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It is shown that the recently observed interesting but somewhat unexpected features of
the dynamic structure factor of an electron liquid can be understood on the basis of a
simple modification of the theory of the dielectric response function of Vashishta and
Singwi,

Recent inelastic x-ray and electron scattering
experiments, '"' particularly those of Platzman
and Eisenberger, ' have revealed some very in-
teresting features of the dynamical structure
factor S(q, ru) of the electron liquid in metals.
Broadly speaking, these features are the follow-
ing: (1) Contrary to what one might expect in the
momentum-transfer region q F & q & 2q F, where q F

is the Fermi momentum, the excitation spectrum
is comprised of two parts; one part is broad and
corresponds to particle-hole excitations and ihe
other is relatively sharper and has been inter-
preted as the continuation of the plasmon excita-
tion in the particle-hole continuum. For q & 2q F,
the latter has larger strength than the former,
and at q —2qF, there occurs a switching over of
the two strengths. For q &2qF, one observes
only a single broad peak corresponding to free-
particle excitations. (2) Surprisingly enough, the
plasmon peak in the entire region q, &q &2qF,
where q, is the critical wave vector at which the
plasmon joins the particle-hole continuum, shows
no dispersion. " Platzman and Eisenberger have
even observed a small negative dispersion in the
region q &

& q & 2q F.
A very significant observation of Platzman and

Eisenberger is that the above-mentioned features
are common to such diverse systems as C, Be,
and Al, thereby indicating that these features are
not the result of simple one-electron properties
of these metals, but are indeed the manifestations
of the dynamical behavior of the electron gas. It
is this aspect that renders the problem so inter-
esting from a many-body theoretical point of
view, and which shall mainly concern us here.

It has recently been pointed out by Kalia and
Mukhopadhyay, 4 among others, ' that the ob-
served S(q, a&) in the region q, & q & 2q„cannot be
understood in terms of the random-phase approx-
imation (RPA). Nor can it be understood in terms
of the dielectric response function of Vashishta
and Singwi' (hereafter referred to as VS), which
has otherwise been found to be very satisfactory

in calculating various static properties.
The VS scheme goes beyond the RPA by intro-

ducing local-field effects which are incorporated
in their function G(q). This function is real and
static. That the short-range correlations among
electrons are properly taken into account in the
original theory of Singwi et a/. ' has now been
shown by several authors' using diagrammatic
techniques. One important ingredient which is
still missing in the VS theory is that the elec-
trons and holes have a finite lifetime. This ef-
fect is not taken into account when one chooses a
real local-field factor. We propose here to take
this effect into account and work out its conse-
quences. The modification of the VS theory,
therefore, consists in adding to the free-particle
energy e (p), occurring in the energy denomina. -
tors of the Lindhard function )t,(q, &o), a term i/
7'(p), where v '(p) is given by the imaginary part
of the self-energy Z(p, e(p)}. The latter, follow-
ing Hedin, ' has been calculated in the lowest-or-
der approximation and evaluated at the free-parti-
cle energy e(p). The real part of Z(P, e(P)) is al-
ready contained in the local-field factor G(q) in
an average fashion. Through the above proce-
dure, the f-sum rule is preserved. The response
function X(g, u) in the VS theory is

1 —(4me'/q') [1 —G (q)] g, (q, ur)
'

G(q) has been tabulated by VS for various values
of ~,. Xo(q, co) in Eq. (1) should now contain the
modification discussed above. The expression
for the self-energy in the lowest-order approxi-
mation is

d'q dw ' 4me'

(»)' q'&vs(q, ~')

x G,(p —q, &u —e ') exp(-i5 .), (2)

where G, is the free-particle Green's function
and 5 is a positive infinitesimal. evs(|l, &o) is the
dielectric function of Vashishta and Singwi. ' S(q,
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FIG. 1. S(q, a&) versus &u/EF for q/qF = 1.6 for Al.
Peak heights of all curves have been normalized to uni-
ty. Curve 1, RPA; curve 2, VS theory; curve 3, modi-
fied VS theory. The dashed curve represents experi-
mental data of Platzman and Eisenberger (Ref. 3).
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FIG. 2. S(q, &u) versus e/EF for q/qF ——1.8 for Al.
Peak heights of all curves have been normalized to uni-
ty. Curve 1, RPA; curve 2, VS theory; curve 3, modi-
fied VS theory.

