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that the spin which we have found is the correct
relativistic quantity as we encountered it in

fd'r (x'8" -x'8"). This is the proper Lorentz
angular momentum and formally, as well as in
the vacuum sector, satisfies, together with fd'r
&& x'8, the Lorentz algebra. Moreover Goldha-
ber has recently shown that our half-integer-
spin dyons obey Fermi-Dirac statistics. '

One of us (R.J.) is happy to acknowledge con-
versations with P. W. Anderson, who insisted on
the possibility of contructing noninteger angular
momentum in gauge theories. Both of us benifit-
ted from discussions with S. Coleman and J. Gold-
stone.
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It is argued that magnetic monopoles in Bn SU(2) gauge theory may bind with an ordi-
nary boson with isospin, to give bound states with spin. If the isospin of the free boson
is integer or half-odd-integer, the total ~~guIar mometum of the bound state is integer
or half-odd-integer, respectively. Accor¹~ng to the spin-statistics theorem we can ob-
tain fermions this way in a theory that started off with bosons only.

Recently it was shown by Coleman' that in a
two-dimensional boson theory (the massive sine-
Gordon theory) "solitons" occur that actually
obey Fermi statistics. We present here a theory
in four space-time dimensions where fermions
can arise in a similar manner.

Let us consider the Lagrangian'

g Q aG a (D Qa)2 —y(Q2 ~2)2

charged vector boson, and a neutral Higgs boson.
Here, A, and F are parameters, and

+e
(2)

D~Q'=B~Q'+ee Aap Q'.
This model has a magnetic monopole soliton,
described by a, classical solution of the form'

describing 'neutral massless photons, a, massive
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D~U =8 ~U —ieT'A q'U,

[T',T'] = ie„,7',
and for instance

V =m'U*U hU'U(F-' Q'}+@(-U*U)'

(6)

Thus we have added to the system a multiplet of
elementary particles, whose electric charges
are either -se, . . . , -e, 0, e, . . . , se, or
-se, . . . , —&e, +&e, . . . , se, depending on
mhether 2s+ 1 is odd or even. In the latter case
our monopole actually is a Dirac monopole, be-
cause

if q =2e is the charge quantum. It is this case
that we have in mind. It has been known for a
long time that the Hamiltonian eigenstates of a
charged boson in the presence of a magnetic
point source have half-odd-integer angular mo-
mentum. It is the purpose of our present Letter
to show that this feature persists if the magnetic
point source is replaced by the nonsingular soli-
ton in the gauge theory and if the bound state is
described as being one of the quantum excitations
of the magnetic monopole. Assuming the spin-
statistics theorem to be valid here me conclude
that this quantum excitation is a fermion, in spite
of the fact that the model has only bosonic elemen-
tary fields.

While these notes were written we became a
aware of the work of Jackim and Hebbi' who
reached the same conclusions in the same model,
but used a different approach. They considered

We have the following asymptotic behavior:

Q(~)„=„&/~,

W(~)„— —1/e~'.

The electric field is zero and the magnetic field
18

H = r/er'

Thus we have a magnetic charge,

g = 4~/e,

satisfying Schwinger's quantization condition.
We now introduce a new scalar (complex) mul-

tiplet of fields, transforming as some irreducible
representation of SU(2). Thus we add to the La-
grang13n

~g = - (D„U)*D„U- V,(U*U, Q'),

mith

Collective variables are indispensible for de-
scribing momentum and charge conservation.
(Pure isospin rotations can be dealt with by fixing
the gauge. ) The quantum excitations are then
taken to be only those that are orthogonal to in-
finitesimal translations and charge gauge rota-
tions. The infinitesimal fluctuations of Q"" and
Aq" do not mix with those of U~, and we will only
consider the latter. The equations for the station-
ary modes (&,-—iE), normalized to 1, can be
considered as Schrodinger equations for a scalar
particle with isospin T and mass m, interacting
with the monopole. In the nonrelativistic limit

~opUqu @Uqu
9

where

(10)

e'P = (1/2m) [P ~ —e(A ') "(x)Z"]2+V(x), (11)

with

P, = (1/i) e/ex, ,

and V(x), following from Eg. (7), may provide the
binding force.

The symmetry properties of this equation follow
from the form of the classical values of A and Q
[Eg. (3)]. Rotational invariance implies that

J'~ = (x&& p) + T (12)

is conserved. Its eigenvalues are clearly integer
or half-integer if those of T are integer or half-
integer, respectively. Another conserved quanti-
ty is electric charge, which is well defined far
away from the center:

C =e(x T)/ixi. (12)
ix)

States are completely classified by C and J.
The fact that J'P really describes total angular

the case that U(x) w 0 in the classical solution
mith lowest energy, after which they introduced
a collective variable corresponding to isospin
rotations of U(x). We will take the case that the
classical value of U(x) is zero in the presence of
the monopole solution, which is certainly compat-
ible with the wave equations end also mill minim-
ize the energy if m andy in Eq. (7) are large
enough. The functions Q(r) and W(x) in Eq. (3)
are unaltered now. We quantize the theory in the
one-soliton sector of Hilber space, writing

Q'=(Q')"+(Q )""

A a (A a) + (A a)q

U UqU
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momentum of the bound state can be concluded in
different ways:

(a) J'p commutes with the Hamiltonian. The en-
ergy of the states depends only on J' and C. Thus
there is a 2j+1 degeneracy, following from the
fact that the total system is rotationally invariant.

