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Van Hove Singularities of the Surface Phonon Density from Inelastic Reflection of Atoms*
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The main peaks of the angular distribution of atoms inelastically reflected from a crys-
tal surface are shown to be associated with analytical critical points of the surface pho-
non dispersion curves, particularly those of Rayleigh and Lucas modes. Because of such
a relation, the frequencies and wave vectors of these modes could be measured by analyz-
ing the shift of the peaks under a change of the angle of incidence.

Since the work by Cabrera, Celli, and Manson,® the inelastic reflection of atoms by crystal surfaces
has been considered one of the most useful tools for investigating surface phonons. However, coupled
high-resolution measurements of both velocity and angular distributions? are still severely limited by
the actual low detection efficiencies. Williams and Mason,3* through sophisticated measurements of
the angular distribution of He and Ne scattered from LiF and NaF surfaces, were able to show that the
sidebands observed around the elastic peaks correspond to one-phonon inelastic processes and, in
some cases, can be associated with Rayleigh waves.

In this Letter I show that the main peaks of the inelastic angular distribution, observed under suita-
ble experimental conditions, are related to analytical critical points of the surface dispersion curves,
namely to Van Hove singularities of the surface density,® and particularly to those associated with Ray-
leigh and Lucas® modes.

The differential one-phonon reflection coefficient, at zero surface temperature and up to unitarity
corrections, is given by’

dzR(‘)___m""ac 45
dwdst, 4T g

Dy Zy XK, 0)Z) (K, w)p,y dE, v?), (1)

iz
where w is the phonon frequency, &, the gutgoing-beam solid angle, m the particle mass, «,the sur-
face unit-cell area, q;=(K;, q;,) and q,=(K}, ¢, the wave vectors of incoming and outgoing particles,
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and 7K = k(K ;- K,) the surface momentum trans-
fer; I-E=E+—(§, where K is the phonon wave vector
and G a surface reciprocal vector. The matrix
elements of the surface-projected phonon density
p(ﬁ, w?) and the components of the coupling “forces”
Z are defined in Ref. 7.

For planar scattering, the energy loss 7w is
related to the momentum transfer by the kinema-
tical equation

w/w;=1-(1-K/K)?sin?0,/sin%6,, (2)

K and K, being the components of K and K, on
the incidence plane; 0; and 6, are the angles of
incidence and reflection, respectively, and #w;
=E,;=F%g,;?/2m the incident particle energy. The
angular distribution function

K6, = [dw (a?R™ /dw a2, (3)

is obtained by a line integration in the plane (X,
w) along the parabola represented by Eq. (2).

The differential reflection coefficient displays
the structure of p(K, w?), namely, a superposi-
tion of the continuous spectrum associated with
the bands of bulk phonons projected onto the sur-
face, and a discrete spectrum formed by a few
6 functions located at the frequencies of surface
and pseudosurface modes.

According to the analysis reported in a pre-
vious work,” the coefficients Zy(ﬁ, w) for the scat-
tering of neutral particles introduce an enhance-
ment in the response of acoustic phonons (mainly
Rayleigh modes) and a dramatic cutoff in the op-
tical region. Usually, only the lowest optical
surface mode, the sagittally polarized Lucas
mode,® survives, giving an appreciable contribu-
tion, particularly at the border of the surface
Brillouin zone.®

We focus our attention on the contribution to
I(6,) of surface localized modes, i.e. Rayleigh
and Lucas modes. For these modes we have a
term like

#RW /dw dQ,=A(K) 5w - w(K)), (4)

16) =2v AR [(w; - ws)(ws - w)(ef- 8. cotd,] V2,

€
X
>
>

‘_(

rMr §
9;= 90° Jw, =
su_o\ ( 9¢=9; =65° o
Yp=51° Hs. &
SLO
Vv s
>-
g - A e
v|v 50.2° {2
o w
SLA S 78.7 o &
(RW) 50,00
$=0°
68.8° H2.

-2,00 0,00 2,00 @0 .0 BO) (00) (12,00
ak/m

FIG. 1. Energy loss versus momentum transfer and
surface phonon dispersion curves for planar scattering
of Ne from LiF (001) surface [incidence plane parallel
to (100); 6;=65°, E;= 18x10™* erg, according to exper-
iments of Ref. 9]. Solid circles refer to the Rayleigh
surface mode (RW) and the Lucas pseudosurface mode
(LM) at the /7 point of the surface Brillouin zone., The
6; values of the parabolas crossing these points are in-
dicated and give approximately the location of singulari-
ties in the angular distribution.

where wg(K) is the dispersion function for one of
the above surface modes. This term contributes
to 1(6,) when the parabola, Eq. (2), for 6, has
some intersection with the dispersion curve w
=wg(K). When the two curves are tangent, 1(6,)
becomes singular. By calling K and @ the wave
vector and the frequency corresponding to a tan-
gency point, and '9’, the related angle [via Eq. )1,
and by expanding w g(K) around K,

ws(K) =ws+(K -K)vg+3(K -K)wg+..., (5

we can calculate the singular part of I( Of) around

1 3,. We obtain

(6

where w=vg/(K - K,) is the second derivative of w with respect to K in Eq. (2) for K =K. I(6,) exhibits
a typical inverse-square-root singularity at the left or at the right of 6;, depending on whether ws<w
or wg>w. At large 6, the inelastic singularities become more and more important, because of the fac-
tor cot™Y/ 25,. It is important to remark that for beams of atoms at thermal energies and for large inci-
dence and reflectance angles (e.g., 6; and 6,>45° in the case of Ne), v is much smaller than ordinary
phonon phase velocities w/k. This means that the tangency points are very close to the analytical crit-
ical points (8w/8%k =0) of the phonon dispersion curves. Under these conditions the main peaks of the
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angular distribution correspond to Van Hove sin-
gularities of the surface phonon density. Notice
that the Van Hove singularities in two dimensions
are stepwise for minima or maxima, and loga-
rithmic for saddle points in the constant-energy
surface,® while the line integration yields the ap-
pearance of one-dimensional inverse-square-root
singularities. As a consequence, the angular dis-
tributions show “amplified” Van Hove singulari-
ties.

