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A calculation is made of the energy levels of the bound states of a strange quark and its
antiquark with an interaction which includes an attractive Coulomb potential term, a con-
fining linear potential, and spin-orbit, quadratic-orbit, spin-spin, and quadratic-spin
interactions. Good agreement is obtained with observed mesons, and the existence of
other mesons is predicted.

Within the framework of the quark model, we
regard the y meson as the lowest 'S, bound state
of a strange quark s and its antiquark s, and the
g' meson as the lowest 'S, bound state of this sys-
tem. Other mesons are known which can be in-
terpreted, as we shall see, as excited ss states.
We shall consider the spectrum of ss bound states
using a rough analogy with the states of positroni-
um. Specifica11y, we assume that the s and s
quarks are subject to an attractive Coulomb-like
potential, a short-range interaction effective in
S states only, a spin-orbit interaction, and an
interaction which goes like the square of the or-
bital angular momentum I . We depart from the
positronium analogy by omitting still other terms
present in the electron-positron interaction (like
the tensor force) and by including a linear poten-
tial which confines the quarks.

Linear and/or Coulomb-like potentials have
been used previously by a number of authors' '
to describe bound states of a charmed quark and
its antiquark. Gunion and Willey have consid-
ered the spectrum of mesons made of ss quarks
(and the spectrum of other hadrons) using a lin-
ear confining potential with spin-spin and spin-

orbit interactions but without a Coulomb-like po-
tential. De Bujula, Georgi, and Glashow' have
considered the hadron spectrum in perturbation
theory using Coulomb-like forces. The paper of
De Bujula, Georgi, and Glashow contains a good
discussion of the theoretical justification of Cou-
lomb-like models.

Our treatment of the ss interaction differs from
those given in previous works in two important
ways. First, although we solve an ordinary Schro-
dinger equation, we partially include the effects
of relativity by using relativistic kinematics.
Second, we include terms present in the positro-
nium interaction which have been omitted previ-
ously except as perturbations. It turns out that
the ss coupling strength is sufficiently large that
a perturbation treatment and the use of nonrela-
tivistic kinematics are both inadequate approxi-
mations. In particular, although we obtain good
agreement with experiment in our model, we can-
not obtain this agreement if we evaluate the ef-
fect of the spin-orbit potential in perturbation the-
ory.

The interaction II' responsible for the fine-
structure splitting in positronium is given by'
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(we seth =c =1)

H'=
~ (3L S+L )2' X' QX'

+, 5(r)(1+S'+-'(T,~ a,)+h, (1)

where n is the fine-structure constant, rn is the
electron mass, V(r) is the Coulomb potential, v,
and v2 are Pauli spin operators, S = &(&x, +02), and
h contains terms which we shall neglect in adapt-
ing this interaction to the ss system.

The quantity h contains a tensor interaction
plus terms involving derivatives of x. We omit
the derivative terms because including them
would cause the wave equation to have a form
which is different from the Schrodinger equation.
In particular, the equation would contain a fourth
derivative. We omit the tensor interaction, first
because including it mixes states of different I.
and thereby increases considerably the difficulty
in solving the Schrodinger equation numerically,
and second because at the present time, there
are not enough data to enable us to determine the
strength of this interaction. Even omitting h, we
include in our calculation more terms than have
previously been considered in nonperturbation
treatments of the quark-antiquark system.

