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The general features of Tl(~) data on dilute He in solid He are explained in terms of
coupled rotation-translation motions of (3He) 2 molecules bound together by the elastic
He-3He interaction. As the concentration of He is lowered the molecular motions be-

come two-dimensional and give rise to the anomalous structure observed in the Ti(v}
spectrum.

Some time ago it was suggested that defects in
the quantum crystals should be described by non-
local single-particle excitations. " The essential
physical idea behind this suggestion was that in
the quantum crystals the large zero-point motion
of the atoms would permit particle tunneling (for
a vacancy) or interchange (for a 'He impurity in
~He) so that a localized picture of a vacancy or
an impurity must give way to a Bloch-state pic-
ture; the vacancy and isotopic impurity become
vacancy waves and mass fluctuation waves (MFW).
It was recognized that the ideal system in which
to seek evidence of MFW would be dilute 'He in
4He. The early experiments of Richardson and
co-workers on dilute He in 'He'found ample evi-
dence for SHe-'He tunneling. These experiments
were followed by the complete series of measure-
ments by Richards, Pope, and Widom' on the dif-
fusion constant D, the longitudinal relaxation time
T, (ru), and the transverse relaxation time T,.
(See also the work of Grigor'ev, Essel'son, and
Mikheev' on D that is complementary to that of
Richards et al. ) Although the data of Richards
et a/. were qualitatively in agreement with a MFA
description of the 'He-'He motion, quantification
of the theory led to an implausibly low rate of 'He-
He tunneling. Landesman and Winter' suggest-

ed that an interaction between He atoms could
be of importance in describing the dilute mix-
tures. A model of the dilute mixtures which
treats the 3He atoms as interacting strongly with
one another because of the long-range elastic in-
teraction has successfully given a qualitative and
quantitative description of much of the data. '
As a consequence of this success a strong-inter-
action model has begun to supersede the simple
MFW model of dilute 'He in solid 4He.

The purpose of this paper is to describe a the-
ory of T, (to) for dilute He in He with the strong-
interaction model. We take the elastic 'He-'He
interaction to bind pairs of 'He atoms together as
('He), molecules. By virtue of the tunneling mo-

tion of either of its constituents a ('He), molecule
undergoes discrete rotation-translation motions
through the solid 4He medium. We compare our
theory of T,(or) with the recent experiments of
Richards et al. ' We are able to explain the anom-
aLous "resonant" features in that data with an in-
teresting piece of physics. As the 'He concentra-
tion becomes less than 10 ' we find that the mo-
lecular motions through the 4He medium become
confined to two-dimensional planes.

A system of N, 'He atoms in solid 4He at con-
centration x,=Ms/(N, +N, ) «1 is described by'

P =Q t(RR')&n~&~ +Q V(RR')n(R)n(R'), (1)
RB ' RB'

where n(R)=&„tbn, &„t creates a'He atom at lat-
tice site R, t(RR') is the tunneling rate of 'He
through 'He, It(RR')I=V I, and V(RR') =V, bs/IR
-R' Is is the elastic interaction between 'He atoms
on R and R'. We expect JM/V, slo '. We want to
calculate T, (to) ', the rate of relaxation of the
magnetization. Relaxation of the magnetization is
due to the flipping of individual 'He spins. The
spin of a 'He atom flips because of fluctuations of
the dipolar field on the atom. The relevant quan-
tity is the square of the dipolar field which falls
off as ~"' so that the important contributions are
from the near neighbors to any atom. But the
near neighbors of an atom are bound to it by the
elastic interaction. Thus the important Quctua-
tions of the dipolar field on an atom are those as-
sociated with its tumbling with a near neighbor to
which it is elastically bound as a ('He), molecule.
The appropriate expression for the relaxation
time ls

(2)

Here &," is the spatial component of the dipolar
interaction corresponding to the flipping of q
spins. "
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The motion of a molecule is most appropriately
followed on the center-of-mass (c.m. ) lattice.
The c.m. lattice sites are given by 7~=(R, +R,)/2,
where R; and R, are two near-neighbor lattice
sites of the hcp lattice. The sites of the c.m. lat-
tice correspond to a particular molecular loca-
tion in the real crystal and a corresponding orien-
tation. The elements of this description of mo-
tion in the hexagonal plane of an hcp crystal are
shown in Fig. 1.

