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COMMENTS
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We calculate fine-structure corrections to the spectrum of P/4 particles in the char-
monium model, assumi~ that the linear potential which confines the quarks is due to an
effective vector exchange. %e also calculate the electromagnetic decay rates between the
various low-lying s and p states.

Recent observations of monoenergetic y rays in colliding-beam experiments at DESY and at Stanford
Linear Accelerator Center' lend support to the charmonium model' of the narrow resonances g(3. 1)
and g(3.7). In particular, the prediction" of three p states, with masses around 3.5 GeV, and the as-
sociated y-ray decay schemes, could form a basis for understanding the data. A measurement of the
spacing between the 'P„'P„and I', levels —assuming they are found —will yield information about
the quark-antiquark (cc) dynamics. Therefore, we have calculated these fine-structure splittings, un-
der the assumption that the two-body system is essentially nonrelativistic and that the binding results
from an effective vector exchange which provides quark confinement.

Specifically, we assume an effective cc interaction in momentum space of the form

1=(7;r„)'"(7;r)"' (k'),

where k is the four-momentum transfer and v(k ) is a confining potential. In the nonrelativistic limit,
where k -0, the Fourier transform of v(k ) is v(r), the potential used in the two-body Schrodinger
equation. To obtain the lowest-order relativistic corrections to v(r), we expand Eq. (1) to order (v/c)
and express the result in nonrelativistic (two-component) form. We then transform to coordinate space
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and obtain the effective interaction

I V f

V(r)=v(r)+ 2p (v —ru')p + 2V'(3v+m')+6 —L I+2—1,'+ (v'v)- —o "~ o'~4~2 l r r y

I
+ ——v«o(') ro(2) r~ +—6(r)o(x)*o(') (2)

where the prime denotes differentiation with respect to r. The last term in Eq. (2) appears on]y when
v(r) contains a Coulomb term +r '. This term agrees with the known result for positronium' (without
the annihilation potential). For a completely general v(r), the first-order splittings between the three
angular momentum states in the l= 1 multiplet have no simple relation to one another, since the coeffi-
cients of the spin-orbit and tensor terms in Eq. (2) involve different radial matrix elements. However, .

for potentials of the form v(r) = r "/a"" (n ~ —1, n g0) we obtain the sum rule

5(5 —n) [M('P, ) —M('P, )]= 2(13+n) [M('P, ) —M('P, )). (3)

a, = p '/m, + V(r), Z = —(p ')'/4m, '. (4)

Numerical calculations were performed by as-
suming a polynomial times exponential form for
the radial wave functions, and determining the
coefficients by the variational technique of mini-
mizing the expectation value of B,. This proce-
dure converged well using 5-6 parameters. It is
equivalent to numerically integrating the Schrod-
inger equation, but is technically easier. The
relativistic kinetic energy correction K was in-
cluded by first-order perturbation theory.

We assume m, = 1.5 GeV and A =0.306 (GeV)'.
These values reproduce the observed mass dif-
ference between the s states g(3. 1) and g(3.7).
The third parameter of the theory is an overall
additive constant in the energy, which is allowed
because of the infinite binding energy. This con-

TABLE I. Masses of the low-lyirg levels.

The n= —1 case of this sum rule was given in
Ref. 5.

In order to make quantitative predictions for
the energy levels, we assume a purely linear po-
tential v(r) =Ar, in which case all correction
terms in Eq. (2) behave like 1/r. The complete
Hamiltonian is II=IID+K, with

! stant was chosen to reproduce the ground-state
mass of 3.0S5 GeV. The masses of the other low-
lying states are then predicted, as shown in Ta-
ble I. The separations between these levels are
on the order of 100 MeV, and it should therefore
be possible to resolve them experimentally. The
lowest-lying d state is nearby in mass to the first
excited s state. The mixing can be calculated us-
ing Eq. (2), and is about 4%.

The widths for the decays '8, -'P~ are given by

I', , = 2(z)'a+A, '(2J+ 1'I(1+2, (5)
f

where co is the photon energy, and the expression
for the decays 'P~-'8, is obtained by replacing
(2J+ 1) by 3. The radial integral in Eq. (5) is

I, = m, ' f, dr r' R,(r)j,(-,'&ur)R, '(r), (6)

where R,(r) is the p-state radial wave function
and R, '(r) is the derivative of the s-state wave
function. The widths for the various decays are
given in Table II. They are similar in magnitude
to the spinless result. ' However, we predict
F2& py &&& to be largest for J= 1. Hence 'P, should
be the easiest of the p states to isolate experi-
mentally.

Level
Mass
CGeU)

TABLE II. Gamma-ray widths I';

1 38

Pp
3P

P
2 3S

1 Sp
2 1Sp

3D

3.095
3.303
3.420
3.572
3.695
2.976
3.603
3.677

Initial
state

2 S1,

2 3S1

2 3S1

P
P1
3P

Final
state

P
P1
3P

p

1 3S

1 3S1

1'S,

Width
CkeV)

88
144
76

340
274
194
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In conclusion, the charmonium model remains
an attractive hypothesis for the newly discovered
particles. A crucial test of the hypothesis will
be to search for the three p states of Table I, by
means of the electromagnetic decays of Table II.
The fine-structure corrections which we have
calculated indicate that the p states will be suffi-
ciently different in mass to allow experimental
separation of them. ' The precise values of the
masses will of course be different for different
forms of the binding potential v(r). Confirmation
of the model discussed here would not point to
any specific interpretation for the quantum num-
bers of the new qua;rk. The SU(4)-charm picture,
for example, which is consistent with the leptonic
decays of ( /J(3. 1) and t] (3.7),' would require the
discovery of charmed particles.

Note added. —After submitting this paper for
publication, we received a manuscript by H. J.
Schnitzer, ' in which the p-state splittings are cal-
culated by a similar method. He finds splittings
which are somewhat smaller than those shown in
Table I, due to a different choice of parameters.
Like ours, however, they are considerably larger
than the previous estimate of De Rujula, Georgi,

and Glashow. v
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A measurement of the energy differences of the n=2, ' P&7states of charmonium pay give
significant information on the dynamics of the spin-dependent quark-antiquark (qq) Krces,
since the more rapidly these forces increase with qq Reparation, the larger the ratios

It& = Ã('P, ) —E('&,)]i[E('P,) E('&,)] sud &&—= Ã('P&) —&('P,)]I[&('&,) —E('P,)]
become if the forces are of vector character.

The interpretation' of the newly discovered bos-
on resonances' as bound states (charmonium) of
charmed quarks and antiquarks (cc) receives con-
siderable support from the recently reported' de-
cays g' —X+y and |]"—g+ 2y. In the context of
the eharmonium picture' these decays are expect-
ed to be g' - 'P~+y and 'P„- j+y, since the as-
signment' of g(3100), |]I'(3700), and g"(4200) as
the lowest 'S, states of charmonium also requires
P states in the energy interval between (] and g'.
These features are compatible with a number of
linear potential models, 4 which strongly indicate
that the low-lying levels of the t]t system are non-

relativistic and that the charmed quark mass is
heavy, i.e., in the 1.5-2-6eg range. In addition
to the obvious interest in the gross features of

g spectroscopy, certain finer details may be par-
ticularly useful in revealing important features
of quark dynamics. As such, it is the purpose of
this paper to draw attention to the fact that care-
ful measurements of the energy differences among
these I' states may serve to resolve the contro-
versy between two opposing views as to the dy-
namical origin of the spin dependence in the bound
states of quark-antiquark (qq) pairs. This is im-
portant since the spin-dependent forces are inti-
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