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(e, 2e) Probe for Hydrogen-Molecule Wave Functions*
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The (e, 2e) reaction promises to be an extremely sensitive probe for molecular wave
functions. As an initial test we have applied it to the ET2 and D2 molecules in order to in-
vestigate its sensitivity to electronic and vibrational details. A detailed configuration-
interaction wave function fits the data, whereas simpler functions do not. The simple
Born-Oppenheimer approximation is confirmed to the accuracy of the experiment. The
probe is compared with the Compton profile as a means of investigating the electron mo-
mentum distribution in H2.

The (e, 2e) experiment' has been developed as
a probe for electron wave functions in atoms and
molecules and their ions. For the helium atom
we have shown by observing the angular correla-
tion for excited-ion eigenstates that it is a fine
enough probe to distinguish between Hartree-
Fock and configuration-interaction wave func-
tions. ' The technique gives a very accurate de-
scription of the target-ion overlap function for
resolved electronic states of the ion. A useful
idea in a single-configuration model is that it
measures the electron momentum distribution in
the target.

A number of experimental techniques may be
used to obtain information about electron momen-
tum distributions in molecules. When thermal
positrons annihilate in matter, the angular cor-
relation between the decay photons is determined
by the initial momentum distribution of the elec-
trons. Unfortunately, the need to have accurate
positron wave functions makes it difficult to ob-
tain reliable momentum distributions by this
method. The remaining two techniques are the
(e, 2e) reaction and Compton scattering, ' the lat-
ter including high-energy electron scattering. '
These two techniques differ in several important
ways. Whereas in the (e, 2e) technique the mo-
mentum distributions can be obtained directly
for electrons in individual orbitals, the measure-
ment of Compton profiles involves both summing
over individual orbitals as well as integration
over the momentum distributions.

For the simplest diatomic molecule, H„ the
Compton-profile measurement does not involve
summing over a number of orbitals, since both
of the electrons in H, are in the same orbital.
Hence it should be possible to compare directly
the results of Compton and (e, 2e) measurements
on H, . Furthermore, since H, is such a simple

molecule it should be possible to obtain good
agreement between the calculated and measured
momentum distributions. It is therefore quite
disturbing to find that the photon' and electron'
Compton profiles, as well as an early (e, 2e)
measurement, ' are all in disagreement with the
results of theoretical calculations.

Although both photon and electron Compton pro-
files differ from the most accurate available the-
oretical profiles by only about 2%~ this implies
that the corresponding electron momentum dis-
tributions may be in disagreement by as much as
6% nea. r q=0.

The simple impulse approximation, used in
analyzing Compton profiles, gives a simple rela-
tion between the Compton profile J(q) and the
electron momentum distribution p(q), namely

p(q) "-q 'd~(q)/dq.

This relation may not be completely satisfied in
the published experiments. " The (e, 2e) tech-
nique, on the other hand, measures p(q) directly
without making the simple impulse approximation.
It therefore offers an independent test of the the-
ory.

The present accuracy of the (e, 2e) method is
5% in p(q) for small q, compared to a claimed
accuracy of better than 1% in J'(q) for the Comp-
ton profile. Since p(q), for small q, is 3-4 times
more sensitive to the actual shape of p(q) than is
J(q), the (e, 2e) method is comparable to the
Compton method, even with reduced accuracy, in
sensitivity to the shape of the momentum density.

The observed discrepancy between the theoreti-
cal and experimental momentum distributions
could result from a failure of the Born-Qppen-
heimer approximation. Since the accuracy of
this approximation depends on the nuclear mass
being very much greater than the electron mass,
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its breakdown is most likely to be observed in
the light H, molecule. For D„since the nuclei
have twice the mass of the H, nuclei, the Born-
Qppenheimer approximation should be significant-
ly better. In the present work we report detailed
and accurate measurements of the (e, 2e) angular
correlations for both H, and D, in order to test
this hypothesis.

