-assisted proc-
ess within the E level (proportional to T') ~ In
other materials, the situation may be reversed,
depending on the relevant phonon matrix elements
and the positions of the excited energy levels.

These processes will always allow for energy
transfer. Their rates may be so small, however,
that Anderson localization mill be observed. Our
purpose in calculating them, apart from their in-
trinsic interest, is to determine the contribution
of phonon-assisted energy transfer to the break-
down of Anderson localization, and to establish
the temperature above which this breakdown
should occur.

Energy transfer in ruby is thought to occur via
the exchange interaction between Cr ions, ' and is
pictured in Fig. 1(a). The short-range character
of the exchange integral allows for Anderson lo-
calization, and an explicit calculation of the cri-
tical concentration for energy transport was per-
formed by Lyo. Koo, Walker, and Geschwind
observed "mobility edges" at 1.6 K at concentra-
tions in rough agreement with Lyo's prediction.
The magnitude of the inhomogeneous broadening
for ruby is of the order of I cm ' at the concen-
trations utilized in Ref. 2.

The question of the effect of phonon-spin inter-
actions on the transport properties of paramag-
netic systems can be formulated either in terms
of a phenomenological linewidth approach, or by
a direct calculation of energy transfer, treating
the phonons on an equal footing with the exchange
coupling. We choose the latter.

For inhomogeneous lines as narrow as that of
ruby, one-phonon-assisted energy-transfer pro-
cesses are negligible. The energy mismatch of
1 cm ' must be equal to the phonon energy, ' and
phase space and coupling considerations combine
to make the transfer rate unimportant. (This
may not be the case for, say, rare-earth impuri-
ties in glasses where the inhomogeneous widths
may be of the order of 100 cm '.') It is then nec-
essary to examine higher-order phonon process-
es. It turns out that the two-phonon-assisted
transfer process dominates. For the case of
ruby, where the 2A. lies within 42 K of the E,
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three types of processes need to be considered.
These are pictured in Figs. 1(b), 1(c), and 1(d).
We consider each in turn.

resonance-phonon-assisted energy transfer.—We denote the exchange couplings which trans-
fer excitations from one spin site in the R, or R,
state to another spin site by J, or J„respective-
ly. The energy mismatch of the spin packets is
denoted by ~», and the phonon-lifetime-induced
width of the 2A levels by I'(2X). We find a trans-
fer rate for the resonance-phonon-assisted trans-
fer pictured in Fig. 1(b) of magnitude

FIG. 1. (a) Bare exchange-induced energy transfer
in ruby, leading to Anderson localization for sufficient-
ly dilute Cr concentrations. The crosses denote initial
occupancies, the arrows the sense of transition. (b)
Two-phonon-assisted resonant and nonresonant energy
transfer. The circled. numbers indicate the order of
transitions. (1) and (2) are phonon transitions, (8) is
exchange. There are two other processes of the same
type (different order of the phonon and exchange transi-
tions), and three more corresponding to inversion of
the phonon lines. (c) Two-phonon nonresonant energy
transfer, diagonal in the electron coordinates. The
one-phonon-spin Hami1tonian is taken twice, and the
circled numbers indicate the order of transitions.
There are a total of sixteen processes of this kind.
(d) Two-phonon nonresonant energy transfer, diagonal
in the electron coordinates. The two-phonon-spin
Hamiltonian is taken once, and the numbers indicate
the order of transitions. There are a total of four proc-
esses of this kind.
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where Ws» is the phonon-induced transition rate (without spin flip) from the E to the 2A. According
to Blume et al. ' this rate equals 3&&10' exp(-42/7') sec '. The criterion for Anderson localization is
that J,& j~»~, so that the energy-transfer rate induced by the resonant-two-phonon process will be
less than S'&».

We should remark that, in using (1), we have taken hE» equal to an energy disorder parameter,
&~»')"'= 1 cm '. This implies the assumption that the occurrence of unusually small ~» (~bE»~- J',) for particular pairs will not play an important role in the overall energy transfer. A definitive
justification of this assumption requires a percolation treatment, which we reserve for a future paper.

Nonresonant-phonon-assisted energy transfer involving the ZA level .T—he activation character of
W„, precludes the observation of this process at low temperatures. %e therefore investigate the non-
resonant part of the two-phonon-assisted energy-transfer process involving the intermediary of the
2A level [pictured in Fig. 1(b)]. Making the usual phonon averages over polarizations and propagation
directions, we find

' =[(2/«)(~, )'/(~, .)'][(hate')76'I'(~)/6']&h &, (2)

where 5 is the E to 2X energy separation of 42 K, and &h&) is an angular average over thermal phonons
of an interference factor

h, (q, q') =)exp[i(q-q') r,]-1)'.
Here, ro is the position vector connecting the two participating spin sites, and q, q are the wave vec-
tors of the incoming and outgoing phonons, respectively. In the subsequent evaluations of the rate (2),
we shall take &h&)= l.

