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The stability of a plasma consisting of two, unequal, isotropic, ion beams streaming
along a uniform magnetic field has been investigated by numerically solving the full elec-
tromagnetic, Vlasov, linear dispersion relation for high-P plasmas. Three instabilities
are found: One is closely associated with the usual Alfven mode and the two others with
the "fast" or magnetosonic mode. The importance of these instabilities for certain neu-
tral-beam-injection experiments and in the solar wind is emphasized.

Recent IMP-6 solar-wind observations" have
shown the regular appearance of persistent, dou-
ble-peaked, ion-velocity distributions. The two
peaks are generally unequal in size, are often
clearly resolved, and may be separated by as
much as the local Alfvbn speed CA parallel to the
ambient magnetic field B,. Since P =SvnT/Bo' is
moderately high, it is appropriate to utilize the
complete electromagnetic dispersion relation.
For this study the range 0.05 & P & l is consid-
ered. This range is also of interest for future
neutral-beam-heating expe riments in moderate-
ly dense plasmas. '

Theoretical investigation of electromagnetic
ion-beam instabilities effectively began with
Stepanov and Kitsenko. 4 They concluded that both
right- and left-hand circularly polarized modes
(commonly termed magnetosonic and Alfven
waves, respectively) propagating parallel to B,
could be driven unstable by a weak, secondary
ion beam also directed along B,. However, these
results are subject to question because they cal-
culated growth rates from frequencies which did
not include either the particle thermal velocities
or contributions due to the beam. Later work"
has used the same questionable technique.

More recently, growth rates for ion-b'earn ve-

locities much greater than the Alfvdn speed CA
have been calculated, ' and the special case of
propagation perpendicular to the ambient mag-
netic field for equal-density components has been
treated. ' Growth rates for obliquely propagating
electrostatic ion-cyclotron waves in a warm plas-
ma have also been evaluated. '

This Letter presents selected results from a
more general investigation of electromagnetic
ion-beam instabilities carried out by numerical-
ly solving the electromagnetic, Vlasov, linear
dispersion relation for a homogeneous plasma
including off-angle propagation. " These results
represent substantial improvements over those
obtained with use of the cold-plasma approxima-
tion.

For this study, a three-component plasma con-
figuration is assumed, consisting of a main pro-
ton component (hereafter denoted by the subscript
M), a counterstreaming (in the center-of-mass
frame), secondary proton component (beam) de-
noted by the subscript B, and an electron compo-
nent e, where each component is assumed to be
an isotropic Maxwellian. The plasma is elec-
trically neutral, n„+n~ =n„and bears no cur-
rent, n~Vp„+n~Vp~ 0 and V„=O. The V„are
the drift velocities of the various (j =M, B, e)
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components relative to the center of mass of the
entire system. Temperature anisotropies have
been ignored, even though they can be substantial
in the solar wind, in order to isolate the effects
of the counterstreaming, unequal beams.

We now discuss numerical results for one rep-
resentative case typical of the solar wind as well
as high-P plasmas of current interest. The con-
figuration is defined as follows: Ts=T„, T,/T„
= 2, ns/n„= 0.3, C„'/c' = B,'/4 em ~n, c' = 4.8 x 10 ',
where Vc =

I V,s —V»~ and P„=8mn, T„/B,' are
variable. For zero drift (VD=0) and ka~(1 [the
proton thermal Larmor radius is a~ = V~/Q~
= (T~/m~)'/'/(eB, /m~ c)', the numerical solutions
of real frequency as a function of wave number
&u(k) correspond to the three well-known ("fast, "
"intermediate, " and "slow" ) modes of low-P
magnetohydrodynamic (MHD) theory. " A study
of the stability of this configuration for V~ 0 as
a function of P„shows thatd, epending on P„,
three different instabilities can become impor-
tant. The slow mode was found to be damped and
will not be further considered. The three unsta-
ble modes are clearly recognizable in Fig. 1 as
three distinct threshold curves labeled A, J3,

1.6

1.4

Vp
l.2

GA

I.O

and C. Brief inspection of the polarization and
dispersive properties of these modes (summa-
rized in Table I) makes it clear that modes A and
I3 are associated with the so-called MHD mode
and will be termed here field-aligned and oblique
magnetosonic modes, respectively. Mode C is
the intermediate MHD or Alfven mode and will be
referred to as the ion-beam Alfvdn instability.