The present work was carried out using the
noncoplanar symmetric geometry. In this geom-
etry the energies of the two outgoing electrons in
the ionizing collision are kept equal, their sum
being equal to the total energy E, and both are
emitted at the same angle relative to the incident
electron direction. The angular correlation be-
tween the emitted electrons is obtained by chang-
ing the azimuth of one of the electron detectors.
Since the details of the experimental technique
have been described fully previously, ' a descrip-
tion will not be repeated here. The experimental
apparatus itself has been improved by the use of
two new electron spectrometers which will be de-
scribed in detail in a forthcoming publication on
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FIG. 1. Differential cross section for (a) H2 at E
(=E~+ Zs) equal to 1200 and 300 eV, and (b) D2 at 1200
eV. The full curve in both figures is the theory of case
3 in the present work. Also shown in (a) are the cross
sections calculated with the variational wave functions
of Weinbaum (short-dashed line which continues into
the full curve) and of Snyder and Basch (long-dashed
line). Where no error bare (1 standard deviation) are
shown, the errors are smaller than the dots. The inset
in (a) shows details of the 300-eV experiment on H2
plotted on a linear scale. The full curve is the theory
of case 3 and the dashed curve is calculated with the
wave function of Weinbaum.
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FIG. 2. Differential cross section for (a) H~ and (b) D2
at 600 and 400 eV. The curve is the theory of case 3 of
the present work.

CQ and N, . The angular correlations obtained at
total energies E of 300, 400, 600, and 1200 eV
for H, and D, are shown in Figs. 1 and 2. They
are plotted as a function of momentum transfer
q, where q=k, -k~-k~ and ko, k» and k~ refer
to the incident and final electron momenta, re-
spectively, with k„=k~.

Statistical errors (shown by the error bars in
the figures) range from 5%%u& at small q to 60% at
the largest va1ues of q. Energy uncertainty is 4
eV, independent of energy. This enables closure
over rotational and vibrational states to be used.
Angles in each spectrometer are defined by a cir-
cular aper'ture of diameter 4'.

The basic theory of the (e, 2e) reaction, ' which
has been confirmed in extreme detail by app1ying
it to atoms and, in particular, helium, ' is the
distorted-wave off- shell impulse approximation.
Experience has shown that for atoms lighter than
neon the plane-wave model is sufficient at 400-
eV incident energy, with symmetric kinematics.
For helium this is true at 200 eV. In the plane-
wave approximation the (e, 2e) matrix element is

M=Ktc(r'v'l(kz ke(+;o I+a g )k &lrv), (2)

where K is a constant kinematic factor, tc is the
appropriate half-off-shell Coulomb t- matrix ele-
ment, and I rv) and Ir'v') are initial and final ro-
tation-vibration states, characterized by the ap-
propriate sets of quantum numbers. The elec-
tronic wave functions for target and ion depend
on the vibrational coordinates.

The full theory of this matrix element has been
given by McCarthy. ' In the present experiment,
final rotation-vibration states are not resolved.
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The initial vibrational state is the ground state. We assume that it is independent of rotational states.
The matrix element is written explicitly in terms of configuration-interaction functions for target

and ion, using the abbreviation R to denote the set of nuclear coordinates r, for a general molecule, r
for the struck electron, and p for the electrons common to the target and the ion:

+rarger =Elfp(R)g&(P, R; r),

+;,=Z.g'(R) 4.'(» R).

The electronic overlap function depends only on r and R. It may be expanded in a linear combination
of atomic orbitals centered at the nuclei:

(+roal+rarger) =Qq„fq AU(r, R) = Zpuf p—8uZ&e&ra" (R) Ia(r rs) (4)

The plane-wave transform of this function is

«~, k~ I(+;..I+r.,g«) Ik, & -=2;.p&.(q, R) e~(rq. rg)

The closure relation for final rotation-vibra-
tion states may be applied if such states are not
resolved in the experiment. " This is

g„„lr'v')(r'v'I= 5(r, —r, ')6(r, —r, '). . . .
The expression for the differential cross section
simplifies to the ground-state vibrational inte-
gral if we assume that rotational states are de-
coupled from the electronic and v =0 vibrational
states for H,:

Variational calculations of target and ion wave
functions are available in the literature. Their
parameters are given as functions of the vibra-
tional coordinate R. We have tried three linear
combinations of atomic orbitals as variational
wave functions for the H, molecule: Case 1, the
function of Weinbaum, "which is a minimum-ba-
sis Slater wave function with a polarization term;
Case 2, the function of Snyder and Basch, "where
the atom-centered wave functions are linear com-
binations of several Gaussians computed only for
the equilibrium value of R; and Case 3, the con-
figuration-interaction function of McI.ean, Weiss,
and Yoshimine, "which obtains the correct bind-
ing energy within 4%. The second ot' these wave
functions describes the H, electronic function as
a determinant of molecular orbitals. Hence the
molecule-ion overlap is a product of a constant
factor and one molecular orbita1. . Pnly in this
approximation can we say that the experiment
measures the momentum-space wave function of
the molecule.