Molecular motion through the c.m. lattice is
described by
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(3)

where I t(T~, f~.) I
=4„for exchange- connected

neighbors and C,~ creates a molecule at site ~.
We have removed part of the elastic interaction
of Eq. (1) by forming the molecule; the remain-
der of this interaction, V of Eq. (3), is the elas-
tic field of other 'He atoms through which the
molecule moves. At concentrations x,)10"' the
molecule sees a sufficiently large elastic field
from the other 'He atoms that it is able to un-
dergo only hindered rotation through the crystal.
Following the treatment of this phenomena by
Abragamxo we have

IT, ( )1' (~'~ ) ', (4)

where r,~ is the hopping rate associated with
diffusion of the molecules. We might expect the
molecular diffusion rate to be similar to the sin-
gle-particle diffusion rate seen directly in diffu-
sion data. +' The consistency of T,(~) and T,(0)
data' and of T,(0) and D data suggest that this is
approximately correct. " As the 'He concentra-
tion is reduced much below 10 ' we expect the
hindered rotation of the ('He), molecule to give
way to the coupled translation-rotation motion of
a free molecule. To explore this limit we ignore
the interaction in Eq. (3) and find the set of single-
particle excitations that describe ('He), molecular
motion on the c.m. lattice. These excitations are

FIG. 1. Center-of-mass lattice for two-dimensional
motion. A molecule is formed by a pair of 3He atoms
on two near-neighbor sites, e.g. , 1 and 3. The mol-
ecule moves by tunneling of either atom to a mutual
near neighbor (1,3) —(1,2). The center of mass of the
molecule moves from a to b. When the molecule is on
(1,2) it cannot dissociate by going to (1,4) because the
elastic interaction makes (1,4) an energetically dis-
allowed configuration. The center-of-mass lattice is
connected as shown by the dashed lines.

created by

C~„t =+exp(tk'7;)U, „C~ t, (&)
f,a

where vp=~;+L, ~, locates a unit cell in the c.m.
lattice, 6, locates a particle in the unit cell, k j.s
the wave vector for the unit-cell lattice, v is a
band index, and U„diagonalizes the cell Hamil-
tonian (see Fig. 1). In terms of the plane-wave
ezcitations for the molecule, Eq. (2) for T, (&u)

becomes

. 2

I:T, (~)] '=M.«.Z4"ZZI&, (&)„I'&(~,.-~„+~~)KeZZI&, (&)..I'] ',
k Ijij'

(6)

where the matrix elements of the interaction are between states at the same wave vector but in differ-
ent energy bands. This is because the matrix elements of I", have the periodicity of the c.m. lattice.
M, is the second moment appropriate to near neighbors only. The proportionality of T,(u&) to x, in Eq.
(6) should be noted. If the ('He), molecules were permanently bound, T, would be independent of x,.
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We assume that the molecular bonds are regular-
ly formed and broken so that 'He attoms sample
all configurations with equal probability. How-

ever, relaxation occurs almost exclusively in the
molecular state, hence the x, dependence. The
breaking of a bond could be caused by interaction
with other 'He atoms or phons. However the pre-
cise process is unknown.

We have calculated the excitation spectrum for
molecular motion through the c.m. lattice. Using
these excitations we have calculated T, (443)

3 from
Eil. (6). We describe the results of this calcula-
tion by writing E4l. (6) in the form

h

( )
=mM3X3 — L3(44&) (7)

3

and showing Ls(o3) in Fig. 2. The function Ls(40)
is well approximated by L3(4o) ~ exp(- o4/o3) with
to = 2.0J~. But with I 3(4o)~ exp(- 4o/(u) E41. (7)
is very similar to the empirical equation used
by Richards et al. to fit the background T,(443)

data. ' The choice 4~= 0.6 MHz gives excellent
quantitative agreement. This result confirms the
essential features of the approximate treatment
of the ('He), molecular explanation of T,(~) formed
by one of us (W.J.M.)' But the most striking fea-
ture of the T,( )4odata is the resonantlike anoma-
lies near &u/2m = 1.5 MHz and 4o/2s = 3.0 MHz that
become more prominent as x, -0. We believe
we understand the source of this behavior.

