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It is shown that even for optical frequencies the dipole approximation is not always valid
in multiphoton ionization. For certain photon frequencies, we find quadrupole-dipole con-
tributions which are several orders of magnitude larger than the usual dipole-dipole con-
tribution to two-photon ionization.

Multiphoton transitions in atoms have up to now
been calculated in the electric dipole approxima-
tion. In this Letter, we show that for certain pho-
ton frequencies there are significant contributions
from electric quadrupole transitions which ex-
ceed the dipole contributions by several orders
of magnitude. As a result, multiphoton ionization
cross sections will not necessarily exhibit some
of the deep valleys found in calculations based
solely on the dipole approximation. '

In many cases instead of deep valleys one will
observe sharp peaks. For this to occur, the pho-
ton frequency must be approximately equal to the
energy difference between two states connected
via a quadrupole transition. Examples would be
multiphoton processes of the type: nS -n'D-K,
nS-nV '-"~'V -K, nS-n'I «&n'V'-K, etc. ,
where K denotes a continuum state. The symbo1.
(Q) indicates the quadrupole transition. In addi-
tion, the nearest state for which a dipole transi-
tion is allowed must be sufficiently far from reso-
nance so that the smallness of the quadrupole ma-
trix element is compensated for by the respective
energy denominator. A more precise statement
of this criterion will be given after a quantitative
discussion of a specific case.

To present a quantitative case, we first discuss
in detail two-photon ionization of atomic Li. In
the perturbation-theory regime, the total transi-
tion probability per unit time is obtained from the
equation'

W~ = 2v
~ Q, V~, V, ,((u, —(u, ) ' ~'5(~ 1

—&u,),

where (i) and (f) are the initial and final states,
respectively, with energies S~, and A(d&. The
sum is over all intermediate states and V is the
interaction between radiation field and atom. '
These states are to be understood as states of
the system "atom plus field. " The interaction V'

can be written in terms of the multipole expan-
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where r'=x, '+x,'+x, ' (with the usual identification
x, =x, x, =y, x, =z) and 5;, is the Kronecker delta.
The first term V in Eq. (2) is the usual electric
dipole contribution while the second term is the
electric quadrupole contribution to the interac-
tion. Higher-order electric multipoles and mag-
netic multipoles contribute negligibly to the type
of transitions studied in this paper. For more
complicated atoms, magnetic dipole transitions
may also have to be considered in some cases.

The usual dipole contribution to S'f,- is obtained
by taking V = V~ in Eq. (I). Consider, however,
two-photon ionization of Li with photons of ener-
gies h~ =E,„-E„, where E„, is the energy of the
atomic state [nl) (we neglect spin-orbit coupling
for the moment). Since the nearest p state is 13')
which is about 358 cm ' away from ) 3d), the di-
pole contribution to two-photon ionization will be
due to off-resonance (virtual) transitions. Be-
cause of interference between the various 2s -np
contributions, the generalized cross section' 0
drops to a rather small value" for the above pho-
ton energies. (v= 10 "cm' sec). Noting that the
electric quadrupole transition 2s -3d is allowed,
one may ask whether two-photon ionization via
the channel 2s-(V ) -3d-(V ) -K might not in fact
be more probable than the dipole-dipole transi-
tion. K is the wave vector of the outgoing photo-
electron.

sion

v=-v +v~+. . .
= —er ~ h(0)- —,'eQ, ,q, , v, S,.(0) +. . . ,

where e is the electronic charge, r the position
operator of the electron undergoing the transi-
tion, and h(0) the electric field evaluated at the
origin of the system of coordinates —the position
of the nucleus. Q;,. is the quadrupole dyadic' de-
fined by
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6= 2&(2&o)'Ru'f IMI'dQ (4)

&KIz I Sd)-;k&Sdlz~ I 2s)
403d (d2s (d + ~ 13

(5)

I K) represents the continuum state of the photo-
electron, k = &u/c is the wave vector of the inci-
dent photons of frequency cv, h~„, =E„,are atom-
ic state energies, 1"3„is the appropriate width
for the state ISd), and e4 is the fine-structure

We take light linearly polarized along the z axis
and propagating along the x axis, so that we can
compare the result with existing calculations for
the dipole-dipole contribution. The quadrupole-
dipole contribution is obtained from Eq. (1) by
taking V,.;= V,.; and V»= V» . Following a pro-
cedure which has been presented in detail else-
where, ' we obtain

constant. In Eq. (5) we have only one term —in-
stead of a whole sum over intermediate d states—because we are considering a near-resonance
process. Because of the smallness of the qua-
drupole matrix elements, the contribution of off-
resonance d states is negligible compared with

the dipole-dipole background. Note that Eq. (5)
looks very much like the corresponding dipole-
dipole expressions' ' except that we have zk(Sdl
x zxl2s) instead of &nplzl2s). There are of course
differences in the numerical coefficients arising
from the angular momentum algebra. The ex-
pression for M as used in Eqs. (4) and (5) is in-
dependent of the normalization of the continuum
states because it contains the density of final
states.

