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We first prove that Q le (V) l, the sum of the negative energies of a single particle in a
potential V, is bounded above by (4/15m)f(Vl~/' This. inturn, implies a lower bound for
the kinetic energy of N fermions of the form 3 (3&/4)'~'fps/', where p(x) is the one-parti-
cle density. From this, using the no-binding theorem of Thomas-Fermi theory, we pre-
sent a short proof of the stability of matter with a reasonable constant for the bound.

The basis of aQ theories of bulk matter is the stability theorem of the N-electron Hamiltonian,
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Equation (1) has been proved by Dyson and Lenard. ' Unfortunately, their analysis is complicated and

their constant A gigantic, about 10' . Despite subsequent improvements, ' ' a simple proof yielding a
reasonable constant A has not yet been found. In this note we propose to fill this gap.

We start with the observation that if Thomas-Fermi (TF) theory were valid, then the no-binding the-
orem' would yield the desired result because the TF energy is proportional to the number of atoms.
Our goal will be to show that the TF energy, with suitably modified constants, is a lower bound to II~.
To show this, we have to demonstrate two things: (i) The TF approximation for the N-fermion kinetic
energy, Kfp'I', is a lower bound for some K &0; (ii) the TF approximation for the electron repulsion,
Op(x)p(y) jx —yl 'tfsxd y, can be converted into a bound by a further change of constants. The follow-
ing is a sketch of our proof. Fine points of rigor, together with some variations of the inequalities giv-
en here, will be presented elsewhere.

(i) Kinetic energy of N fermions. —Consider the Schrodinger equation for one particle in a potential
V(x). Schwinger' has derived an upper bound for Nz(V), the number of energy levels with energies «Z.
For a &0, and with 1 f(x) I

=——f(x) for f(0 and 0 otherwise,

N-. (V) ~ N-.f.(I V+ o'/2I ) - (4~) 'f~'«'y
I V(x)+ ~/21- lx —y I

' «pl - (2~)"'lx —
y Ill V(y)+ ~/2I

~ (4p) (2o) ~~ Jotsx lV(x)+ Q/2l (2)

The last inequality is Young's. Consequently, the sum of the negative energy eigenvalues of p'+V is
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bounded by

g~e (V)~
—f"N (V)do((8„)- |2»2fd&xf" ~'"" do. n»'[V(x)+a/2]'= (4/15w)fd'x ~V@)) "' (3)

By comparison, the classical value is

(2m) fd x Jd P ~P'+V&x)) =(15m') 'fd'x )V(x)( "'
We conjecture that (4) is actually a bound. In one dimension an analog of (3) holds with fl V I

~', but
we have a counterexample that shows that the classical value is not a bound.

Now let ( be any N-particle normalized antisymmetric wave function of space-spin. De6ne

p. (x) N-fd x2"' ~ & ~&@»2~ "~ ~~'~ 2~
+2'pe e ~ y O+

T =&&I -E~,ls),
i=1

T(fp 5/3~ fp 5/3) 1&0

(4)

(5)

and m, are projections onto the single-particle spin states. I et h, =p —(5K/3) [p, '(x, )n, ++. p . '(x,.)
x m; ] be a single-particle Hamiltonian and

H=gh,
f=l

If E, is the fermion ground-state energy of H then E, (&(IHIp) =T —(5K/3)(fp '+~ /f+p '/~) On .the other
hand, E, is greater than or equal to the sum of all the negative eigenvalues of P'- (5K/3)p, "' together.
By (3), E,& —(4/157/)(5K/3)"'(fp+"'+ fp "'). Combining these two inequalities" yields

K o &(3m/2)~'. (8)

With

p( )=p, (x)+p (x),

and using the convexity of fp"', we obtain a weakened version of (8):

T & —,
' (37//4)' 'fp (x)"'d'x (10)

If (4) were a bound, then the TF constant, —,
' (37/')~', could be used in (10).