(b) J'& satisfies the correct commutation rules:

where P generates translations of the total sys-
tem.

(c) It is enlightening to consider the classical
limit of Eg. (11) in which

[p'~,x]-0, [T',T']-0,

[J '& J 't'] = ie, ,„J '&

It can be shown that

[ g & ~] L g~k k

(14) etc. , corresponding to large momenta, coordi-
nates, masses, and large values for T'. Replac-
ing commutators by Poisson brackets, we get the

(15) following classical equations for the isospin par-
ticle in the neighborhood of the monopole:

x;=(1/~)[0; —e(A )"(x)T'],

j,=(1/~) [P, —e(A, ')"(x)T'](~/ax, )(A, ')"eT' —8V/sx, ,
T'= —&,~,(1/m)(P, —eA, ~T")eA ~T'

which imply the Newton equation

mx,.=«,(6,.;)"eT'-8V/ex,

It is easy to show that the kinetic energy and the following quantities are conserved:

Jq=(xxmx))+[T +WeT (» Gent, xqxt)]-

The first term is the orbital angular momentum, while the second one—as will be shown —is the angu-
lar momentum which is stored in the Yang-Mills-Higgs field system in the presence of an isospin par-
ticle at x with isospin-charge eT . So J is the conserved total angular momentum. If we express S
through the Hamilton variables we get back Eg. (12).

'/he calculations of the angular momentum stored in the Yang-Mills-Higgs fields consist of the fol-
lowing considerations (we do not here give all mathematical details). By putting a particle with isospin-
charge vector eT' at the point r, a fields, ', and so a momentum density, is created, which has the
form

g ac a+ (D sbQb)(D acQc) (20)

(similarly as in electrodynamics where the Coulombic field E of a charge creates a momentum density- E&& B around the monopole). The corresponding angular momentum is given by

Z, , '~'= fa'x e„,x,r„.
Using the form of the soliton solution, ' the integrand can be cast in the form

A;(2eW-2+e'x'W'+eQ'+ e x2WQ )(5„x x,x, )+B-„B„A;(x'5„-x,x, )W

-a„A,'[W(x, 5.„-x.5,„)- sw'x( ,5„xm- x, x)]- 8, [e„A,'( x' 5„- x. x) W].

The next step is to use the equation of motion for Ap'-.

D "6 ' —ee, ,(D "Q')Q'=eT'5'(x- r). (23)

The source term at the right-hand side is due to the isospin particle. It is then a straightforward cal-
culation to get

= Jd'x ([T'+e WT'(x'5„- x, )x]5'(x —r) + (total derivatives)j. (24

The surface terms can be shown to be zero, and so we get

=T, +eW(x)T'(x'5„-y ~, )

which proves the statement.

(25)
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So far, we only considered the "little group"
(i.e. , the subgroup of Lorentz transformations
that leave the energy-momentum of the bound
state invariant). We found invariance if the ele-
ments of the little group are associated with a
gauge transformation [by mapping the two SO(3)
groups into each other]. This leads to the con-
servation of the angular momentum (12).

What about the more general elements of the
Lorentz group~ They also affect the collective
coordinates and thus also the fields Q" and A ".
The gauge for the new Q" and A", after a Lo-
rentz boost, is essentially free, so that the for-
mulation of the more general Lorentz transfor-
mations will be much more ambiguous, contrary
to those of the little group for which we could
keep Q" and A ' fixed. One consequence of this
complication is that although it is easy to tell
what the spin of the particle is, by consideration
of the little group, it will be hard to derive a
relativistic wave equation such as the Dirac or
Klein-Gordon equation for the composite parti-
cles.

Of course the theory is expected to be fully Lo-
rentz invariant and unitary, at least in the per-
turbation expansion because shifts such as in our
Eq. (9) are known not to affect these properties
essentially, even after renormalization.

After this work was completed, Goldhaber'
showed how to extend the relation between spin
and statistics for particles with both electric and

magnetic charge: When two dyons are obtained
as bound states of magnetic poles and electric

charges, then the wave equation for the two com-
pound objects may violate the spin-statistics the-
orem, but it contains more Dirac strings than
necessary. These Dirac strings can be trans-
formed away by means of an ordinary gauge trans-
formation, and then a new minus sign restores
the spin-statistics relation for the two dyons.
These arguments are expected to apply also to
the bound states we discussed here.
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An object composed of a spinless electrically charged particle and a, spinless magnet-
ically charged particle may bear net half-integer spin, but the wave function of two such
clusters must be symmetric under their interchange, Nevertheless, a careful study of
the relative motion of the clusters shows that this symmetry condition implies the usual
connection between spin and statistics.

If magnetic monopoles exist, then classical
physics already tell us that a system of pole g
and electric charge q has an angular momentum
of magnitude gq/c, directed from charge to pole.
In quantum mechanics this spin adds to orbital
and intrinsic angular momenta, so that, for gq/

+ = (2n+ 1)/2, an otherwise integer-spin system
will have net half -integral total angular momen-
tum. ' This holds equally well in the SU(2) gauge
field formulation of charge-pole interactions (in
fact, this spin may be used to derive the gauge
field' ), as has recently been emphasized by Jack-
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