After some angular momentum algebra, the
above matrix elements are reduced to expres-
sions involving radial matrix elements. Thus we
obtain

f IM I d~ u
= ~ x gk2 I( sd I

r'
I 2s) I'(-', I(KE I r I sd) I'+

I &KP I r I Sd) I') [(u,4
—cu„- cu)'+ I",4'] ', (6)

where IKE) and IKP) denote the radial parts of
the E and I' partial waves in the expansion of the
continuum state in spherica1. harmonics. We have
obtained values for these radial bound-free ma-
trix elements by using a close-coupling calcula-
tion in the static-exchange approximation. The
details of this calculation, as well as results for
a number of bound-free transitions, will be pub-
lished elsewhere. ' Their values are l(KPlr I Sd)I
=0.276ao/v(R and I&KElr ISd)i=1.056a, /vdi„,
where a, —=5.29XIO ' cm is the Bohr radius.
These values correspond to a photoelectron ener-
gy of about 0.18 Ry, which is the case for two-
photon ionization of Li with photons of energy R~

E3„-E„=—31 283 cm '. This frequency can be
obtained, for example, as the second harmonic
of a rhodamine dye laser. The quadrupole ma-
trix element has been calculated most recently
by Caves. ' Its value is (Sd Ir'I 2s) = —19.39a,'.

Using the above values, we obtain

8 = 0.917x10 "P cm4 see, (7)

where g'—= ~'/[(b, ~)'+ 1",4'] and &~=-~ —(~„—~„).
The quantity g' gives the dependence of o on the
photon frequency around the 2s -3d quadrupole
resonance. The fine-structure splitting of l3d) is
about 0,04 em, while its natural width is of the
order of 0.5X10 ' cm '. Therefore as long as
hu is about 0.1 cm ' or more away from reso-
nance, fine-structure and width ean be neglected.

The value of 0 is then obtained by simply taking
$'=(&u/&u) . For h(&u) =0.1, 1.0, and 10.0 em '
we find o=0.893~10 ', Q. 893 x1Q ' and Q. 899
X10 ' cm4 see, respectively. The dipole-dipole
contribution to o in this frequency range, as cal-
culated in Refs. 1 and 2, is smaller than 5 &10 "
cm' sec. For b&a = —

I hcul the value of o' will be
slightly smaller than for +( 4+), because ~ will
be smaller, but we can disregard this difference
for the present discussion.

We have shown therefore that for a range of
photon frequencies of about 50 cm ', the quadru-
pole-dipole contribution to two-photon ionization
of Li is larger than the usual dipole-dipole con-
tribution. Within a few wave numbers from the
2s -3d resonance, the quadrupole-dipole term
will dominate by about 2 orders of magnitude.
Thus instead of the deep valley found in Refs. 1
and 2 for 8~ =31283 em '=3.9 eV, o will exhibit
a sharp peak. Even more important, the values
of a in that frequency range represent rather sub-
stantial two-photon ionization generalized cross
sections which makes these quadrupole contribu-
tions readily observable with present-day tunable
dye lasers. Recall that the two-photon ionization
rate (neglecting photon-statistics effects) is given
by oE', where I is the photon flux in number of
photons square centimeter per second. As an ex-
ample, take I=10"; for 0=10 ' and a laser pulse
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duration of the order of 100 nsec, about 1% of the
atoms in the interaction region will be ionized
during the laser pulse.

It is now evident that quadrupole-dipole contri-
butions will be significant in alkali-like atoms
whenever the photon frequency is such that h~
=E„.,—E„,provided there are no p states near
the (n'd) state. An order-of-magnitude criterion
can be obtained by comparing R„.,o= —,'k'-[(n'dlr'
x)ns)P with the dipole matrix element R„"~ —= l(n"pl
xr lns)P, where In "p) is the p state nearest to
)n "d), and k=(E„.„E„,-) /5 C. Normally, we shall
have R„.,o/R„"~ «1. For example, in the case of
I i discussed above, this ratio (with n'=3 and n"
=3) is about 2.16&&10 '. The quadrupole-dipole
contribution will be significant when tn "p) is suf-
ficiently far from ~n'd) for the ratio (E„"~-E„,
—S~)'/(E„.,-E„,—Ru&)' to compensate for the
smallness of R„~~o/R„.i~ [see Eq. (5)]. This is
an approximate criterion because it does not ac-
count for differences in angular momentum fac-
tors or in the bound-free matrix elements. The
dipole-dipole contribution is further reduced for
certain ranges of frequencies because of cancela-
tion of positive and negative contributions arising
from the opposite signs of the energy differences
in the denominators. This makes the relative
contribution of the quadrupole transition more
significant: In the case of Li, as one considers
nd states higher than the 3d, the quadrupole ma-
trix elements 2s -nd decrease, ' but so do the 2s
-np dipole matrix elements. What eventually
limits the importance of the quadrupole-dipole
contribution is the fact that the energy difference
between p and d states decreases with increasing
n. As a result, above some n the quadrupole-di-
pole contribution becomes smaller than the di-
pole-dipole background. Exactly where this hap-
pens will also depend on the linewidth of the las-
er. We also mention in passing that the photo-
electron angular distribution of the quadrupole-
dipole contribution will be different from that of
the dipole-dipole contribution. The highest pow-
er of cash will be cos'8 in the former and cos'3
in the latter; 0 is the angle between the light po-
larization vector and the electron wave vector K.

