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The propagation of current-driven ion-acoustic waves in a positive column is studied
by measuring the cross-power spectral density up to 30 MHz. Dispersion characteris-
tics are verified in the weakly turbulent state, and the measurements of instability cor-
relation times and lengths are illustrated for higher levels of turbulence, where the dis-
persion relation no longer applies.

Statistical methods are very useful for analyz-
ing the results of experiments in weakly turbulent
plasmas, where many interacting waves are pres-
ent: The cross-correlation function is used in the
time domain, while its Fourier transform, the
cross-power spectral density, is used in the fre-
quency domain. ' The currently available cross
correlators can process signals of at most a few
megahertz, "unless sampling techniques are
used, ' while the application of well-developed sig-
nal-processing techniques in the frequency do-
main4 can, in principle, lead to analog instru-
ments for measuring the cross-power spectra in
the gigahertz range. '

This note reports the results of studying lon-
acoustic waves in a weakly turbulent plasma, ob-
tained by measuring the cross-power spectral
density up to 30 MHz. While measurements of
the cross-power spectra below 1 MHz have been
used to deduce the ambipolar diffusion coeffi-
cient' and electron density' in thermal plasmas,
and the spectral index in turbulent plasmas, ' we
believe this to be the first application of the
cross-power spectra to the study of propagating
plasma waves up to 30 MHz. It will be demon-
strated that important information about the tur-
bulent characteristics of saturated instabilities
can be obtained in this way.

For a given pressure, current-driven ion-
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FIG. 1. The cross-power spectra at Pa =0.48 Torr
cm, I =2.5 A, and the following probe separations 4z
(mm), and vertical sensitivities (mV/div): (a) 0, 20;
(b) 10, 50; (c) 30, 50; (d) 50, 50; (e} 80, 10; (f) 110,
20; (g) 130, 10.

acoustic waves are excited in the positive column
above a critical value of discharge current, in
the form of a band of frequencies around the fre-
quency f, for which the convective growth rate
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FIG. 2. The dependence of the frequency period hf
of wave forms such as Fig. 1 on probe separation 4z
for several values of pressure. I =2.5 A (except 1.5 A
at Pa =0.15 Torr cm).

FIG. 3. The comparison of measured dispersion
characteristics with the theory, Eq. (1). ~ is the fre-
quency normalized to the ion plasma frequency.

maximizes. ' Further increase in current leads
to broadening of this frequency band, and to in-
creases in f, and the power-spectrum amplitude.
The waves propagate in the direction of electron
drift and are strongly damped in the opposite di-
rection. Assuming weakly excited, one-dimen-
sional traveling waves, so that the modes inter-
act only weakly, for each value of wave number
k a single wave with frequency ~ is excited, as
given by the dispersion relation, '

v „=u)/k =v,/(1+k'ZD')'",

where v, =(T,/m, .)'I' is the ion sound speed, XD

the electron Debye length, T, the electron tem-
perature, and m,. the ion mass. The cross-pow-
er spectral density detected by two probes sepa-
rated by distznce M is then'

II(~, ~) o- y,' exp [ik(cu)~ j.
At M=0, ReH~ y~', so that the amplitude factor,

has the shape of the power spectrum. The
real and imaginary parts of II vary periodically
in ~M/v „, amplitude-modulated by the shape
of the instability power spectrum.

Cross-power spectra were measured using two
plane ion-wave-detecting probes in a helium pos-
itive column of radius a=2.5 cm, ' by use of the
analyzer described in Ref. 2. A typical set of re-
sults is shown in Fig. 1, where pressure p and
current I are kept constant, and the axial probe
separation M is varied. Each pair of plots rep-
resents the real (upper trace) and the imaginary
part of Il, and the plots clearly demonstrate the
features of Etl. (2) discussed above. Since H is
periodic in frequency, the phase velocity is de-
termined by plotting the frequency interval cor-
responding to one cycle of the wave forms hf for
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FIG. 4. The comparison of measured electron tem-
perature T, with the theory, Ref. 10.

different probe spacings hz as shown in Fig. 2
for several sets of measurements. The points
fall on the expected lines with slopes of —1, and
for these weakly excited waves, the correlation
lengths extend over many wavelengths (the wave-
lengths are typically -0.5 mm). The resolving
power of the analyzer (the i.f. bandwidth is 0.1
MHz) sets the limit for measuring very long cor-
relation lengths, so that the actual correlation
lengths for some runs, e.g. , Fig. 1, may be long-
er than the -10 cm implied by Figs. 1 and 2.

With the values of vph determined from Fig. 2,
and the wavelength A =v h/f„kAD was calculat-
ed by using the discharge parameters for He. '"
The corresponding dispersion diagram is shown
in Fig. 3, together with the theoretical curve,
Eq. (1). Similar results obtained by using a tun-
able phasemeter have indicated coherence lengths
of less than 5 mm, "perhaps because that method
requires a larger amplitude level, and hence a
more turbulent state, than the present one. The
measured v p„can also be substituted into Etl. (1)
to determine v„and thus T, . Figure 4 shows
the resulting dependence of 7', on Pa, together
with the theoretical result, '0 where the discrepan-
cies are due to the inaccuracies of the theory in
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FIG. 5. Spectra at 4z =20 mm, Pa =0.53 Torr cm.
Power (self) spectra taken at the following values of
discharge current (vertical sensitivity 60 mv/div):
(a) 4.0 A; (b) 3.5 A; (c) 3.0 A; (d) 2.5 A; (e) 2.0 A;
(f) 1.5 A. Corresponding cross-power spectra at the
following discharge currents (amperes) and vertical
sensitivities (mV/div): (g) 1.5, 20; (h) 2.0, 50; (i) 2.5,
50; (j) 3.0, 20; (k) 3.5, 20; (1) 4.0, 20.

Ref. 10 for predicting density, and thus XD. It is
seen that the dispersion characteristics of ion-
acoustic waves close to the instability boundary
can be deduced by the simple theory of Eq. (2).

%Vhen the discharge current is further increased,
the instability becomes so strong that the disper-
sion relation, Eq. (1), no longer holds, and
the detected spectra change considerably. This
is illustrated in Fig. 5, where the probe spacing
is set at 20 mm and the level of instability is
varied by varying the current. Figures 5(a)-5(f)
show the power spectra (HeII for ~s = 0) from just
below instability onset to much above it. These
results are consistent with our earlier measure-
ments with a commercial spectrum analyzer. '
The corresponding cross-power spectra [5(g)-
5(1)] show increased complexity, loss of correla-

tion (note the sensitivity settings), and imply in-
creased phase mixing as the level of wave turbu-
lence increases. In this case, it would be neces-
sary to perform a spatial Fourier transform to
obtain the wave spectral density. ' While this is a
task which requires the use of computer data-
processing techniques for our experimental con-
ditions, spectra such as Fig. 5 can still be used
to study the transition from weakly to strongly
turbulent regimes. For example, the loss of co-
herence demonstrated by the decrease of cross-
power spectral amplitudes, the decrease in cor-
relation times corresponding to the broadening
of the power spectra in Figs. 5(a)-5(f), and the
decrease in correlation length demonstrated by
the degradation of the periodicity of H(v) in Figs.
5(g)-5(1) may all be interpreted as both qualita-
tive and quantitative characteristics of turbulent
states. Correlation lengths and times are funda-
mental parameters of nonlinear plasma theory,
and their direct measurements are very impor-
tant for further development of realistic models
of turbulent plasma states.
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