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A new Bose-operator expansion of tensor operators is applied to the heavy-rare-earth
metals. The Er data for the cone phase have been analyzed successfully with single~on
anisotxopy and isot~opic exchange interaction. The Tb data can be understood on the
same basis. The previously found large two-ion anisotropy was due to an inadequate
treatment of the large single-ion anisotropy leading to an incorrect expression for the
spin-wave energy.

Recently very accurate and detailed experi-
ments of spin-wave spectra in the heavy-rare-
earth metals' ' revealed that the magnetic inter-
actions might be exceedingly complex. It is in
particular difficult to understand the origin of the
reported lar ge two-ion anisotropy. ¹icklow et
al. ' pointed out that this might be due to an in-
adequate model Hamiltonian. I shall show for the
first time that the complexity is nonphysical and
arises from an inadequate traditional treatment
of the model Hamiltonian.

The previous analysis of the spin-wave data
has been done on the basis of the theory of Niira'
for the ferromagnet and by Cooper et al. ' for the
more general case including the spiral and cone
phases. They included an anisotropic exchange

interaction arid the crystal field in the model
Hamiltonian. Several subsequent theories added
finer details and extra interactions, such as the
magnetoelastic effect. ' However, all theories
are based either on the Holstein-Primakoff' (HP)
transformation or on random-phase-approxima-
tion decoupled-spin Green's functions. ' The an-
isotropy is treated incorrectly to lowest order
by these theories.

A new transformation of spin (tensor) operators
in terms of Bose operators has been developed.
This makes it feasible to treat a strongly aniso-
tropic magnetic system consistently to a given
order of perturbation in the crystal field versus
the exchange interaction. In terms of Bose oper-
ators, the Hamiltonian can generally (when ne-
glecting higher-order terms) be written as'"

(2)

It is therefore not possible" from a measure-
ment of E, alone to determine A, and B, uniquely.
The neutron scattering intensity contains suffi-
cient extra information in principle"; however,
in practice it is difficult to measure with suffi-
cient accuracy. Experimental information about
A, and B, separately has been obtained for two
types of structure. For the cone structure E,

where A, and B, are wave-vector-dependent func-
tions. The spin-wave energy is then" cE, so that two functions are available to deter-

mine A, and B, from (2). This was done for Er
by Nicklow et al. For a ferromagnet the effect
of an external magnetic field II is (predominantly)
to change A, to A, +gp, ~II. It is therefore possi-
ble, although less direct to find A, and B, sepa-
rately by studying the field dependence of (2).
This was done for Tb by Houmann and co-work-
ers. ' Both experiments revealed a strongly q-
dependent B,. On the basis of the existing theo-
ries' "this could only be understood as a re-
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suit of a giant two-ion anisotropy of the same
order of magnitude as the isotropic exchange in-
teraction or larger. This is at least an order of
magnitude larger than that expected from theory"
and also than the observed symmetry-breaking
two-ion anisotropy. "

The new consistent transformation is obtained
using the method of matching of matrix elements. "
It is related to, but different from, the HP and
the pseudo Bose transformation. '~ The transfor-
mation for any tensor operator 0 is given by

&4. 1o10.) = &~'If (~', ~)l~),

where ig„) is an eigenstate of the single-site part
of the Hamiltonian including the crystal field V, ,
in) is the corresponding Hose state, and f(at, a)
is a well-ordered infinite Bose-operator expan-
sion. " For the HP transformation i(„)is the
eigenstate of the single-site part of the exchange
interaction: H,„S,' = 2Sg(0)S, '; in the pseudo Bose
transformation a finite expansion is used. We
shall here consider the effect of the crystal field
to first order in V, /H, „. The perturbation ap-
proach makes it feasible to maintain the useful
concept of anisotropy.

Given an isotropic exchange interaction and an
axial crystal field,

K = 3C,„+Q,V„, K,„=—Q „g„5,
Q (BioOi0 (c axis)

e t (i ) ( x/2

P, "(cos8)B»O, (8 axis),
m=- i l™

we find the spin-wave functions in (1) and (2) for a cone structure characterized by the cone angle 8
and the wave vector Q:

B = —B '" +A '"D /Ha a q 2 ex'

The exchange interaction enters via

H,„=H(@,8) =2S[g(0) cos'8+g(Q) sin'8],

A, '" =A, '" =S(g(q) sin'8+ —,[g(0+q) + g(g —q)](cos'8+ l)),
B,'" = B;"= Sly (q) sin'8+ z[g (4+q) +g (Q- q)](cos'8 —l)),
a, = —a, =S[g(@+q)-g(Q-q)] case.

(5)

(6)

B,=D2S,/VS2 —B,'" . (8)

This is clearly different from (5). However,
both expressions (5) and (8) give the same ener-
gy difference E,-E,=A, . The condition which

The anisotropy enters via

D 0=-Q, B»( S, /S) P, (0cos )8l(l + )1/2,

D, =Q,B»(S,/Si)P, '(cos 8)/2

=D, for cos8 =0,

where S, = S(S ——,') ~ [S- -,'(/ —i)] and P, (cos8)
are the Legendre polynomials. Since 4, is anti-
symmetric in q, A, is asymmetric.

If the HP transformation is used neglecting the
higher-order terms, which contain important
contributions from the anisotropy, one obtains' '

A =a,„+D,-~ -A '"

determines the equilibrium cone angle g,„is
when (x=—cos8, )

2Sx'[g(q) —g(O)]

i-x'[g(q)-a(O)1 -'
a(e)

Except for the last termthis is identical to that
obtained by Cooper et al. ' The last term is a
ground-state correction which was not consid-
ered in Ref. 5.