In the case of ss, we modify V(r) to contain a
linear term as well as a Coulomb-like term. Spe-
cifically, we let

V(r) = o(, /r -+Pr, (2)

1dV y a,
r dr r r'+a' (3)

where y is a parameter giving the strength of the
spin-orbit interaction and a is the cutoff parame-
ter. If y goes to 1 and a goes to 0, the term on

where o(, and P are parameters. We also need to
modify the spin-orbit interaction of Eq. (1) be-
cause this interaction contains the term (1/r) dV/
dr which, near the origin, goes like 1/r . This
causes no difficulty in the case of positronium,
where II' is considered as a perturbation. How-

ever, in our case, where 0.', is considerably larg-
er than the fine-structure constant, we wish to
solve the Schrodinger equation numerically in-
cluding the L S and I ' terms. But it is well known
that there are no bound-state solutions of the
Schrodinger equation in an attra. ctive 1/r poten-
tial. Therefore, we modify the 1/r' potential at
small distances by introducing a cutoff. Specifi-
cally, we make the replacement

the right-hand side becomes simply (1/r) dV/dr,
where V is given by Eq. (2). Our justification for
introducing the cutoff parameter is that the 1/r'
singularity is not present in the original Dirac
equation but arises in its nonrelativistic reduc-
tion. In including the strength parameter, we
are departing from the positronium analogy. It
turns out that in our best fit to the data, y is very
nearly unity. For simpli, city, we take the linear
confining potential to be independent of spin. We
find that in treating ss states, this simple as-
sumption is adequate. Including a spin depen-
dence in the linear term would necessitate our
using an additional parameter which we could not
determine from the data.

We make still another change in adapting Eq.
(1) to the ss system. We treat the 5(r) term in
the interaction phenomenologically by multiplying
it by a parameter e. It turns out that in order to
get agreement with experiment, we need to take
e small, so that we can treat the &(r) term as a
perturbation.

Thus, our prescription to find the bound-state
energy levels is as follows: We solve the Schro-
dinger equation

—V'g +m U(j( =k'(j(

where k is the momentum and the phenomenologi-
cal potential U is given by

U- — '+lie+, , '—, +g)(3L S+L*) (4).
PAz 7' T +a

Here m, is the mass of the strange quark. This
procedure yields wave functions P„„.(r) and mo-
mentum eigenvalues 0„», where n is the radial
quantum number, l is the orbital angular momen-
tum, and j is the total angular momentum. In or-
der to obtain the energy levels from the eigenval-
ues 0„„., we use relativistic kinematics. Specifi-
cally, we letE„» be given by

Using the wave functions (t(„„, we evaluate the
contribution to the energy from the interaction
term

(e~o.,/m, ')5(r) (1+S'+-,'0, ~ v,)

in perturbation theory. The contribution ~„»
from this term to the energy is

;(1+S'+-,'~, ~ ~,)ly„„(0)I' (6)~S
Of course $„»(0) vanishes unless l =0. The mass
M„» of any meson which is a bound state of ss is
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then given by

M„„.=E„),+~„)~ . (7)

This expression for M„» contains six parameters,
n„p, y, a, e, and m„which can be adjusted to
fit the data.

In order to make contact with experiment, we
need to identify the observed mesons which are
likely candidates for excited states of the ss sys-
tem. Such mesons must have isospin zero. Al-
so, according to Zweig's rule, ' they should have
relatively narrow widths and should decay promi-
nently into KK pairs. From the main meson ta-
ble of Chaloupka et al. ,' we see that likely candi-
dates are the S*, D, E, and f'. These mesons
all have widths less than 60 MeV, and are con-
siderably narrower than other mesons of compar-
able masses. In order to assign these mesons to
the ss spectrum, we need to know their spins and
parities. Unfortunately the spins and parities of
the D and E mesons have not been definitely de-
termined. However, we shall make tentative as-
signments as shown in Table I.

Altogether, we have identified six mesons as
possible states of ss: y, q', S*, D, E, and f'.
Our expression for the meson masses contains
six parameters. In varying these parameters to
obtain a fit to the data, we have kept the mass of
the s quark fixed at the value m, =0.4 GeV, the
value estimated by Cheng and James. " The val-
ues of the other parameters turn out to be

n, = 1~ 375, P = 2.441 fm 2, y = 0.8766,

a =0.4374 fm, e =0.0291.