A comparison of (1) and (2) leads to

W„.„„'/W, =5.6x10 'e"x '
(3)

where x =5/hBT. The ratio (3) has its minimum value for x =7, but is still of order 10 at 4.2 K.
Hence, S'„,would appear to be the more important process, at least for ruby.

Finally, two other types of two-phonon processes, pictured in Figs. 1(c) and 1(d), must be considered.
One involves the one-phonon Hamiltonian taken to second order [Fig. 1(c)], the other the two-phonon
Hamiltonian taken to first order [Fig. 1(d)]. Both act diagonally in the spin coordinates.

Nonresonant-phonon-assisted energy transfer within the E level: One phonon. —Denoting the one-pho-
non-spin Hamiltonian matrix elements by

&2A, n; + Ii al2A, n-„& =f,&.-,.+ II.in-„),

&E,nq —1(alE, n-q) =f,&nq —11& (nq),
(4)

where c is the strain operator, the one-phonon second-order nonresonant phonon-assisted transfer
rate [Fig. 1(c)]equals

W„„„"=(2v/h) E [&,'(f, -f )'/h'(uq~q)'])&nq" +1)e)nq)&nq —1~e~nq))'h»6(h~q -h&u„--av„),
qe q

where

her = lezp(iq r,) +exp(-iq'r, ) —1 —exp[i(q- q') r ]('.

In (4), ~q is the phonon frequency associated with phonon wave vector q, and h» is an interference fac-
tor. lt should be noted that 8'„,„„, is essentially independent of the energy mismatch, ~», where-
as all the other transfer rates [e.g. , (1)] evaluated in this Letter are inversely proportional to (~»)'.

Nonresonant phonon assisted -energy t-ransfer within the E level: Taboo phonons. —In an obvious nota-
tion (g represents the strength of the two-phonon-spin coupling constant), the two-phonon first-order
nonresonant-phonon-assisted transfer rate [Fig. 1(d)] equals

W„q~„' =(2n/h) Q (J,/~~2) (g, -gq) )&nq +1,nq —l~e )nq, nq)~ hg5(h(uq -$(uq —~,2). (6)
q, q'
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Evaluation of (5) leads to a T' temperature depen-
dence, while (6) yields a T' temperature depen-
dence. Their ratio is

W,..." (f, -f.)'(~,.)'
Wnonres (gs gp) (~ BT)

(7)

If one remakes the usual assumption' that f~g, ig-
nores the cancellations in (5) and (6), and takes
the values f = 10' cm ' and ~»= 1 cm ', the ra-
tio (l) equals 10'/T'. This value is large for tem-
peratures in the liquid-helium range. The two-
phonon one-step process, 8'«nres'", is therefore
inconsequential compared to the one-phonon, two-
step process/ ~nonres p for ruby in this tempera-
ture range.

Finally, evaluating (5) in the long-wavelength
limit ROoms for a comparison of S'„, „"with

given by (2). Defining the spin-phonon
matrix element between the E and 2A levels by
(2Ai IIiE) Ae, where e is the strain operator,
one finds the ratio

the behavior displayed in (2) for the single-ion-
single-ion energy-transf er rate.

In summation, we have addressed ourselves to
the question of how phonon activation can break
down Anderson localization. We have calculated
all of the two-phonon-assisted energy-transfer
rates, and shown that the resonant process domi-
nates energy transfer for ruby. The activation
character of the temperature dependence insures
that this process will be negligible at very low
temperatures, but it could contribute sufficiently
to be observable at the upper end of the liquid-
helium range. In other materials, the lack of a
close-lying excited level may make the resonant-
phonon-assisted transfer rate of no consequence.
In such cases S'„, „will dominate, leading to
a T' temperature dependence for energy transfer.
Now that Anderson localization has been reported,
it would be of great interest to see if the result
of increasing the temperature results in energy
transfer by virtue of the processes considered in
this Letter.

W„. „' i4'(u, T)
Wn.~.s" (~~in)'(fi -fp)' (8)

If one takes A =10' cm ' (as in Ref. 9), and uses
the above representative values for the other pa-
rameters in (8), the ratio W„, „'/W„, „"=10"'T~.
This shows the two processes are comparable at
the upper end of the liquid-helium range. How-
ever, using (3), both are small compared to the
resonant-phonon-assisted energy-transf er rate
in ruby. The situation may be reversed in other
materials, especially if no close-lying excited
state is available through which either of the two

Iprocesses +res or ~ nonres can act
It would be interesting to see if these ideas are

confirmed by experiment. The experiments of
Koo, Walker, and Geschwind' were performed at
a single temperature (1.6 K) so that all of the
rates we have considered would have been unob-
servable. Higher temperatures should exhibit
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