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I'hotoionization properties for an impurity in a semiconductor are used to reconstruct
the radial dependence of the bound-state wave function, through inversion of a Hankel
transform. For a heuristic wave function, with effective mass approximated by a scalar,
optical data for boron in Si transform to g(r) characteristic of a nonhydrogenic shallow ac-
ceptor. Data for "deeper" acceptors in Si, Qe, and GaAs dictate a compact, sharply de-
fined charged and an effective potential steeper than Coulombic.

The ground state(s) and excited states for an
electron or hole bound to an impurity site in a
semiconductor each have a characteristic energy,
and a characteristic localized wave function ((r,
6, y). Among other properties, the magnitude
and spectral dependence of the photoionization
cross section o(h&u) are both direct consequences
of the bound charge distribution for the ground
state. This cross section is customarily calcu-
lated' in time-dependent perturbation theory us-
ing the electric-dipole approximation, which
happens to be an excellent approximation under
the circumstances. The procedure is simplest
when Coulombic interaction between a photoelec-
tron and its former site is neglected, and a plane-
wave form („=L '"e' '' assumed for the band
state; this Born-approximation simplification
works very well in many cases, is used in most
treatments of photoionization, ' ' and will be used
here. (Explicit consideration of the Coulombic
interaction necessitates a Coulomb-wave-function
final state, as used by Lax' for hydrogenic im-
purities and by Bebb and Chapman' for photoion-
ization from a quantum-defect bound state. )

Theoretical impurity models, both for shallow
effective-mass-type impurities' ' and for "deep"
impurities ' ' are commonly judged by how
well the model predicts (a) the ionization energy
E~, (b) the spectrum of excited-state energies,
and (c) the magnitude and spectral dependence of
o(h&u). The latter test has typically been made by
a graphical comparison of optical absorption data
with curves of o(h~) derived from seemingly ap-
propriate models. One of us has illustrated such
comparisons for the moderately deep-impurity
situations of indium in silicon' and manganese in
GaAs, ' and similar comparisons are common in
the literature

The appropriateness of a theoretical model for
a given impurity would be provided more directly
by deduction of the bound state g(r) from empiri-

which involves the spherical Bessel function

j,(kr) = (kr) '[sin(kr) —kr cos(kr)]. (3)

Thus 0 can readily be expressed as a function of
k or of h&u when a form is postulated for g(r), as
has been shown by Lucovsky' for the consequenc-
es of a delta-function potential, by Bebb for hy-
drogenic and quantum-defect situations, and by
Ning and Sah' for shallow donors associated with
a multivalley conduction band.

Now a property of the spherical Bessel function
(see, for example, Stakgold") utilized in Hankel

cal data. This Letter discusses information
transfer from k space into real space; deduction
of ((r) from experimental v(h+) data. " Trans-
formations in that direction are common in some
other areas of physics, but do not seem to have
been used previously for the semiconductor-im-
purity problem. It is our hope that the simplified
solution reported here will stimulate others to
explore extensions to more complicated cases.

For simplicity, we have assumed that bound
and unbound states are all characterized by a
scalar and energy-independent" effective mass
m~, so that wave vector and energy are related
by k = [2m*(h&u -E,)h']'". The Born-approxima-
tion form of the electric-dipole ionization model
is applied for an i=0 ground state. Now o(h&u)
can be expressed as

o(h&u) = (E,ff/E)'(n/~) W(h&u)/4 (hen),

where 4(h&u) = cE'/4mku is the incident mono-
chromatic radiation flux, and W(h&u) is the ioniza-
tion probability. For an l =0 bound state, integra-
tion of the angular dependence yields an expres-
sion for the probability and hence for the cross
section:

o = (E,&&/E)2(n/tc)(32~'m*e'&uk/3h'c)

x [f~ r'j, ( kr)((r)dr]', (2)
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transformations is

f, j,(kr)j,(kr') k' dk= (n/2r')5(r —r'). (4)

This property makes it easy to invert the trans-
formation of Eq. (2), thus going from k space to
real space. From Eqs. {2)and (4),

g(r) =(k/m'er)(E/E, ff)(3nc/8m* x)'~'

&& f, (k'v/~)'~'j, (kr) dk. (5)

(6)

Experimental data for cr as a function of S~ are
readily converted into the equivalent dependence
on k, and then Eq. (5) can compute the corre-
sponding picture for g(r). Before using this for
experimental data, we verified that it does work
(both analytically and in our numerical computer
program) for both hydrogenic and delta-potential
models.