On the c.m. lattice there are two inequivalent
orientations for a (sHe)3 molecule. This ine4luiva-
lence comes from the difference in location of the
second and further neighbors of a molecule for
the bvo orientations of molecules. The hcp crys-
tal is made up of hexagonal planes stacked as
ABAB. . . An A-A molecule (both atoms in an A

plane) has elastic energy V» different from that
of an A-8 molecule, V». As the elastic energy
is of order V, we expect that anA-A molecule
will have energy different from an A-8 molecule
by an amount much greater than IJ„l, i.e. , I J~ I

«IV» —V» I. Thus direct tunneling from A-A to
A-B sites is forbidden. Such tunneling can occur
with phonon assistanc"- —we estimate this process
to be very slov,—or through the compensation of
V» —V» by the elastic field of distant neighbors.
But as the concentration is lowered this latter
mechanism fails and the molecules on A-A sites
must remain on A -A sites and the molecules on
A. -B sites must remain on A-B sites. But the A-
A sites are connected among themselves by tun-

lO

FIG. 2. Spectral density histograms. The function
L3(~) is plotted as a function of I~/J34. The straight
line drawn through L3() is given by L3(~) ~ exp(- 0.50
x Ku/J34) . Comparison with the empirical formula of
Richards et al. , L(~) ~exp(-~/~34), ~34 ——1.17 MHz,
leads to J34 0 6 MHz=2. 7x 10 K. The functionL2(~)
is plotted as a function of @co/J34 [Although it is as
structured as L3(~) we have smoothedI 2(~) for c1.arity
of presentation. l With the choice J34 ——2.7x 10" K the
2 and structure (Ref. 12) inL2(~) occurs at 1.1 MHz
& & 1.8 MHz and 2.2 MHz & & & 3.6 MHz. These are
frequency intervals in which structure is seen in the
data of Richards et al. All calculations involve a pow-
der average,

neling at rate J~ in a plane perpendicular to the
c axis of the c.m. lattice; so also are the A-&
sites. Thus as x,- 0 we expect the molecules to
be forced into two-dimensional. motion parallel
to the hexagonal planes.

We have calculated the excitation spectrum for
molecular motion on this planar c.m. lattice.
One plane of this lattice is shown in Fig. 1. Using
these excitations we have calculated T,(u&)

' from
Eq. (6). The results are written in the form of
E4l. (7) with L, (a3) replacing Ls(~); L, (e3) is shown
in Fig. 2.' To set the freiluency scale of La(&u) we
choose J,~= 0.6 MHz in accord with the choice
made above to fit L3(a&) to the background. We
see that in Is(ur) there is structure at 1.1 MHz
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&ro &1.8 MHz and 2.2 MHz &~ (3.0 MHz precise-
ly where structure" is observed in the data of
Richards et al. We take this agreement to con-
firm our belief that the ('He), molecules move
bvo dimensionally as x,- 0 and to confirm the
choice IJ~l=0.6 MHz.

An interesting feature of the experimental data'
is that 50/o of the spectral density is at low fre-
quency, ~ &10' Hz, and 50% is in the large-~
structure discussed in this paper. I.,(M) as shown
in Fig. 2 accounts for just 50% of the total spec-
tral density at co& 0. Thus the planar calculation
of T, (&u) is in good quantitative agreement with
experiment. The planar calculation has an addi-
tional 33% of the spectral density in a 0 function
at ro = 0. The remaining 17% of the total would be
found by considering neighbors other than near-
est and is expected to contribute to the u= 0 re-
gion. The 6 function is expected to be broadened
to about 10 MHz by complex and slow motions
we have not considered here.

A complete description of the T,(~) data, re-
quires a combination of two dimensional motion,
hindered rotations, and three-dimensional motion
with the latter two providing a bit more back-
ground density than the two-dimensional motion
in L,2(&u) seems to account for by itself at the con-
centrations studied by Richards et al.
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Experiments based on an analogy to the ac Josephson effect have shown in both ~He-A

and He-E that a pairing theory of the superfluidity of He is essentially correct. Addi-
tional observations of parallel ringing are not in agreement with the simple "pendulum
models" used to describe nonlinear dynamic magnetic effects.

According to current theoretical concepts' as
supported by experiment, ' superfluid 'He consists
of one or more interpenetrating and weakly cou-
pled supefluids as well as a normal fluid. A BCS-
like pairing theory is used to describe the super-
fluidity with'He-A having both && and && triplet-
paired superfluids and 'He-B both of these plus
an && paired superfluid as well. The weak cou-

pling between superfluids is provided by a coher-
ent dipolar interaction. En the present work we
have attempted to test the pairing theory by per-
forming an experiment analogous to the one de-
scribed by Josephson' for two weakly coupled su-
perconductors with a potential difference V be-
tween them and a resulting ac supercurrent of
frequency 2eV/h. In the case of 'He the sudden
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