Considering now briefly the other alkalis one
finds the situation to be largely the same. The
energy differences E„.„-E„,(where )ns) is the
ground state) decrease with increasing Z, but on
the other hand the matrix elements increase. The
end result is that the quadrupole-dipole contribu-
tions —for the first few ns -n'd transitions —will
be significantly higher than the dipole-dipole con-

tributions for certain photon frequency ranges.
Such frequencies are readily obtained with a tun-
able dye laser or the second harmonic thereof.
The necessary linewidths are of the order of one
to a few wave numbers, depending on the particu-
lar atom and transition under consideration. In
any case, these are frequencies and linewidths
used presently in two-photon spectroscopy. For
sufficiently narrow laser linewidths, one must
also take into account fine structure. This is an
interesting side of the problem but space does
not permit its discussion here.

Our results have several implications. First,
two-photon ionization rates for certain photon
frequencies will be higher than theoretical rates
based on the dipole approximation. This will al-
so occur in higher-order processes. Second,
multiphoton processes can provide information on
on bound-bound electric quadrupole —or perhaps
even higher multipole —transitions.

Third, the following question arises: How valid
is it simply to adopt the dipole approximation in
multiphoton calculations'? We have shown that in
the perturbation-theory limit this is not always
valid. Consequently, certain methods' "cannot
give the correct result whenever a quadrupole
resonance contributes. Note that it is the dipole
approximation that enables such methods to ob-
tain analytic solutions. Further, it would seem
that even in the ultrastrong-field limit"" the di-
pole approximation may break down. One can see
how this might come about by considering an
electron in a field so strong that the atomic po-
tential could at first be neglected. Then the La-
rentz force law gives ma = —e[E(r, t) +(v/c) xB(r,
t)], where the electric field E can for simplicity
be taken as E(r, t) = E, cos(k ~ r —~t) with a similar
expression for the magnetic field B(r, t). As long
as the field is not too strong, the acceleration a
is small and (v/c) &&B can be neglected. In that
case, the acceleration, velocity, and displace-
ment of the electron remain parallel to E. This
implies that k ~ r =0 which is equivalent to the di-
pole approximation. It is known" however that
for intensities sufficiently large, an unbound elec-
tron experiences Compton scattering'4 which
means it experiences a net force along k. This
contradicts the dipole approximation. Conse-
quently, above a certain field intensity all multi-
poles would be important. At such intensities,
the electron interacts with the field over distances
of the order of one wavelength or more.

Nevertheless there may be a regime of intensi-
ties which are stronger than the atomic binding
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potential, yet not sufficiently strong for Compton
scattering to be significant. In that regime, the
dipole approximation should be valid as long as
the atomic structure has no effect. It is not our
intention to dismiss unconditionally the validity
of the dipole approximation in multiphoton pro-
cesses. Clearly it will be valid under a wide
range of circumstances. We do however wish to
point out that its validity is not as general as has
been assumed on the basis of the usual argument
that for optical wavelengths the dipole approxi-
mation is valid, Although this is correct for weak
fields, in the presence of strong fields and multi-
photon processes the argument loses its generali-
ty.
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J. H. Eberly for his comments on the ultrastrong-
field case.
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This is not ordinary Compton scattering of a photon
by a free electron. Since we are dealing with ultra-
strong fields, the electron states are Volkov states and
a large number of photons are involved in the process.
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We have observed supercooling in liquid CO2 near the critical temperature greatly ex-
ceeding that allowed by existing theories of homogeneous nucleation.

We report here a calorimetric study of nuclea-
tion in liquid carbon dioxide (CO,). We have
clearly observed that in the vicinity of the criti-
cal point, CO, may be "supercooled" at constant
density to temperatures well below those at which
homogeneous nucleation of vapor bubbles is pre-
dicted to occur by current theories. ' ' Some hint
of this anomalously large supercooling in the
critical region of CO, is apparent in earlier ca-
lorimetric experiments by Straub' and in experi-
ments where nucleation was observed visually. '
Anoma, lously large supercooling has also been

found nea. r the critical point of the binary liquid
mixture C,H„-C,F,~ by Sundquist and Oriani' and
by Heady and Cahn. ' These earlier experiments,
reinforced by the present one, indicate that there
is a serious gap in our understanding of nuclea-
tion in fluids near their critical points.

We have made three other significant observa-
tions: (1) Supercooling could be achieved only in
samples filled to a density greater than the criti-
cal density, p, . (2) Repeated runs with a given
density, p, yielded identical nucleation tempera-
tures when p was near p, but a wide distribution
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