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We give numerical evidence that in a two-dimensional lattice-dynamical XY model with

quartic anisotropy a conventional continuous phase transition occurs. The formation of
clusters in the angular displacement fieM separated by 90 walls is also demonstrated.
Moreover, we give evidence that the critical dynamics of the order-parameter fluctua-
tions is dominated by a central peak which splits at finite wave vectors. This phenome-
non is traced back to damped traveling 90' walls.

There has been a number of recent calculations
of critical phenomena in bvo-dimensional XY
models. ' Of particular interest is the lack of a
nonvanishing order parameter at any finite tem-
perature in isotropic systems. ' However, this
does not rule out some different phase transitions
in the isotropic case,' or the existence of a con-
ventional transition in the presence of anisotropy.

In this Letter, we give numerical evidence that
a conventional continuous phase transition occurs
in a two-dimensional ferrodistortive lattice-dy-
namical XZ model with quartic anisotropy. More-
over, we demonstrate the formation of clusters
in the angular displacement field separated by 90'
walls. Finally, we give evidence that the excita-
tion spectrum is more complex than the conven-
tional theory of lattice dynamics predicts. Our
results reveal, in addition to the expected trans-
verse-soft-phonon branch, a central peak which
splits at finite wave vectors. The latter phenom-
ena are traced back to damped traveling cluster
walls in the angular displacement field, which
dominate the critical slowing down.

Our Hamiltonian reads
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Note that a rigid square reference lattice has
been assumed; thus the model has no acoustic-
phonon branches in the self-consistent phonon ap-
proximation. E denotes the lattice sites, P&„and
X,„are the nth components (n =1,2) of momentum
and displacement, respectively, of particles with

mass M. I, A. , B, C, and B, are model param-
eters. If the kinetic energy is neglected, the
Hamiltonian (1) may also be considered as a lat-
tice model for magnetic systems, where at each
site E there is a spin variable X, with n compo-
nents. '

Using a molecular-dynamics technique, simu-
lating a canonical ensemble, 4 we calculated some
static and dynamic properties of a model I de-
fined by Eq. (1) and the parameters

A= —1 B=- 8 = —— C=-'.1 ~5& 4' (2)

The time is chosen in such a way that the mass
of the particles is equal to 1. We studied sys-
tems of 1600 and 3200 particles, subjected to pe-
riodic boundary conditions. For technical details
on the molecular-dynamics method, we refer to
Ref. 4. From the temperature dependence of the
order parameter we estimated k~T, ~ 2.72 and p
= 0.13+ 0.03. Similarly, we also estimated the
isothermal order-parameter susceptibility and
found y ~ —,

' for e = (T —T, )/T, & 0.2 and y«~= 3 for
0.2 & e & 0.5. This result may be understood by
noting that the model reduces to two decoupled
two-dimensional Ising models for B= 0 and -B,
=B/3. For B,=0, however, it is equivalent to
the nonuniversal isotropie XY model. ' For mod-
el parameters associated with an ordered phase
one expects, therefore, Ising critical behavior,
except for the special case By 0. This picture
is well confirmed by our estimates for P and y
and the observed changeover (y,«= 3) further
away from T, .

To clarify whether or not the formation of clus-
ters, their dynamics, and the associated central-
peak phenomena are reminescent of Ising-like
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FIG. 1. The four quadrants of the local angular dis-
placement field denoted by —,0, 0, and i. The instan-
taneous position of a particle lies in one of the quad-
rants.

that ((X„)')~ 0 =(8C -A)(B/2+B, ) and (X») =0 at
T =0, so that the system is in a single-domain
state initially. It is seen that with increasing
temperature clusters denoted by open circles and
vertical bars are formed at first, while closer to
T„clusters denoted by filled circles also appear.
Moreover, the cluster size increases when T, is
approached from above or below. Finally, clus-
ters are preferably separated by 90' walls. Above
T„ the number of large clusters is seen to de-
crease with increasing temperature.

It is clear that the complicated motions assoc-
iated with the formation of such clusters will al-
so affect the excitation spectrume To explore
this expectation, we calculated the following dy-
namic structure factors:

(Ij =1) systems, ' we analyzed the time evolution
of the system in more detail. An analysis of the
angular displacements revealed that clusters are
formed, built up of particles connected by near-
est-neighbor bonds. Figure 1 illustrates the four
cluster patterns, separated by 90' walls, which

may be distinguished. Figure 2 shows snapshots
of cluster configurations in model I at various
temperatures. The system has been prepared so

S (k, UI) =S„(k,fji) I'"„dt e ' ' S (k, t) (3)
S~(k, &u) =S„(k,tu) S„„(k,t = 0)

where

S„„(k,t) =(X (-k, 0)X„(k, t)), IE=1,2,

X„(k, t) = (1/4N) Q I exp(ik R,)

X [Xl„(t)—(XI„)].

(4)

Figure 3(a) shows the fretluency dependence of
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FIG. 2. Snapshots of cluster patterns in model I at various temperatures: &qZ' equals (a) 2.0 (b) 2.5, (c) 3.0,
and (d) 6.0. According to Fig. 1, we distinguish four cluster patterns; clusters are particles connected by a near-
est-neighbor bond with positions lying in the same quadrant.
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S~(k, ~) and Sr(k, ~) for fixed (k», 0}values and
kBT = 2.5. At k = 0, S~(k, ~), being associated with
the order-parameter fluctuations, only exhibits a
central peak, which splits into a double-peak
structure at finite k» values. The Sr(k, ~) spec-
trum is dominated by a phonon resonance and no
central peak appears. In Fig. 3(b) we plotted the
dispersion curves as obtained from the peak max-
ima. There are two low-frequency branches: a
transverse phonon branch with a gap, and a new
excitation branch arising from the splitting of the
central peak.