The calculated values of the masses are given in
Table I. Thus, we have fit six levels by varying
five parameters. However, even if we had need-
ed to vary all six, we would still claim that "this
is not an empty exercise, "'2 as it is not obvious
a Priori that our prescription is suitable to fit
the energy levels. For example, if we had used
perturbation theory to calculate the spin-orbit
splitting, as has been done in all previous treat-
ments where the spin-orbit interaction has been
included, w'e would not have been able to get near-
ly as good agreement with the 'P levels. This
can be seen as follows: In perturbation theory,
the splitting of the 'P levels is proportional to
L S. This gives R separation between 'P, and 'P,
levels which is twice the separation between the
'P, and 'P, levels. In contrast, if the assign-
ments we have made in Table I are correct, the
experimental splitting of the 'P, and 'P, levels is
larger than the 'P, -'P, splitting. It is worth
while mentioning that we were unable to fit the
'P levels with e, =0, even when we solved the
Schrodinger equation exactly. Thus, our model
is the only one proposed so far, to our knowledge,
which is able to obtain a fairly good fit to the 'P
levels.

As another example of the fact that the interac-
tion we have chosen is useful to fit the energy
levels, we mention the I' term. In our model,
the magnitude of this term is fixed relative to the
magnitude of the L S term. Yet we find that there
is just the right amount of L' interaction to make
the 'P levels come out right relative to the S lev-
els. Without the I ' term, the 'P levels lie too

TABLE I. Experimentally observed mesons which we identify as states
of s'&. Under the column labeled J we give the preferred values of the
spin, parity, and charge-conjugation parity of each meson, with values
not excluded by experiment given in parentheses. Under the column la-
beled +

L& we give the preferred values of the spin multiplicity, the
orbital angular momentum, and total angular momentum of the ss state
corresponding to the meson.

Meson J 2$ +1LJ
Mass
(MeV)

Width
(MeV)

Calculated
mass
(MeV)

n'
S*

D

f f

p+
p++

1
1++(0,2 )

p + (]+ 2+)
2++

1$'

P0

3S)

j.$
3P

957.6 + 0.3
993 + 5

1019.7 + 0.3
1286 + 10
1416 + 10
1516 + 3

40 + 8
4.2 + 0.3

30 + 20
60 + 20
40 + 10

957.7
993

1019.8
1267
1414
1514
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low relative to the S levels, and another adjust-
able parameter has to be included to take care of
this.

In our treatment of the contact interaction, we
found that it was necessary to introduce a small
parameter e =0.0291. This fact shows that the
analogy between the ss bound states and positroni-
um is a rough one. For this reason, we do not
take too seriously our omission of a tensor inter-
action. While such an interaction with the same
strength as n, would substantially alter several
energy levels, it is possible that a much weaker
tensor interaction is appropriate. The strength
of the tensor interaction is thus a parameter
which we cannot determine with the present data.
As we have seen, we have obtained a reasonably
good fit with no tensor interaction at all.

We have treated the mesons y, q', S*, D, E,
and f' as if they were pure ss states. According
to other interpretations, these mesons may con-
tain mixtures of nonstrange-quark-antiquark
pairs. In particular, the g' is often regarded as
primarily an SU(3) singlet, with only a small ad-
mixture of SU(3) octet." If this is the case, then
the g' contains a substantial admixture of non-
strange-quark-antiquark pairs. However, in our
interpretation the mass of the s quark is substan-
tially larger than that of the nonstrange quark
and thereby breaks SU(3) symmetry. Therefore,
even the q', which is probably the least "pure" of
all the ss states, contains only a small amount of
nonstrange quarks. In this picture the g is com-
posed primarily of nonstrange quarks, and the
fact that it is appreciably heavier than the pion
must be attributed to isospin-dependent forces.

With the values of the parameters me have
found, one can go on to predict the masses of oth-
er states of ss. Some of these predicted levels
are given in Table II. These mesons should all
have isospin zero, have anomalously narrom
midths, and have the property of decaying promi-
nently into I7K pairs, either with or without addi-
tional pions. In Table II we also give the expect-
ed prominent decay modes.

