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The prolongation structure of Wahlquist and Estabrook is interpreted as a connection,
In this way, some geometric insight might be provided for the description of those non-
linear partial differential equations which admit soliton solutions. A new geometric
property—Ilinked to the existence of an SL(2,R) connection—is proved for the solutions

of the Korteweg—de Vries equation.

Recent discovery that certain types of nonlinear
partial differential equations in two independent
variables possess special solutions (“solitons”)
with remarkable mathematical and physical prop-
erties has stimulated wide interest among phys-
icists, engineers, and mathematicians, At this
stage, one would like to know how general are
these properties and whether they extend to equa-
tions with more than two independent variables.
This seems to be a question of differential geom-
etry; Wahlquist and Estabrook have made? very
innovative and ingenious suggestions about the
type of mathematical structures that might be in-
volved. The purpose of this note is to show that
part of their work may most naturally be inter-
preted in terms of the theory of connections.?® I
will deal only with the Korteweg—de Vries (K-dV)
equation, but the methods are probably quite gen-
eral, I will also only deal with the simplest “one-
variable, quadratic” sort of what they call a
“prolongation,” but the theory of fiber bundles
provides a basis for lifting this restriction.

I follow the notations in Wahlquist and Esta-
brook’s paper.! The K-dV equation

Uy + Uy +12uu,=0, (1)

is to be solved for a function (¢,x)~u(x,?) of two
variables. Introduce a five-dimensional space,

denoted as X, with variables (x,t,%,2,p) with
Z=Uy; P=Z2y=Uygy. (2)

On this space introduce the following second-de-

gree differential forms*:

o, =dundt-zdx adt,
a,=dz Adt-pdxadt, (3)
o, =—du Adx +dp Adt +12uz dx adt,

Let I be the differential ideal® generated by a,,
@, and @, Each solution of (1) then is deter-
mined by a two-dimensional integral manifold® of
I on which dx Adt is nonzero.

Let Y be a one-dimensional space, paramet-
rized by a single variable y. Let G be the ma-
trix group SL(2,R), the 2X2 real matrices of
determinant one., Choose Y as a coset space of
G, acting via linear fractional transformations.
The Lie algebra, G, of G then acts on Y as vec-
tor fields that are quadratic in v, i.e., that are
of the form

(a+by +cy? 8/ay, (4)
with a, b, and c real numbers. Let

E =XXY,
Regard E as a fiber bundle? over X, with G as
structure group, Y as fiber. A connection® for
for this fiber bundle is then determined by a one-
differential form w on E of the following form:

W=w,+yw, +y2w, +dy, (5)
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where w,, w,, and w, are one-forms on X, Set
Qy=dwy=wyAw,,
Q=dw,; =2wyA w,, (6)
Q,=dw, =2w,Aw,,

They are the curvature forms of the connection,
Definition: The connection defined by the 1-form
w is said to be associated with the differential

equation (1) if the following condition is satisfied:

Q, Q, QEL (7

In order to give an important example where
(7) is satisfied, we can define

w=dy +(2u +y%2=2\) dx
=4[ (u +2)(2u +y? ~=\) =3p —2zy)dt, (8)

(x is a constant). It is now readily verified [e.g.,
from formula (46) of Ref. 1] that relation (7) is
satisfied.

We can now deduce from these formulas a new
property of solutions of the K-dV equation, Let
S be an integral manifold of I, i.e., a two-di-
mensional submanifold of X on which the forms
in I are zero, We denote the restriction of the
forms w,, w,, w,to S by v/, w/, w,/. Com-
bining relations (6) and (7), we see that these
forms satisfy the following relations:

dw)=wiAw/,
dw!=2wjrw/, (9
dwy =2w/Aw, .

Equations (9) are the structure equations of the
Lie group G. They imply that there is a map S
— G such that the translation-invariant forms on
G pull back to the w! Thus, we see that there is
a correspondence between solutions of Eqs. (1)
and two-dimensional surfaces in G.

Wahlquist and Estabrook have also suggested
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how the Bdcklund transformation and the linear
differential equations involved in the inverse-
scattering technique may be obtained with their
pseudopotentials. These concepts fit very ra-
tionally into the differential-geometric interpola-
tion considered in this paper. (For example, a
Bdcklund transformation is a mapping XXY -X
XY which carries the ideal [ into the ideal gener-
ated by I and the connection forms. The linear
equations are basically the parallel-transport
equations for linear connections induced in the
associated linear vector bundles.) Extensive
generalization and specialization are now feasi-
ble; further work is in progress.
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