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A relativistic wave equation is solved for equal-mass quarks interacting via a com-
bined linear and “Coulombic” potential, the latter being softened at short distances in
accord with asymptotic freedom. Assuming that colored SU(4) is broken only by the
quark mass differences, I predict masses and leptonic decay widths for the p, ¢, and ¢
meson families of states. Agreement with experiment is excellent.

In 1972, T argued that the tension characteriz-
ing the hadronic medium is independent of the
amount by which it has been stretched.! In this
view, the work done in separating two quarks is
used to create enough particle-antiparticle pairs
to maintain a uniform chain linking the quarks.
This leads to an effective potential which, in the
static limit, is proportional to the quark separa-
tion (linear potential).

The physical picture of uniform chains linking
quarks has been refined and advocated by Kogut
and Susskind (and subsequently by many others)
as a mechanism for quark confinement.? The
quarks are regarded as sources and sinks of
colored Yang-Mills gluons, and the gluon flux is
confined to tubes of uniform cross section by non-
linearities in the field equations. In addition to
the linear potential, theory suggests® an attrac-
tive 1/7 potential, with effective coupling which
tends to zero at short distances, i.e., large mo-
mentum transfer (asymptotic freedom).?’> The
gluon interactions are assumed to be independent
of quark “flavor,” so that strong-interaction sym-
metry is broken only by quark mass differences.*

While the preceding ideas are highly attractive,
confrontation with experiment has been fragmen-
tary and indecisive. It is therefore desirable to

construct a unified model which is realistic
enough to be indicative, yet simple enough to be
solvable.

In this spirit, we consider a relativistic wave
equation for two equal-mass quarks interacting
via the potential

Vr)=Tr - a,0r)/7, (1)
as(7)=as(°° )[1 -exp(—T/To)] ’ (2)

where T denotes the tension along the flux tube,
a, denotes the “fine-structure constant” of strong
interactions, and the term in square brackets in
Eq. (2) represents a simple and tractable way of
softening the 1/» potential for distances »<v,,
where 7, remains to be determined.®

We shall work in the center-of-mass frame, in
units with Z=c=1. For simplicity, we neglect
quark spin and the possibility of virtual-quark
creation (e.g., vacuum polarization). A state is
then described by a one-component wave function
¥(r, t), where r denotes the relative coordinate.
The Hamiltonian is

3=2(p2+m®) "2+ V(y), (3)

with p =|p|.
Interpretation of the kinetic term in 3¢ is faci-
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litated by use of momentum space, where we con-
sider the eigenfunctions

U@, 1) =1, (P)Y,,,(6,, ¢,) exp(=iE,,1).
The eigenvalue equation may then be written as
(E,; = 2(p% +m®) 2] @i, (p)
= [ dp'p K, (b, 0"y (1), (4)
where
K, (p,0")= /1) [." dr#* V)i, (pr)5, (0'7),

with j, denoting the spherical Bessel function of
order I. The kernels K, have been evaluated® for
0 <I<4., Explicit results will be presented else-
where, together with the numerical techniques
which have been used to obtain the E,, and %, (p).
We note here that in the limit of large, circu-
lar orbits, the relation between net energy E and
angular momentum [(I+1)]'/2 is readily obtained
by classical arguments. We find in this limit
that the quark velocities approach unity, and that”

1~ @BT) 'E* +3la () - 1= (27) 'm?]. (5)

Hence leading Regge trajectories are linear func-
tions of E? in the asymptotic region, with slope
a@’=(87)"". For low energies, however, the tra-
jectories need not be linear, since the classical
limit is not applicable for small orbits.