In Fig. 1, the parabolas for Ne scattered by the
(001) surface of LiF in the plane parallel to the
(100) axis, and for 6,=65°, are plotted for some
values of 6;, and superimposed onto the surface
phonon dispersion curves of LiF (reproduced on-
ly in the first Brillouin zone).” According to the
above arguments, the relevant phonons are Ray-
leigh (RW) and Lucas (LM) modes at the M point
(solid circles); singularities are expected for the
values of 6; indicated at each solid circle.

This simple analysis is confirmed by the com-
parison of the calculated angular distribution of
Ne scattered from LiF for 6,=65° and 50° with
the experimental results of Boato and Cantini®
(Fig. 2). A Green’s-function method and breath-
ing shell model were used for surface dynamics.
The coefficient d?R‘V)/dw d2, was calculated as
in Ref. 7, in the framework of the distorted-wave
Born approximation (DWBA). One could argue
that, for the case of Ne atoms scattered from
LiF, a semiclassical approach should be pre-
ferred to DWBA. The choice of DWBA is justi-
fied by the simple form taken by Z,(K, w),” as
well as by the weak influence of the scattering
model on the calculated angular distribution,
whose shape is mainly determined by the phonon
structure. For simplicity, I have neglected also
the G dependence of Zy. Except for a few dis-
crepancies,’® the correspondence between experi-
mental and theoretical structures is good; partic-
ularly, the RW singularities are closely associat-
ed with important experimental peaks (labeled by
p).

The LM singularities, derived from the theo-
retical frequency w (M) =6.15x10% sec”!, could
be associated either with the peaks A [correspond-
ing to wy (M) =6.09] or with A’ [corresponding to
wim(M) =6.23 X102 gec™!]. At present, both in-
terpretations are acceptable, the theoretical
wm(M) being reliable with an error of some per-
cent.

From the above considerations it turns out that
combining two or more experimental angular dis-
tributions taken at different incidence angles en-

236

(2,0) (0
|

ANGULAR DISTRIBUTION (ARBITRARY UNITS)

. il ’ - .

.. 1 z o
ae—e— | / R

2,0) (0.0 -2,0)
\ .\'._ %i =50°
v\
[ \ + GENOA GROUP ]
\ EXPERIMENT
—CALCULATED
\ RW { J
- LM “|lerw ,
v R » X
. . o ’."_‘.a‘-."-".. 7
J oM e
W ‘1.,
N
h 1 1 . Il 1 1 1 1 n
40° 50° 60° 70° 80° 90°
I+

FIG. 2. Calculated inelastic angular distributions of
Ne from LiF (001) surface for 6;=65° and 50° compared
with experimental data of Boato and Cantini (Ref. 9).
The experimental elastic peaks correspond to 6 func-
tions in the calculated spectra.

ables one to obtain the frequency and the wave
vector of some relevant phonons localized at the
surface. For this purpose, the peaks associated
with these surface phonons can be distinguished
from the band contributions by measuring their
shift d6, under a change in the incidence angle
d6;. From the relation [deduced by differentiat-
ing Eq. (2)]

dInsinf,/dInsiné;=K,/(K, - K),

one obtains K, and hence the frequency w, via
Eq. (2).
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Effect of 3He Impurities on the Lifetime of Ions Trapped on Quantized Vortex Lines*
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The lifetimes of both positive and negative ions trapped on quantized vortex lines in ro-
tating *He-‘He mixtures have been measured at temperatures down to 0.1 K. Evidence is
found that the 3He condenses at the vortex core, and possibly at the surface of the elec-

tron bubble.

This Letter briefly describes recent measure-
ments of the trapped lifetimes of positive and
negative ions bound to quantized vortex lines in
3He-*He mixtures.! The primary purpose of
these measurements was to see if the trapped
lifetime would exhibit effects attributable to 3He
condensing either in the vortex core®® or on the
surface of the ions.* :

In pure liquid *He it is widely believed that the
negative ion is an electron self-trapped in a bub-
ble with radius of 17 A.> The positive ion is
thought to be a singly ionized He atom surrounded
by an electrostrictively induced solid “snowball”
with a radius of approximately 6 A. When either
of these ions is near a quantized vortex line they
feel attracted to the line as a result of the Ber-
noulli pressure. The ion can become localized in
a hydrodynamic potential well centered on the
line. The average length of time for which the
ion remains trapped (trapped lifetime) depends on
a Boltzmann factor containing the well depth and
on an attempt frequency which depends on the de-

tailed motion of the ion in the well.® Thus the
intrinsic trapped half-life 7,,, can be written as

71/2=706U/kr, 1)

where U represents the well depth, & is Boltz-
mann’s constant, 7' is the temperature, and 7,"
is the escape attempt frequency.

In addition to thermal escape, trapped ions can
leave the fluid whenever a vortex line migrates
to a wall and is destroyed, releasing its trapped
charge.” This geometry-dependent mechanism
determines the upper limit of the lifetime ob-
served in a given experiment at low tempera-
tures.

If °He is present in the superfluid it can pro-
foundly influence the lifetime. If the 3He condens-
es on the vortex core it will decrease the well
depth U and may also change 7,. Furthermore if
the 3He changes the size of the ion it will change
both U and 7,. Since 7,,, depends strongly on U
and 7,, lifetime measurements provide a sensi-
tive probe of these parameters.
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