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velocity lower than the electron thermal velocity
may not be excited in the trapped-electron re-
gime in large toroidal devices.
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A new saturation mechanism for the nonlinear stage of parametric .decay instabilities
arises from pump-induced cross-correlations between Fourier modes. These correla-
tions result in a renormalizati«usually a reduction —of the mode coupling coefficients.
Coupling saturation arises from the same order of approximation as the familiar induced-
scattering nonlinearity. When applied to the 2'&~ decay instability and the electron-ion
decay instability, coupling saturation greatly reduces the turbulent wave energy compared
to earlier calculations.

To interpret recent laser and microwave experiments using intense pump waves, a vigorous effort
has been made to understand the nonlinear behavior of parametric instabilities. This Letter describes
a new and important contribution to the formulation of a more complete analytic theory which takes into
account the mode correlations unique to parametric decay instabilities. Early work concentrated on
the nonlinear modification of the wave damping. ' These calculations were essentially an application of
the usual formulation of weak turbulence. ' Here, we show that the turbulence can modify the mode-
mode coupling coefficients, as well as the wave frequency and damping, reducing the coupling to the
pump. This new effect arises from correlations outside the random-phase approximation (RPA) which
are induced by the parametric coupling, yet we show that they arise from the same approximation lead-
ing to the familiar induced-scattering type of nonlinearity.

For the sake of easy illustration, we consider only the purely electrostatic case. If we limit our-
selves to terms quadratic in the electric field F. in the nonlinear Poisson s equation, we have

1 dk' dk"
&(k)E(k) = —

I (k k' k")E(k')E(k")(2n) 5~(k —k' —k")
2 J (2m)' (2n)' 7

where & is the linear dielectric function for a homogeneous, isotropic plasma, and X is the lowest-or-
der nonlinear susceptibility. ' We emply the notation (k, u&) =k. As is well known, a monochromatic
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pump wave,

(2)ko=k„+k„~

This pairing, or correlation, exists in the linear theory. It is a direct result of the sinusoidal modu-
lation of the system by the coherent pump in time and space which couples together modes whose fre-
quencies and wave vectors differ by integral multiples of cu, and%„respectively. Since this coupling
arises from the pump-imposed symmetry, it must also exist in the nonlinear theory. In a more de-
tailed and rigorous treatment, we examine the response of the nonlinear or turbulent plasma to a
small perturbation in the presence of the coherent pump modulation and show that the dispersion rela-
tion to be derived below follows from the marginal stability requirement of the nonlinear system.
Therefore, we postulate that the total field satisfying Eq. (1) may be written

2
E (k) =Z 0(k) +Q Q (2m)~[E „5~(k —k„)+E„*64(k+k„)]+ (k„-—k„)+ 5Z (k). (3)

s= 1 ns

Here, En and E„are the complex amplitudes of the nth correlated pair associated with a given fre-
tly n2

quency &o„or &u„, and 5Z(k) denotes the presumably weak contribution to the field from nonresonant
beats of the excited pairs.

If we substitute (3) into (I), we obtain a set of coupled equations for E„,E„, and 6Z. To lowest (lin-
ngP

ear) order in 6Z, we find for E„
lip

E,(k) =E,(2m) [&'(k —k,)+6 (k+k, )],
linearly excites a pair of growing decay modes (k» &u, ) and (k»&u, ) where &u, = v, + &u, and k, =k, +%, for
those cases where we may neglect anti-Stokes coupling. ' We assume then that nonlinearly the saturated
spectrum is composed of a collection of paired waves k„,~„and k„,~„wheren~& n~

&(k„,)E„=y(k„, ,k„-k„)E,E„*

+
(2 )~ ~( )

QQ[y(k„, „k,t„k—k„,)E„ i5E(k„—k„ i)+(k„ i- —k, )].
s n'

(4)

A similar equation can be written for E„. The beat terms 5E are given byn2

e (k„—k„ i)5E(k„-k„ t)

= (271') 6 (0) [)((k k t &k k„ t)E E„s*+g(k„k„z k
&

k )Z +E„e]. (5a)

e (k„—k„ i)&E (k„,—k„ i)

= (2'') 6 (0) [g(k„—k„ t, k„,—k„ t)E„ i*E„X(k„,—k„,—k„,k„ t)E„E„], (5b)

where we have used k„—k„=—k„+k„which follows from (2). We will show that all the nonlinear
terms in (4) and the corresponding equation for E„are consistent with a renormalized set of coupled
equations,

(6a)

(6b)

~(k„)E„=y(k„,k„—k„)E,E„*,
&(k„)E„=X(k„,k„—k„)EOE„*,

s. result identical in form with that derived from the linear theory, except that the tilded quantities are
now functions of the field intensities (Z„~'and )Z„J'.