Of interest is our prediction of two mesons,
one with 4 =1' and the other with J =1
which are essentially degenerate with the E mes-
on. Two other mesons, one with 4 =0+' and one
with J =1, are predicted to have only slightly
higher masses. The energy between 1400 and
1470 MeV should be a very rich one to explore
experimentally, if our model is a good one. As
the meson masses increase, the production cross
sections will decrease, so that the mesons of

TABLE II. Some mesons predicted by the ss model.
We include states with principal quantum number -3.
A11 these states have isospin zero and C parity equal to
C.

gPC 2s+ 1LJ
Mass
(MeV)

Prominent
decay modes~

1+

1
0++

1
1++

1+

0
eS +

1
2++

3

P1

D
3Pp

3$
1

3P1
3D

iD

Pf
1$
3S

1
3p

3D

1414
1416
1427
1450
1557
1577
1638
1650
1658
1688
1722
1741

KKw
E'K Ks Ki KK7t

K+E, Es Es, KI KI, KKxm
K+K Ks KI. KK
KKr
KKr
Kit'
KEw
KKr
K+E,Q Kl, KEz
K+K, Es Ks, KI,KI, KKr
K+K, Ks KJ, KKr

'Decays with additional pions are also expected.

higher mass will be increasingly more difficult
to find. We recommend a careful search for mes-
ons of masses between 1400 and 1800 MeV, as
the real test of our model will be whether or not
mesons mith the predicted quantum numbers are
discovered with masses near the predicted val-
ues.

We should like to thank M. Shah-Jahan for as-
sistance with the numerical calculations.
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Significant two-particle correlations of dynamical origin are observed in 200 GeV/c
& P inclusive interactions. This is demonstrated by comparison with kinematic correla-
tions calculated from an independent-particle-emission model. Two distinct correlation
types are observed: (a) unlike-particle correlations with correlation length - 1.3 rapidi-
ty units independent of azimuth@1 separation, and (b) like-particle correlations with cor-
relation length - 0.4 rapidity units which are observed only for small azimuthal separa-
tions.

Previous studies of two-particle rapidity corre-
lations in pp

' and it'p' interactions at Fermilab
and the CERN Intersecting Storage Bing have es-
tablished the existence of significant correlations
between particles at small rapidity separations.
Conclusions differ, however, as to whether the
correlations are the same for like and unlike par-
ticles, as to their semi-inclusive and azimuthal
dependence, and indeed as to whether the corre-
lations are of dynamical origin or are an artifact
of either energy-momentum conservation or the
convolution of uncorrelated spectra for different
topologies. We present new data, with 2-5 times
the previous statistics, which demonstrate that
correlations for identical and nonidentical parti-
cles exist as distinct entities, for both inclusive
and semi-inclusive reactions, with different azi-
muthal behavior. Comparison with an indepen-
dent-particle-emission model shows that these
correlations have dynamical significance, and
are not merely a consequence of energy-momen-
tum conservation.

We have taken some 120000 sets of bubble-
and spark-chamber photographs of 200-GeV/c
n p interactions, using the Experiment 2B hybrid
spectrometer arrangement at Fermilab. Four
dual wide-gap optical spark chambers are set up
downstream of the 30-in. bubble chamber to per-
mit the measurement of fast, forward secondar-
ies with high precision. An additional 40 000 pho-
tographs were obtained by operating the wide-gap
spark-chamber system behind the Fermilab-Uni-
versity of California at Berkeley "bare chamber"
experiment 137. The data reported here are from
these runs and consist of - 10000 inelastic events
of all topologies.

We define the normalized two-particle and sin-
gle-particle densities p, and p, as

1 d V 1 do.
p, b „y.) =—,p, b ) =

OlD~& dy, dy2
'

Cr;„~y dy '

where y, and y, are the center-of-mass rapidities
of particles 1 and 2. We then use the correlation