(ii) Electron rePulsion. —In this paper we shall use TF theory twice; the first use is to derive a the-
orem about electrostatics. The TF energy functional with y )0 and positive charges Z„at locations R,
is

g (p)= (3/5y)fp"' QJd'-x p(x)~x-R„( 'Z, +-'ffpg)p(y))x-y~ 'd'xd'y+ Q Z, ZJR/-R„i '.

For any R, , the minimum of 8 ~ (p) occurs when fp =Q/Z, . (j = 1 to M), and this in turn has a minimum
when the R, are infinitely separated (no-binding theorem'). Thus

~, (p).- —3.68&Z Z;"',
g=l

(12)

since a neutral atom of charge Z has an energy —3.68yZ ' in TF theory.
Consider (11)with R; being the electron coordinates, x;, Z; =1, M =N, and p given by (5) and (9).

Multiply (11) by I g I2 and integrate, and then use (12). Thus, for all y & 0,

&(I Zlx; x;I 'l0') --2ffp( )p(y)lx -yI 'd'xd'y —(3/5y) fd'x p( )"' 3.68N. - (13)

Therefore we have an electrostatic theorem that
the TF estimate for the electron repulsion [the
first term on the right-hand side of (13)] is a low-
er bound provided one makes a kinetic energy
correction and subtracts an energy proportional
to the electron number. &(IHslt&-~g(p) —3 68», (14)

(iii) Stability of matter. —Combining (10) and
(13), with y & (4/3m)' and R„being the nuclear
coordinates, yields
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with 1/6 = (3s/4) ' —1/y and p given by (5) and (9).
A lower bound is obtained by minimizing Ss over
all p such that fp=N. For simplicity we shall on-
ly use the absolute minimum of h&. By (12)

($~H„~()-- 3.68(Ny+6+ Z;"')'. (15)

limit
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Optimizing (15) with respect to y yields
N Z 7/3 1/2- 2

($~&~~))--2.08N 1+ Q N
. (16)

Remarks. —(1) If the fermions are of q species
(instead of 2 as in the electron case), then the
right-hand side of (10) would acquire a factor (2/
q)'t' and the right-hand side of (16) a factor (q/
2)2ls

(2) If all Z&=Z, our result (16) gives a Z"' de-
pendence instead of the known Z bound. If MZ
~ N then MZ"'/N (Z~', which is an improvement
over Ref. 3. If MZ)N then we have to use the Jp
=N condition in (14). The TF no-binding theorem
also holds in the subneutral case. By convexity
of the TF energy in Jp, the minimum occurs for
M atoms with etlual electron charge N/M. If MZ
»N the energy per atom is proportional to (N/
M)'fsZ'. Then (gl&„ IP) is bounded below by -aN
-bZ'M@'N"3. While this has the correct Z de-
pendence, it has the wrong I dependence', M@3

should be replaced by N' . This difficulty is in-
herent in TF theory. What one needs is a simple
proof that if MZ»N, then one can remove most
of the surplus nuclei without affecting the energy.
Even for N=1 this is not a simple problem. Nev-
ertheless, our present bound is proportional to
the total particle number, and this is sufficient
for proving the existence of the thermodynamic
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The notation is @=e=2m=1; x; andP; are electron
variables; BI, and Z& &0 are nuclear coordinates and
charges (~=1 Ry).
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The noise produced by thermodynamic Quctuations (e.g. , in carrier number) is shown
to diverge for ideal contact (spreading) resistors. For diffusion-controlled. fluctuations
the frequency spectrum is shown to be proportional to &u (i.e. , 1/f) for high frequen-
cies. This behavior is shown to be approached by resistors whose surfaces have sharp
corners. The relation to observed noise is briefly discussed.

Noise power proportional to the square of the
applied voltage (V) with a fretluency spectrum
S(cu) ~ ~"' over a wide range of &u has been ob-
served in a variety of electrical devices. " Sev-

eral models for this noise, invoking either com-
plicated processes (e.g. , hydromagnetic turbu-
lence') or purely mathematical constructs (e.g. ,
correlated pulses4), have not given successful
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