A primary goal of the present work is to test
the hypothesis that strong-interaction symmetry
is broken only by quark mass differences. We
consider four quarks here, whose masses will
be denoted by m,, m;, m , and m,, with m,
=m,. The fourth quark may be regarded as the
charmed quark of SU(4), but this identification is
not essential. Since the present formalism is re-
stricted to the case of equal-mass constituents,?®
the candidates for study are the p meson family
(uu—dd), the ¢ meson family (~ s5), and tenta-
tively, the  meson family (c¢). We shall regard
@ mesons as pure ss when computing their mass-
es, but use a singlet-octet mixing angle of 40°°
when computing their leptonic decay widths.
Pseudoscalar mesons will not be considered here,
because of the complications arising from their
potential roles as Goldstone bosons (they may be
collective excitations rather than di-quark sys-
tems).

The present model will be tested in two ways.*®
One obvious requirement is that the observed
mass spectrum should be reproduced. In addi-
tion, we shall compute leptonic decay widths for
the S states (we assume quark spins to be paral-
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lel in the p, ¢, and ¢ families, so that S states
are °S,, and decay into e*e” and u*p” is permit-
ted). The leptonic decay widths are given by’

Tep=(167/3)e*(C*/M*)F?, (6)

where e denotes the electron charge (e?~1/ 137),
C depends on the quark content of the decaying
meson [C*=%, %cos®6,,,, and % for the p, o,
and Y mesons, respectively, assuming colored
SU(4), with 0,,;, denoting the singlet-octet mix-
ing angle|, M denotes the meson mass, and

F=@2n)32[ % %)f(ﬁ) . (7)

For a nonrelativistic bound state, the function
f() appearing in Eq. (7) is unity, and F =¥(0).
For relativistic bound states, however, f(p) is
not presently known. Some insight may be gained
by noting that for a Coulomb potential (e.g., in a
@*u” bound state, which also decays into e*e”),
¥ (p) falls off so slowly for large p that with =1,
the integral in Eq. (7) diverges [i.e., ¥(0)=x].
In order for the integral to converge, it may be
shown that f(p) must fall off at least as rapidly
as p~ 2+ for some €>0.'2> Hence a plausible
guess (with the correct nonrelativistic limit) is
that

F®) =m/(p? +m?)/?, (8)

where m denotes the quark mass. We shall use
Eq. (8) in the predictions for I'j,,.*

We are now in a position to examine the results
of numerical computations, Because of the large
number and diversity of experimental results we
seek to reproduce, it is difficult to ascertain the
truly optimal values for the parameters of the
present model. I find, however, that the model
is in very good agreement with experiment if we
assume that 7=0.1585 GeV?, a,(»)=2.685,
=2.0 GeV™Y, m, =m,;=0.292 GeV, m =0.479 GeV,
and m,=1.692 GeV.

All the experimentally known masses and lep-
tonic decay widths in the p, ¢, and ¢ families
are shown in Table I, together with the present
predictions for these quantities. Note that mass-
es are in extremely good agreement, and that the
first radial excitation of the p(770) occurs at 1515
MeV, in agreement with the observed p’(~1550).
Hence the present model indicates that the ex-
perimentally elusive p’(1270) does not in fact
exist.

With regard to leptonic decay widths, the
agreement in Table I ranges from excellent to
fairly good. Furthermore, the states for which
the agreement is least good are precisely those
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TABLE I. Predicted and observed values for masses
and leptonic decay widths of states in the p, ¢, and ¢
meson families. The x(3410), x(8530), and P,(3500) are
regarded as a P-wave spin triplet, with average mass
of 8480 MeV. Data are taken from Refs. 13 and 14.

Mass Flep
(MeV) (keV)
Theory Observed Theory Observed
P 777 770 = 10 7.0 7.0%1.2
p’ 1515 ~ 1550 0.7 ?
A, 1298 1310+ 10 cee cee
g 1701 1686 = 20
@ 1021 1019.7+ 0.3 1.7 1.3£0.1
i 1513 1516+ 3 ees o
P 3086 3095= 4 4.9 4.8+0.6
UM 3694 36845 2.4 2.1x0.3
P 4131 ~ 4100 1.6 1.8t03.3
g 4485 ~ 4450 1.1 0.4t0 0.8
Xx:F, 3477 ~ 3480

states with conspicuous ambiguities. For the
¢(1019), singlet-octet mixing undermines the
computation of ¥(p). The ¥”(4100) is presumab-
ly near the threshold for production of charmed
meson pairs, and threshold effects may contri-
bute to the experimental y” peak in e*e” scatter-
ing. Another complication for the iy family is
that S-D mixing seems likely to occur above 4
GeV (as will be discussed below).®

I note here that the present model has passed
a theoretical test, in that the o required to fit
the data is positive (i.e., the “Coulomb” force is
attractive), in accord with theoretical expecta-
tions.?

