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Universality of the Exponent q to Order e2 for a Class of Renormalization Groups
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A formula for the exponent q to order e2 previously derived is generalized to a wider
class of groups which includes the sharp-cutoff group and is shown to be universal to this
order.

In a recent paper' the authors have determined the fixed point and the exponents for a class of re-
normalization groups characterized by parameters b and P(k) (Wilson's incomplete-integration renor-
malization group' with an arbitrary cutoff function), and have shown that while to order e the critical
exponents are universal, in order e' the exponent g appeared to depend on the parameters of the group.
In this Letter we determine the fixed point of a somewhat more general class of renormalization groups
(RNG's) which also includes the sharp-cutoff RNG as well as the linear RNG recently discussed by Bell
and Wilson, ' and show that for all members of this class the exponents are universal to order 6 .
differential form of the generalized incomplete-integration renormalization-group transform is
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where y(k) is an arbitrary analytic function of k' and the other symbols have the same meaning as in
Ref. 1. If we set y(k) identically equal to unity, Eq. (1) reduces to Wilson's exact renormalization-
group equation. The renormalization-group operator expressed by the differential equation (1) can be
equivalently written as the following integral operator:

expa, (o) = j.exp(- —,'Jk[D(k, t)] '~ok —exp(- —,'dt)C(k, t)o(„-('~'] expH, (o'), (2

where

C(k, t) = exp[- bt f„,(k—') 'P(k ') dk']

and

D(k, t) = 2
Pe t

dk" dk'.
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If we choose P(k) =0 for k ~1, P(k) =~ for k&1, y(k) =C, a constant, for k 1, and y(k) =& for k&1,
Eq. (2) becomes equivalent to the linear RNG equation of Bell and Wilson. We derive the e-expansion
solution for the fixed point and the critical exponents given by Eq. (1) by the same method as we used
in Ref. 1. The solution for the fixed-point function U„(k) is

U *(k) =--
~

- ( exp [ 2 f &(k I)
-

~P(k I) dk s] + 2 f k [1 + P(k I) ]y(k i)k I exp[ 2 f a~ (k I t) P(k I I) dk 11]'

U»*, U4, ~, U„*, and U„*have the same expressions as those reported in Ref. 1, if one makes the fol-
lowing reinterpretations:

P(k) -p(k) —2y(k)[1+ p(k)]U»*(k); g(k) -y(k)[1 p(+k)]e jxp(k') 'P(k') dk'.

We find that, to order e, the exponents do not have any explicit dependence on a, P(k), or y(k) and are
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the same as for the sharp-cutoff group. As before, in order e',

g, =- (A'/a) j-„y(k,) j-„y(k,)j zdZE 'dy(E)/dE.

(The extra factor of 4 in the corresponding expression in Ref. 1 is in error. )
We shall show below that our expression for q, is universal. This confirms a recent numerical com-

putation by Golner and Riede14 who evaluated the expression for g, by computer for the choices

y(k) = 1, P(k) = 2k and y(k) = 1, P(k) =k4

and obtained4 in both cases.
We first notice that the function g(k) can be written as

g(k) = —(2a) 'k 'd[y(k)] '/dk; y(k) =1+2aj [1+P(k')]y(k')k'exp[j (k") 'P(k") dk "].
This yields the important identities'

j kg(k) dk = I/2a and A = a'/Sz.

Substituting the above value for A in the equation for g, and writing the four-dimensional integrals ex-
plicitly yields

q, = —(2'a'/9m) j k2)(k2) dk, j k4$(k4) dk4I(k2, k4, E),

where

f(k2, k4, E) = k, 'k42 j sin28 d8j g dx E 'dg(E) /dE

and 0 is the angle between vectors k, and k4. Making use of' the relation

dA/F = dF/(k. 2'+k P4 cosO),

(4)

(5)

we can write (5) as a Stieltjes integral,

f=kg, 'j sin'8dO j,[X/(&, +k, cosO)] d[g(E) —g(k4sin8)]. (6)