&u) is related to the imaginary part )("(q, v),
through

S(q, to) = - (nm) ')("(q, (u), (u &0,

=0, m&0, (3)

n being the electron density.
Numerical calculations, although tedious, are

straightforward Calc.ulation of S(q, u) was per-
formed for Al (t, = 2.0) f'or several different val-
ues of q, in the interval q, &q & 2.5qF. Calculated
line shapes (curves 3) for three typical values of
q/q F = 1.6, 1.8, and 2.0 are shown, respectively,
in Figs. 1, 2, and 3. For comparison, we have
also shown the line shapes as calculated using
the RPA (curves 1) and the unmodified VS scheme
(curves 2). Peak heights of all curves have been
normalized to unity. In these figures there are
several points to note: (1) Curves 1 and 2 show
no evidence of any structur"- in fact they show
no structure for any of the q's investigated.
(2) The maximum of curve 2 is shifted to the
lower-energy side relative to the maximum of
curve 1. This shift is not small and for some
q (=1.3qF) it is as large as 5 eV; it is entirely
due to the local-field correction G(q). (3) ln curve
3, one can discern the presence of a well-devel-
oped shoulder, thereby indicating the presence of
two peaks —one broad and the other relatively
sharper. (4) For q/qF =1.6, the shoulder occurs
at ~/E F = 3.3 and lies to the right of the peak at

~/EF 2.1. The-dashed curve in Fig. 1 is taken
from the recent work of Platzman and Eisenber-
ger' and is fairly close to the calculated curve.
(5) For q/q„= 1.8, although the peak still lies
around a&/EF —-2.2, its strength has now dimin-
ished relative to its strength for q/qF = 1.6, the
ratio of their strengths being 0.86. In fact for
q/qF = 1.8, both the peak and the shoulder are
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FIG. 2. S(q, &u) versus co/E &
for q/qF ——2.0 for Al.

Peak heights of all curves have been normalized to uni-
ty. Curve I, RPA; curve 2, VS theory; curve 3, modi-
fied theory.
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almost of equal streng'th. (6) At q/qF = 2.0, one
notes a switching over of the two strengths.
(7) For q )2q F (not shown in figures), the plas-
mon peak diminishes in strength but continues to
occur at nearly the same position, and finally at
q= 2.5qF it is completely swallowed by the broad
particle-hole excitation peak. The peak position
now lies at the recoil energy q'/2m and the ex-
citations are free-particle-like. The calculated
area under the peak, i.e., S(q), is nearly equal
to unity.

Our calculations thus reveal the presence of a
plasmon band in the region q, &q &2qF, where it
would not exist in the RPA. They also reveal the
unexpected feature that the plasmon shows no
dispersion in such a wide range of q values. This
result is in accord with the observations of Mil-
iotis' for Be (r, =1.87) and those of Zacharias'
for Al (r, = 2.0), and with the more recent result
of Eisenberger et al. ' on Li. It is somewhat at
variance with the observations of Platzman and
Eisenberger'on Be, Al, and C in the sense that
these authors have observed a small negative
dispersion in the range q F

& q & 2qF. Also for Be
(along the A. axis) and for q = 1.76q ~, they observe
a distinct separation of the two peaks, which we
do not find in Al. This discrepancy could pos-
sibly be due to the periodicity of the lattice or to
something lacking in the theory or to both.

We have thus shown that it is possible to un-
derstand the main but somewhat unexpected fea-
tures of S(q, ~) on the basis of a simple modifica-
tion of the VS theory; and it is, therefore, not
necessary to invoke' the presence of an incipient
Wigner lattice at metallic densities. The theory
has its defects too. In its present form it violates
the continuity equation. Nevertheless, we believe
that the essential new physics is taken care of by
the theory.

We have just completed calculations of S(q, ~)
for sodium (r, = 4), and we find results quite sim-
ilar to those for Al (r, =2) except that the struc-
ture in S(q, m) in the former is somewhat more

marked. This was expected because of stronger
electron-electron correlations at low densities.
Our calculations thus seem to support the con-
clusion' that the observed features of S(q, e) have
a universal character.
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