Equations (5)-(7) contain as limiting cases
spin-wave expressions for the spiral structure
for cos8=0, Qw0, and the ferromagnetic struc-
ture for @=0. For the ferromagnetic structure
A, '" =2$$(q) and B,'"=0. We notice using (2), (5),
and (7) that A, = B, or E, , is exactly zero for
cos6=0. This shows that the new transformation
satisfies the Goldstone theorem exactly for pla-
nar anisotropy. This is not the case for (8) which
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FIG. 1. The spin-wave data for Er by Nicklow et aE.
(Ref. 2). The full line is the fit by the present theory
using six parameters and a q-independent anisotropy.
The dashed line is the best fit of the previous theories
using eight parameters (Hef. 2). By introducing a q-in-
dependent anisotropy a curve almost identical to the full
line was obtained by Nicklow et az. (Ref. 2) with ten pa-
rameters.

gives an imaginary energy, E, ,=D,I 1 —(1-1/
28)- 1/2]

The spin-wave data' for Er at 4.5 K for q along
the I'A. direction were analyzed on the basis of
(5) using one q independen-t anisotropy parame-
ter and the Fourier expansion of the exchange in-
teraction

n

J(q) =2 Qg, cos(lqw),
g=0

identical to that used by Nicklow eI, al. ' except
for the inclusion of the l =0 term and the re'duced
units for q. We notice that the q dependence of
a, =(E,-E, )/2 is given by 28+, g, sin(Ql11)
x sin(qlw). Since Q=0.238" is very close to z',

in particular g4 is ill determined from b., alone.
The fit is therefore made directly to the energies
and the result is shown in Fig. 1. The parame-
ter values are given in Fig. 2. Since the fit did
not improve significantly by including more pa-
rameters I limited the number of exchange con-
stants top, and four interplanar exchange con-
stants. wicklow et al. ' used seven interplanar
exchange constants; see the caption of Fig. 1.
The resultant 8(q) is shown in Fig. 2 (full line).
It has a sharper maximum at q = Q than that ob-
tained by Nicklow et al.' (dashed line). We notice
that (5) permits a determination of g(q) on an ab-
solute scale, whereas (8) only gives g(0)-$(q).
The maximum, g(Q), gives a mean-field TN'
=-,'8(S+1)8(Q) of 32 K which compares reason-

FIG. 2. The deduced exchange interaction 28$(q).
The full line is the present fit and the dashed line that
obtained by Nicklow et aE. (Ref. 2) by fitting to D . The
dashed curve is shifted to give the same g(Q). The ex-
change and anisotropy parameters are given in meV.

ably well with that obtained from the high-tem-
perature susceptibilities, TN'=53 K, with the or-
dering wave vector Q(TN) =0.28." Using (9), g(q),
and the cone angle g, =28.5' we find the single-
ion anisotropy constants D2 =0.564 meV and D,
=1.V4 meV. This only permits a unique deter-
mination of two crystal-field parameters B,p

from (7). Using B»=—0.029 meV, B4O=6.0
&10 ' meV, and B«=1.8&&10 ' meV determined
from measurements on dilute alloys of Er,"we
find DO=0.40 meV, mainly determined by B»,
and D, =0.57 meV, mainly determined by B4,.
B» depends strongly on the c/a ratio and may
therefore be different in the pure element and in
the alloys.

I conclude that within the experimental accura-
cy the spin waves in the cone phase in Er are ex-
cellently described by an isotropic exchange in-
teraction and an axial single-ion anisotropy. The
previously found large two-ion anisotropy was
based on an incorrect expression (8) for the spin-
wave energy. On the other hand the presence of
a small genuine two-ion (exchange) anisotropy
cannot be excluded. "'" For a ferromagnet we
find from (5),B= Dg( )q4/( )0, which is strongly
q dependent, with the property that A, —A, = [D,/
28$(0)](B,—B,). This is in accordance with the
experimentally found A, and B, (Ref. 3, p. 315,
Fig. 5) from which we find D, =-,'28/(0)-kT, /
(8+1)=2.7 meV. This is the magnitude to be ex-
pected for the m =2 contribution to anisotropy for
Tb. I therefore expect that the same conclusion
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applies to the result for Tb.' The discussed ef-
fects are also important for other strongly an-
isotropic systems. A comprehensive analysis of
the spin waves in the heavy-rare-earth metals
on the basis of the systematic Bose operator ex-
pansion will be published elsewhere.
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Pyroelectricity has been observed in the smectic-C and smectic-H phases of l-p-de-
cyloxybenzylidene-P'-amino-2-methylbutylcinnamate after the material is poled in a dc
field. The observed pyroelectric coefficient is consistent with an estimate of its theo-
retical value.

Recently Meyer et al. ' have presented both the-
oretical arguments and some experimental evi-
dence that P -1ecyloxybenzy lid ene-P '-amino- 2-
methylbutylcinnamate (DBC), when prepared a,s
a pure enantiomer (using l-amyl alcohol), is fer
roelectric in the smectic-C and smectic-H phas-
es. It occurred to us that an indication of spon-
taneous polarization in these phases would be the
presence of a pyroelectric effect We have. suc-
ceeded in measuring a pyroelectric current in

the smectic-C and smectic-II phases of the l-en-
antiomer of DBC after aligning the phases in a
dc electric field, and verified that no pyroelec-
tric effect is observed in the racemic form of
DBC.

l- and d/-DBC were synthesized in the follow-
ing manner: p-nitrocinnamic acid was convert-
ed to the acid chloride via treatment with thionyl
chloride; I-amyl alcohol or dl-amyl alcohol wa, s
then added to form the p-nitrocinnamate ester,
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