Here g(k~sin8) has been introduced to make the integrand finite when k, +k, cos8 vanishes. This in-
tegral may be evaluated by integration by parts and by changing the variables of integration to E andI' where E' =k4sinO. The domain of integration over E and F' becomes a three-sheeted surface. The
result is

I= j„', 'Fy(F) dE(n)+ j 'Fy(F) dF( v) for k &k-,

I= j '„'Fg(HdE(u)+ J„'„FgF)dE( w) for k, (-k„

where n is the angle between k, and E in a triangle whose sides are k„E, and k4.
The first of the two integrals in Eqs. (7) and (8) can be combined to form an integral over the domain

where k„k„and E satisfy the triangle inequalities (k, +k, &E; k, +E&k„k,+E&k,). In Eq. (7), it is
convenient to divide the domain of integration into two parts:

(7)

(i) k, &E&k, —k,; (ii) k, —k, &E&0.

where the domain of the first integral is over all I', k„and k4 satisfying the triangle inequalities, and
that of the second is the domain where in addition to the triangle inequalities the inequality k4& E is
satisfied. The third integral is over the domain where the inequality k, +I &k~ is violated and k, &k,
is satisfied.

The integral over domain (i) can be combined with the second integral in Eq. (8) to form an integral
over a domain where k„k4, and I" satisfy the triangle inequalities as well as the inequality k4&E. The
domain (ii) is the domain where k4&E and the triangle inequality E+k, &k4 is violated. Our expression
for g, can be written then as the sum of three threefold integrals over k„k„and E:

q, = —(2'a'/9m) [jk,g(k, ) dk, jk4$(k~) dk, jFg(F) dE(n) +jk,g(k, ) dk, J k4g(k4) dk4 jFg(F) dF( &)—
+ jk,y(k, ) dk, jk,y(k, ) dk, JFy(F) dF( w)], -
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If we interchange the roles of I' and k4 and divide by 2, the second and third integrals can be ex-
pressed as an integral over the domain where the triangle inequalities are satisfied and an integral
over the domain where the inequality E+k4&k, is violated, respectively. Combining the second with
the first integral we have

r], = —(2'a'/9&) [J k,(( k,) dk, fk,g(k,) dk, fF&(F) dF(n —,'m)—

+ J k,g(k, ) dk, fk,y(k, ) dk, fEy(E) dE( —,'~-)].
If we now permute k„k4, and I"'so that 04 and E successively take on the role of k„we may write

11,= —(2'a'/9m) Ukase(k~) dk2 J k44(k4) dk4 JEg(F) dE[ , (n -+ p+r) —-'m]

+ f k, y( k) dk fk g(k ) dk fEy(F) dE(- —,
' v)),

where the second integral above is taken over the domain where at least one of the triangle inequalities
is violated and P and y are the angles between k, and k, and between k, and E, respectively, in the tri-
angle formed by k„k4, and I". Since the sum of three angles of a triangle is r, the integrand in both
integrals is the same and is equal to ——,'&, and the sum of the two integrals is

q2 = —(2'a'/9m) f k2&(k2) dk, f k4&(k4) dk~f Eig(E) dF(- —,
' v).

Taking note of Eq. (3), we see that this is equal to
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The expression for the coefficient of & in the p expansion for the critical exponent q of
the Ising model has been obtained by Shukla and Green within the incomplete-integration
method of Wilson. It was left by them in the form of an unevaluated integral, which ap-
pears to depend on parameters characterizing details of the renormalization-group pro-
cedure. The integral is evaluated here and found to equal ~, regardless of the values of
those parameters.

In a recent Letter, ' Shukla and Green presented a low-order-in-& solution to Wilson's incomplete-
integration equation formulation of the differential renormalization-group problem for the continuous
version of the Ising model. The solution for the second-order-in-& contribution to the critical expo-
nent g was left in the form of an unevaluated multiple integral in which the integrand had a nontrivial
dependence on a constant a and a function P(k). If the result of integration were to depend on them, the
critical exponent g would depend on the details of the renormalization-group procedure, a highly un-
satisfactory result. In this note an evaluation of the integral is presented. The result is found to be

—,'~ independent of both a and P(k).