The numerical procedure of Eq. (5) was then
applied to published optical absorption data for
five impurities, namely Si:B, Si:In, Ge:Hg,
GaAs:Mn, and GaAs:Cu. All of these create ac-
ceptor impurities, "with acceptor states derived
primarily from a heavy-hole band at I', a band
for which m* is more or less scalar. " Theoreti-
cal models for both shallow and deep acceptors
imply that wave-function radius should be scaled
in terms of a* =(k'/2m*E, )'~', where E, is the
experimentally determined ionization energy.
Values for E„m*, and a* are listed in Table I,
and our computations expressed ((p) as a func-
tion of p =— r/a*. Now if the radial wave function
is written as the product

for any type of impurity, shallow or deep. [Thus
Qp) is a constant for the 1s state of a, hydrogenic
impurity, va, ries as p" ' (with 0 & v& 1) for the
quantum-defect model, "and as p

' for the delta-
potential deep-impurity model. '] And so we
studied both ((p) and E(p) for the information de-
rived from optical data. Figure 1 compares the
radial probability function ip((p)l' in terms of
each impurity's scale of p for boron and indium
in silicon, while Fig. 2 shows I (p) versus p on a
log-log basis for all five acceptors we studied.
It wi1.1 be clear at once that the "deep" acceptor
curves in Fig. 2 fall off more rapidly with in-
creasing p than expected from the preceding re-
ma, rks about F(p) in va, rious theories.

The curves of Figs. 1 and 2 use optical data
which are usually available only for the limited
spectral range E, & ~ & 5E„ this sets a limit to
the range of p for which the results are meaning-
ful. We supplied the computer with an asymptotic
"tail" for experimentally inaccessible high pho-
ton energies; this act is not as drastic as it
sounds, for 0 always decreases rapidly at high
energies and makes a minor contribution to the
integration. Thus we were able to verify that the
derived ((p) and E(p) were insensitive to the
choice of "tail" parameters for the radial range
p &0.2, though the absence of real high-energy
optical data clearly does set an inner limit to

TABLE I. Parameters for the semiconductor:impur-
ity systems: ionization energy E~; effective mass ratio
m*/m; wave-function scale length u*; and the exponent
8, the slope in Fig. 2.

System (meV) m +/m ' Exponent s

then existing impurity models suggest that I'{p)
should be a weaker function of radius than exp( —p) ~ Q)co O
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Si:B
Ge:Hg
GaAs:Mn
GaAs. Cu
Si:In

45
92

110
146
155

0.45
0.88
0.32
0.82
0.45

18.6
10.5
10.4
9.05
7.88

Variable
-1.78
-1.68
-1.51
-1.49

~The "effective-mass ratio" has been chosen in con-
junction with the known dielectric constant of each solic
to generate correctly the ionization energy of a shallow
hydrogenic acceptor.

Normalized Radius p= (ria )

FIG. l. A comparison of the radial probability func-
tions for In and B in silicon, each abcissa scaled to its
own a~. The dashed curves show the behavior of Coul-
ombic and delta-potential models for comparison. The
Si:In curve is derived from optical data of Messenger
and Blakemore (Ref. 9) and the Si:B curve from that of
Burstein et al. (Ref. 20).
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FIG. 2. Log-log plots of E(p) versus p for all five ae-
ceptors; curves displaced vertically by arbitrary
amounts for clarity of view. Ge:Hg is derived from op-
tical data of Bebb and Chapman (Ref. 7), while optical
data of Brown, Woodbury, and Blakemore are used for
GaAs:Mn, and of Queisser (Ref. 12) for GaAs:Cu.

probing of g(r). At the other end of the spectral
range, we set out to use "cleaned" photoioniza-
tion data for A~ just above threshold, with extra-
neous absorption of excitation lines, etc. , re-
moved. The kinks seen in the Ge:Hg and Gahs:Cu
curves of Fig. 2 for p &3 probably arise from un-
removed traces of these extraneous processes
in our starting data.