If we substitute the expressions of (5) for 6Z into (4), we find terms either proportional to Z
therefore contributing to e, comparing with (6a), or terms proportional to E„contributing to the
right-hand side of (6b). Consideration of terms proportional to E„ leads to

X(kng ~knn' p kn~ knn')X(kn~ knn'
& kna' q kny) IE nn' I

e(k„)=e(k„)-QQ
ns 1 ns
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The terms proportional to E„*occur proportional to products such as E„ iE„,iE„*. We may elimi-
nate E„., say in favor of E„,by using the Ansatz (6a) which allows us to write for the renormalized
y in (6a}

X(k, ,k,,i,k, -k, i)y(k, , —k,, ik, t, —k, )

fary

y(k...,k„—k,2.) IZ„ i ~

X
~(k„)

In (6b), i (k„) is obtained from (7) by k„,-k„,, whereas for the renormalized coupling coefficient

Ap

(8)

Equations (6), (7), (8), and (9) form a complete set for the determination of ~E„P. The nonlinear
terms of e are familiar from the usual form of weak turbulence theory, resulting in the modification
of wave damping and frequency. ' The contribution to Imh(%„, ~„) from the beating of high-frequency
waves, ~E„i(', includes the process of induced scattering from ion fluctuations. " The nonlinear terms
of y, on the other hand, are novel for several reasons. (1) They change the coupLirg to tke pump of
the excited fields. In many situations of interest, we find that X is significantly reduced from its lin-
ear value, leading to saturated energies substantially lower than those from just e. (2) From the deri-
vation above it is clear that these terms result from the correlated product E„E„.In the RPA, this

fly tl2
correlation vanishes; however, it is intrinsic to the parametric coupling that this correlation is strong.
(8) We see that these terms lead to an integral equation for y as compared with e where the nonlinear-
ity is simply additive.

The same results will be derived from a more complete and rigorous formulation of weak turbulence
theory in a longer publication. It is important to emphasize that the coupling saturation (CS) is dis-
tinct from pump depletion. In the present work, the pump parameters are held fixed.

We now consider the nonlinear saturation of the electron-electron decay instability (EED or 2~~,) to
illustrate the relative significance of the CS mechanism. Pustovalov, Silin, and Tikhonchuk (PST)
have recently calculated the nonlinear saturation of this instability, taking as the dominant saturation
mechanism spreading of the spectrum in angle due to nonlinear induced scattering of waves from ions.
We merely take over the results of their calculation showing how the CS mechanism enters. The solv-
ability condition of Eq. (6) is equivalent to

y (k„,k„k„-ko)X*(ko —k„,ko, —k„)
(s/s(u„) Rem(k„)(8/s(u„) Res(k, —k„)

(10)

where we assume that the frequency, &u„, is near one of the roots of e(k) and R(k -k,), a condition
which allows us to use resonance approximations for the e s. In Eq. (10), ~, =~, (k) and Fo, =~, (k, -k)
are the Langmuir frequencies for the decay plasmons (the nonlinear shift in the frequencies is small),
and since (k, —k ~= ~k ~, the corresponding damping rates are equal: y, =y, =y„where y, includes the
nonlinear enhancement. '

From the real and imaginary parts of Eq. (10), we have

C'd„=2(00+ 2 [(d&(k„) —(d&(%0 —k„)]~ (11

and the marginal stability condition

(12)[f2 (g ~/2)2]1/2

where the coupling parameter I' is the last term in Eq. (10), and A(u = u, (k)+co, (k, —k) —&u, . The solu-
tion of (12) obtained by PST with I'=I', i.e. , in the absence of CS, is localized ink about k where
b, &u(k ) =0, but spread in angle about the fastest growing mode direction by nonlinear induced scatter-
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ing from ions. They obtain, for the total energy normalized to the particle energy density,

W Q Q jE J2(4~n g ) 1
p (Pi/2 ] )a/Pl/2

s=1,2 ns

where

~43 y, m, v, ' ~V'.

(13)

and P = I'/y, ', the ratio of the pump energy to the threshold energy. To include CS, we turn to Eq. (8).
The susceptibilities in (8) are given by'

)((k -k, k -k', k' —k) =)((k'-k, k', -k) = i eke'
(14)

(15)

From (8), we have, for )( (k)=-)((k, -k, k„-k),

X-(k) = X(k)—
e'kD, ' " d'k' (k k')'IE(k')I' —(k')

m'(u~, '(1+T, /T, ) . (2m)' a(o (k') —2 i y)(k')

where we have taken the second term in (8) equal to the first since I k, -kl = I k), employed a resonant
approximation for e(k -k, ) as in Eq. (10), and used the static limit for I k-k'I'e(k -k', &u —~') =kD '
+k~.2. Since the spectrum, as derived by PST, is narrowly confined to k'~k, and if we assume that

is slowly varying in angle compared to variation of IE I, we find that )( for the most unstable vec-
tor k is given by

A similar calculation for )((k, k„k -k, )lg g =)(+ in (9) yields )(+ =)( . It follows from (12) that when hm
= 0, y, = I". If we combine this with (18) and identify I' as the last term in (10), we find

y,
' 4y, 'P (1+T,/T, )' 4 ' (1+T,/T )' '

which we now use to replace P in Eq. (13) to obtain W.
To solve the nonlinear equation for W resulting from this substitution we note that p/W» 1, general-

ly, and we find

W = 2{&,/~„)(P —I)'"(I+T./T,.). (17)

Comparing with the value for W = Wpsr in the absence of CS we have W/Wpsr-y, /urs, p «1, if P» 1.
Thus CS greatly reduces the excited wave energy in this case. We do not regard (17) as a complete
formula for the wave energy, however, since the resulting spectrum localized near k is probably un-
stable to decay into plasmons and ion waves which spreads the plasmon spectrum to lower values of k.
The point we wish to make here is that CS greatly reduces the wave energy predicted by previous theo-
ries which used only induced scattering from ions as the saturation mechanism.

We will show elsewhere' that in certain cases (e.g. , T, »T&), CS plays a dominant role in the satura-
tion of the electron-ion decay instability.
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