To elucidate the physical origin of these re-
sults, it is illustrative to consider the continuum
limit of the Hamiltonian (I). The corresponding
equation of motion for the angular component of
the displacement field is

~q(x, Y) —,y(x, Y)

B,p'(x, Y)
sin4y(X, Y),4Ca2 (6)
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FIG. 8. (a) Frequency dependence of the longitudinal

fSL(k, cu)] and transverse fSz,(k, u)] dynamic form factor
for various jk», 0) at kBT=2.5. Peaks 3 and 4 are res-
onances associated with the transverse phonon branch.
Peaks 1 and 8 are due to the traveling cluster walls.
(b) Dispersion curves determined from the peak maxi-
ma; the numbers label corresponding peak maxima.

I

where p is the radial component of the field, and

a denotes the lattice constant of the square refer-
ence lattice. Equation (6) is just the sine-Gordon
equation which is invariant under a Lorentz trans-
formation. ' From the model parameter chosen

q(X, Y=O, f) =arctan[~ exp(+ nf)],
where

2 V'm -'
Ca' Ca

(8)

V~is the velocity of the 90 wall and enters here
as a parameter. To our knowledge Eq. (8) is
the only stable traveling-wave solution, y(X, t)
= p(x —Vg), of Eq. (6).' A reasonable value for
the magnitude of the radial field is p'= (X„'
+X„').

It should be emphasized that the 90'-wall solu-
tion is consistent with the observed cluster pat-
terns and the associated boundaries (Fig. 2).

Noting that the small-amplitude solution leads,
below and not too close to T„ to transverse fluc-
tuations only, one is naturally led to the conclu-
sion that the peaks in Sr(k», &u) represent the
transverse phonon resonance with frequency ~~
[Eq. (7)]. The 90 -wall solution, however, obvi-
ously leads to longitudinal fluctuations. The cen-
tral peak and its splitting must then be attributed
to overdamped and underdamped traveling 90'
walls. This conclusion is also consistent with our
results on one-component systems. 4'

Above T„ the longitudinal and transverse dy-
namic form factors become identical. As shown
in Fig. 4(a), the k=5 spectrum is then dominated
by a central peak, which at finite wave vectors
(k», 0} splits into a symmetric four-peak struc-
ture. In accordance with the above analysis, we
identify the resulting lower branch [see Fig. 4(b)]
as due to overdamped or underdamped traveling
cluster walls. The higher branch corresponds
to the transverse phonon branch. At higher tem-
peratures, the central peak and the associated
cluster-wall excitation branch disappear. More-
over, the phonon branches develop a gap which
increases with temperature.

We also note that the central-peak half-width
is found to decrease, and its height to increase,
when T, is approached from above or below.

1503

and the cluster patterns shown in Fig. 2, it fol-
lows that the essential features of the critical dy-
namics may be extracted by keeping the radial
component of the field constant. Consequently,
we expect small-amplitude solutions, correspond-
ing to the transverse phonon branch, and 90'-
cluster-mall solutions. The small-amplitude so-
lutions have frequencies

M&ur'(k) =-B,P'+Ca ak', (7)

and the traveling 90'-wall solutions are given by'
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~~ S L(k, (u) = S T ( k, u) )

0k.—7r

(O, O )

(D.z, o)
(Q.a, o)

I I-—

O.P 0.4 0.6

(b)

Moreover, we have shown that the formation of
clusters, their dynamics, and the associated cen-
tral-peak phenomena are not artifacts of one-
component systems. ' In fact, we have demon-
strated that clusters are formed in the angular
displacement field which are separated by 90
walls. The excitation spectrum was found to be
more complex than the conventional theory of lat-
tice dynamics would predict. In fact our results
reveal that, sufficiently close to T„ the dynamic
form factor of the order-parameter fluctuations
is dominated by a central peak which splits at fi-
nite wave vectors and dominates the critical slow-
ing down. The central peak and the associated
excitation branch were traced back to traveling
90' walls.

The authors have benefitted from discussions
with A. Baratoff, A. D. Bruce, J. Feder, L. P.
Kadanoff, J. A. Krumhansl, and K. A. Mailer.

pIG. 4. (a) Frequency dependence of Sl, (k, ~) =Sz(k
~) for various (kz, 0) at &s&=9) &s7g =2.79.
4 and 5 are due to a transverse phonon, and peaks 2
and 3 arise from underdamped traveling cluster walls.
(b) Dispersion curves determined from the peak maxi-
ma; the numbers label corresponding peak maxima.

Hence, the critical slowing down of the order-pa-
rameter fluctuation is intimately reflected in the
central-peak phenomenon.

In conclusion, we have presented numerical
evidence that the critical behavior of a classical
two-dimensional lattice-dynamical XY model with
quartic anisotropy is consistent with the expo-
nents of the two-dimensional Ising model.
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We succeeded in substituting the paramagnetic Cr + (S= ~~) ion with the same size as As +

in KH2As04, for P + in KH2P04, and in their deuterated isomorphs. In the crystals the
high-temperature resonance spectrum showing a local tetragonal symmetry is broken on
the time scale of the EPH experiment below T*&Tc, so that orthorhombic spectra appear
in the paraelectric tetragonal phase. T* shifts proportionally to the Curie temperature
Tc upon deuteration. We deduce the existence of ferroelectric clusters with lifetimes T
longer than 1.5x 10 8 sec below T*.

In this I.etter, an EPB investigation on Cr'+ is
presented which shows in the paraelectric phase
the existence of s1ow loca3. dynamic fluctuations

in potassium dihydrogen arsenate and phosphate
(KDA and KDP) as well as their deuterated iso-
morphs. These fluctuations are of ferroelectric
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