The provisos of the last paragraph still leave a
substantial range of intermediate p for which the
results of the Eq. (5) transformation should be
informative about the impurity. Figure 1 shows
that charge bound to a deep In acceptor in Si is
well confined within a sphere of radius g~, even
though we can not project what the true radial
probability does for very small p. The boron
curve of Fig. 1 is strikingly different from a hy-
drogenic 1s state, "and it would be interesting to
see if the outer lobe with its maximum around

p =2 would be retained in an elaborated trans-
formation procedure which takes specific account
of the silicon valence band structure.

As already noted in connection with Fig. 2,
E(p) fell off quite steeply with increasing p for
all four deep impurities we studied. The approxi-

mately linear form of the curves implies that
F(p) approximates a power-law dependence F(p)
=Ap' over a substantial range of radius. The
values of this (negative) slope s appea, r in the
final column of Table I. Now if indeed lt(p)
=Ap'e ~ over some substantial range of p, then
the Schrodinger equation prescribes a potential
with radial dependence V=(2E/p)(1+s)(1 —s/2p),
which reduces to the Coulombic form V= 2E/p
for the hydrogenic s =0 case, and vanishes for all
finite radii for s = —1 (delta-function potential).
What surprised us was that —1&s &-2 for all
four deep acceptors of Fig. 2; this would be in-
compatible with a real relationship between po-
tential and energy if it existed over the entire
range of radius —but of course it does not. What
happens for small radius is modified in practice
both by decrease of the effective dielectric con-
stant to unity and by the impurity-atom core
structure, as has recently been discussed by
Pantelides and Sah'; consideration of these com-
plications would take us beyond the intended scope
of this Letter. The striking thing about the steep
slopes in Fig. 2 is that they reinforce the impres-
sion gained from the Si:In curve of Fig. 1, that a
deep impurity has a very abrupt cutoff in charge
density outside a critical radius. In the present
model, this has to be the consequence of a con-
fining potential that is steeper than Coulombic.
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Using the energy and angle-of-incidence dependence of the electron-energy-loss spectra
of MgO, we have separated the excitonic transitions from the Mg core levels to the excited
states into those of bulk and surface origin. The bulk transitions are very nearly those of
the free Mg~+ ion. The surface-state transitions can be described by Stark splitting of the
energy levels of the surface Mg~+ ions in the intense Madelung electric fields at the crys-
tal surface.

While the electronic surface states of covalent
semiconductors such as Si, Ge, and GaAs have
been widely studied over the last few years, less
attention has been paid to the surface electronic
structure of highly ionic materials. We have ex-
tended the technique of reflection electron-ener-
gy-loss spectroscopy (ELS) to the study of intrin-
sic surface states on MgO. By using both the an-
gle-of-incidence and primary-electron-energy
dependence of the ELS spectra, we have been
able unambiguously to separate transitions from
the Mg(2P) and Mg(2s) core levels to excited
states' into those of bulk and surface origin. The
energies of the bulk excitonic transitions are in
good agreement with the optically observed ex-

cited states of the free Mg" ion. ' The surfa. ce-
state transitions can be described well by a sim-
ple, one-parameter model for the Stark splitting
of the bulk Mg'+-like excitonic states in an elec-
tric field h, at the position of a surface Mg" ion.

By varying the energy and angle of incidence of
the primary-electron beam, a wide range of ef-
fective depths can be sampled in ELS. The elec-
tron mean free path i.n a solid increases from
4-5 A for energies between about 40 and 150 eV
to 20-30 A for 2000-eV electrons. ' Thus an ELS
spectrum taken with a. primary-electron energy
E~-2000 eV at normal incidence will be dominat-
ed by transitions of bulk origin, whereas a nor-
mal-incidence spectrum taken with E~-100 eV