The major characteristics of the various modes
can be summarized as follows: The field-aligned
magnetosonic mode (mode A) is characterized by
a steeply (then more slowly) rising growth rate
with increasing V» increasing to y/Q~) 0.2 for
VD/CA-2 with ka~ at maximum growth rate y
remaining about constant at -0.3. This mode is
purely electromagnetic and right-hand circularly
polarized. Near threshold it is only unstable
when k is very nearly parallel to 8, &i.e., k must
lie inside of a cone of a few degrees half angle
when yQ~-10 '), but at larger growth rates the
cone half angle for —,

' the maximum growth rate
increases to several tens of degrees. For exam-
ple when VD/CA exceeds 20 (where y/Q~-0. 5) the
half angle becomes 75 . The growth rates do not
go through a maximum with respect to V~, but
continue to increase slowly out to a Vc/CA of a' t
least 25. For p~ (0.3, the threshold of the field-
aligned instability rises significantly above that
of the other modes (Fig. 1).

At intermediate Ps the oblique ion-beam magne-
tosonic mode (mode B) has the lowest threshold
and is characterized by the following properties:
y rises steeply with VD above threshold but tends
to saturate at values about a factor of 10 below
that for the field-aligned case. For example, at

0.8 TABLE I. %'ave characteristics at threshold.
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FIG. 1. Drift-velocity thresholds as a function of
parallel p for the main proton component (p~uI =8m,T ly/
Bo ). In this case P~~ ——Pz because Tsf T~. The thresh-——
old is arbitrarily defined as &/~& =10 4—a growth rate
high enough to become important in the solar wind
where ~&- 0.5 sec"~ and the characteristic expansion
time is = 10 sec, as weG as in laboratory experiments
where 0&-10 sec ~ and confinement times are -1O-'
sec. The dispersive properties and polarization of the
three modes labeled A, 8, and C (summarized in Ta-
ble I) make it clear that modes A and B are associated
with the magnetosonic mode while mode C is predomi-
nantly an Alfven mode.

A, 1.O
A, 0.5
B, 0.5
B, 0.2
C, 0.3
C, 0.05

1.0 0.3
1.0 0.27
0.56 0.1
0.5 0.02

—8.3 0.13
1.15 0.12

1.0
1.0
0.92
0.96
0.77
0.94

1.13 1.0
1.16 1.0
1.0 1.07
0.94 1.02
0.6 1.55
0.6 1.06

0.0
0.0
0.5
0.3
0.75
0.32

1.0 for circular polarization; 0 or for linear po-
larization; negative value for left-hand polarization.

Ratio of electric to magnetic fluctuation amplitudes
(normalized so that dR/6B = 1 for a pure electromagne-
tic mode).

Ratio of parallel to perpendicular (to k) electric
field fluctuation amplitudes.

668



VOLUME )5, NUMBER 10 PHYSICAL REVIEW LETTERS 8 SEPTEMBER 1975

VD/C„=2 and P„=0.3, y,„/0~-0.02. It appears
that at very high drifts (VD/CA & 10) the growth
rates saturate and the filed-aligned mode A (even
at p„(0.2) dominates. Near threshold, the
oblique mode is composed of mixed transverse
and longitudinal components although predomi-
nantly electromagnetic, and is right-hand ellip-
tically polarized. ka~ ranges from 0.02 t,o 0.1
near threshold with e/k = CA.

At still lower P„, the AUvhn mode has the low-
est threshold, but on the other hand is the weak-
est of the three instabilities. y becomes maxi-
mum near (2-3)x10 'Q~ for VD/C„=1 and de-
creases slowly for VD/CA& 1. As in the case of
the oblique magnetosonic mode, the beam Alfvbn
mode is stable and moderately damped for k ii B,.
Phase speeds relative to the center-of-mass
frame are normally significantly below the Alfvbn
speed.

In order to identify the physical processes that
are important with respect to the fastest growing
of these instabilities, the field-aligned magneto-
sonic mode, we have found it useful to compare
solutions of the much more tractable cold-plasma
dispersion relation with numerical calculations
similar to those already described. In this case,
however, we need only consider k ii B„and the
dispersion relation is much simpler. "

For the following discussion, the same plasma
configuration as already described was employed
except for the minor changes noted in the caption
to Fig, 2. The results of the comparison are il-
lustrated in Fig. 2 and can be summarized as fol-
lows: (1) For ka~«1 and for V»» C„, the cold-
plasma dispersion relation (with drift velocities
and beam contributions included) gives a good ap-
proximation to the Vlasov results for both co and

y. When either of the above inequalities is satis-
fied, the k ii B, ion-beam instability can be clearly
identified as a nonresonant fluid instability.
(2) Near threshold (V,s-C„) and at shorter wave-
lengths (ka~(1) where the maximum growth rates
are found, the cold-plasma approximation of y
becomes quite poop (in the direction of excessive
stability). This is because an increasing number
of particles in the beam component become cyclo-
tron resonant and the threshold drift velocity is
substantially lowered.