(5)

For functions 1 and 3 we require a variational
wave function for the ion. For case 1, we used
the simple function of Finkelstein and Horowitz. "
For case 3 we used the wave function of Guille-
min and Zener, "which obtains the correct bind-
ing energy within 0.05%.

In cases 1 and 2 no vibrational integral was
performed. In case 3 the full vibrational inte-
gral was performed. It was found to give an an-
gular correlation which could not be distinguished
in shape from the square of the Fourier trans-
form of the electronic overlap function, calculat-
ed at the equilibrium value of R. In all cases the
theoretical calculation was averaged over finite
acceptance angles of 4'.

Results are shown in Figs. 1 and 2. Case 3
fits the data in detail over approximately 2 or-
ders of magnitude at all the energies tried. No
difference is observed between D, and H„either
in the theory or in the data, thus confirming the
Born-Pppenheimer approximation to the accuracy
of this experiment.

The self-consistent field calculation of Snyder
and Basch seriously underestimates the high-mo-
mentum (short-distance) components, but the
simple Weinbaum theory is distinguishable from
the data only for very small momentum transfers
(large distances). Detail of this is shown in the
inset of Fig. 1.

Since one overall multiplicative factor is not
determined by the experiment, some convention-
al normalization must be used. For case 3, in
which the theoretical and experimental shapes
agree very mell, the theory is normalized to fit
the data for q less than 1 a.u. This normaliza-
tion of course makes the effective number of
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bound electrons equal in theory and experiment.
The same practice is used for x-ray and y-ray
Compton-profile normalization but not in the high-
energy electron-impact method. For the other
two theories the theoretical curves have been ar-
bitrarily placed on the logarithmic scale in the
best way to emphasize shape discrepancies.

The discrepancy between theory and experi-
ment in the earlier (e, 2e) measurements' can be
explained in part. Firstly, the theory used was
slightly in error, since the sum over vibrational
states was not carried out although these states
were summed over in the experiment. Secondly,
there was a systematic error of 6% in the cali-
bration of q.

The small discrepancy between theory and ex-
periment in the Compton-profile measurements
gives rise to a more serious disagreement be-
tween the calculated and experimentally derived
momentum distributions. This discrepancy could
quite possibly be due to failure to satisfy binary-
encounter conditions in the experiments. If this
is indeed the case then, as in (e, 28), the mea-
sured Compton profiles will depend on the over-
lap of the initial target and final ion wave func-
tions rather than the single-particle momentum
densities. Of course at sufficiently high energy,
closure over final states reduces the theory to
dependence only on initial states.
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The plasma-broadened H~ and H 8 spectral-line profiles of hydrogen were calculated re-
taining the time ordering in the 8 matrices of the width-shift operator by diagonalizing
with the O(4) group. Significant changes occur: The H~ peak is decreased 15%, the half-
width is increased 25%, and the HB relative dip is decreased 23% without significant al-
teration of the maximum intensity of half-width. Agreement with experiment is improved
appreciably.

The plasma- (Stark-) broadened Balmer-line
profiles of hydrogen mea, sured during recent ex-
periments"' exhibit much less structure in their
central regions than predicted by the most com-
prehensive theories. ' ' This difference is quite
serious since the plasma-broadened Balmer lines
have found many applications as a convenient pre-

cision diagnostic tool for determination of cha, rged-
particle densities in plasmas. Preliminary ex-
aminations of the several approximations which
might significantly affect the central structure—neglect of time ordering ' " ion motion &

and inelastic collisions'~ "—indica, te that the ne-
glect of time ordering in calculations of the ma-