The striking success of the model in simulta-
neously reproducing eleven masses and six lep-
tonic decay widths in the p, ¢, and ¢ families
gives strong support to the underlying assump-
tions. In particular, I conclude that all mem-
bers of the y family in Table I have identical
quark content, and that the effective'® charge of
“charmed” quark is + %e (as assumed here in
predicting leptonic decay widths).

Table II presents a more complete set of pre-
dictions for the radial and orbital excitations in
the p, ¢, and ¥ families. Note that in the y fam-
ily, the lowest five D states are separated from
the nearest S states by gaps of 94, 60, 43, 33,
and 26 MeV, respectively. The largest of these
gaps is for the state below 4 GeV, where y widths
are narrow and energies are well defined. Hence
S-D mixing is least likely to occur for this state,
in accord with the experimental absence of any

TABLE II. Predicted masses in MeV, and leptonic
decay widths for =0 states in keV, for the p, ¢, and ¢
meson families.

Masses

Meson =0 =1 1=2 1=3 =4 Tiep
P 777 1298 1701 2036 2327 7.0
1515 1854 2157 2430 2678 0.7

2041 2299 2548 2780 2994 0.3

% 1021 1513 1897 2218 2498 1.7
1739 2060 2348 2609 2847 0.3

2247 2495 2732 2954 3162 0.1

] 3086 3477 3788 4053 4285 4.9
3694 3956 4191 4406 4602 2.4

4131 4335 4528 4712 4884 1.6

4485 4658 4825 4987 (XX 1.1

4792 4943 5092 [RX oee 0.8

5066 0.6

additional peaks in e*e” scattering near the
»'(3684).) Above 4 GeV, the gaps between S and
D states become increasingly smaller, and all
are smaller than the intvinsic vesolution of reso-
nance enevgies in this vegion. Hence S-D mixing
is likely to be appreciable for states above 4 GeV,
in accord with the experimentally apparent struc-
ture’® within the ”(4100) and ¥ " (4450) peaks in
ete” scattering.

While all leading trajectories in the present
model have asymptotic slopes of a’=(87)"'=0,79
GeV~2, the slope corresponding to the first two
states on the y trajectory is only 0.39 GeV~2,
Hence this trajectory has appreciable curvature,
which could resolve a puzzle noted by Finkelstein
regarding the yp total cross section.'®

The final column in Table II displays a more
complete set of predictions for leptonic decay
widths. Additional experimental work on the
widths of radially excited states is clearly de-
sired. It is also important to obtain a firmer
theoretical basis for the f(p) of Eq. (8). To in-
dicate the role played by Eq. (8) in the present
work, I remark that if we had instead used the
nonrelativistic value f=1, the leptonic widths of
the p(770), ¢(1019), and ¥(3095) would have been
larger by factors of 6.7, 3.7, and 1.5, respec-
tively, than shown in Tables I and II. Hence Eq.
(8) is crucial to the success of the predictions
for leptonic widths.

In summary, the present results lend strong
support to a simple quark model for the p, ¢,
and y meson families of states, with a group
structure consistent at this level of phenomenol-
ogy with colored SU(4). The quarks should be
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regarded as bona fide physical objects, since the
present dynamical framework is based on this
assumption. An effective potential similar to
that described by Eqs. (1) and (2) also receives
strong support from the present work. It seems
appropriate to conclude that a fundamental under-
standing of meson phenomenology lies close at
hand.

Informative discussions with J. Kogut, E. Eich-
ten, and H. Pagels are gratefully acknowledged.
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