Thus, an important result of comparison with
cold-plasma theory is that finite-Larmor-radius
effects tend to destabilize significantly what at
longer wavelengths is an ion-beam fluid insta-
bility. This is an additional example of a simi-
lar effect already found in the case of the well-
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known firehose instability. " Such destabilization
effects may be a general property of resonant
ions with regard to electromagnetic instabilities.

Finally, although all of the instabilities con-
sidered here are likely to be important in the
solar wind as well as other astrophysical plas-
mas, the field-aligned magnetosonic mode may
also be particularly important in the case of lab-
oratory fusion plasmas heated by neutral-parti-
cle injection parallel to B, (for relatively high
P& 0.05). In this case, at least for a time after
beam switch-on and probably even under condi-
tions of steady-state injection, a more or less
well-defined secondary beam is expected to
form. Since for V~» CA and ns/n„-0. 3 the lin-
ear growth rates become very large (0.5Q~) over
a large volume of 0 space, the characteristic
time for energy randomization due to the insta-
bility may be significantly shorter than the "de-
celeration time" for the ions due to collisiops. "
A similar situation for the case of cross-field in-
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FIG. 2, Comparison of phase speeds and growth
rates between Vlasov and cold-plasma theory as a func-
tion of proton-beam drift velocity Vo~ (for Vog and k
parallel to Bo). The Vlasov (cold) plasma values for
~/k are shown by the solid (dashed) lines while y is in-
dicated by the dotted (dot-dashed) lines. For purposes
of comparison co/k =Vos is indicated by the straight,
hatched line. The plasma configuration is the same as
for Fig. 1 except that Pz is fixed at 1.0, CA /c =3.0
x 10 8, and ns/ns, =0.43 instead of 0.3. These changes
make no qualitative difference in the results. ku& =0.3
for the Vlasov case.
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jection has been found as a result of the electro-
magnetic cyclotron instability driven by T,

16
1!I ~

The analysis may also explain why apparently
no anomalous beam diffusion has been observed
to date in parallel-injection experiments. Figure
1 shows that ion-beam instabilities require in-
jection velocities VD -C„, but recent experiments
conducted at low P ( 0.005 have used Vo- IOV~
c C„/4. Instability thus requires a toroidal ion P
of about 0.05, far in excess of the presently at-
tainable values in tokamaks.

*Work performed under the auspices of the U. S. En-
ergy Research and Development Administration.
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A careful calculation of the one-phonon dispersion in diamond reveals a shallow maxi-
mum in the [100] direction for the w2'(LO) branch. The two-phonon (overtone) density
of states shows a sharp peak near twice the Raman frequency. This supports the inter-
pretation of an observed peak in two-phonon Raman scattering as a simple overtone with-
out the need to invoke a two-phonon bound state.

The recent careful experimental investigation
of the Raman spectrum of diamond' has stimulat-
ed considerable theoretical work attempting to
explain the observed spectral features. Particu-
lar attention has been given to the origin of the
sharp, polarized peak in the Stokes Raman scat-
tering at an energy shift slightly above twice the
one-phonon zone-center phonon energy and with
symmetry I'~"). It has been proposed that this
peak represents a two-phonon bound state. ' In
the present work we present new theoretical re-
sults which give strong support to interpreting
this feature as an ordinary two-phonon overtone,
arising from novel phonon dispersion in diamond.

The essential point of our work has been a very
careful investigation of the phonon dispersion in
diamond using a fine grid for calculating cu(q).
We used a valence-force-field model' which gives
excellent agreement with the u&(q) determined
from inelastic neutron scattering. The same
model was also successful (with different param-
eters) in investigating phonon dispersion in sili-
con and germanium. ' In Fig. I we show phonon
dispersion in diamond in the direction q [i 6[100].
The calculated points are shown. To be noted is
the shallow maximum in the branch t),, '(0) at q ap-
proximately —,

' of the zone boundary (Xpoint).
This maximum in this branch is approximately
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