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We present a density-functional theory, renormalized to account self-consistently for
the effects of the zero-point motion of surface modes, for the free surface of He at zero
temperature. Although detailed liquid-structure effects are included, no static density
oscillations near the free surface are found in contrast to a theory of Regge. For the
case of 4He bounded by a single hard wall, density oscillations near the wall are ob-
tained.

Recent years have seen the application of den-
sity-functional theory to a number of problems,
principally those associated with the electron
density in the vicinity of metal surfaces, ' but
also including some in the areas of liquid helium, '
nuclear matter, ' and classical liquids. ' In this
paper we present the results of a density-func-
tional calculation of the density profile of the
free planar surface of liquid 'He at zero tempera-
ture. The theory used is a generalization of pre-
vious efforts, designed to take into account self-
consistently the effects of changes in the long-
wavelength (i.e. , wavelengths greater than a few
interatomic spacings) mode structure of the liq-
uid when a free surface is formed in an other-
wise uniform system. Specifically, we include
the very important effects due to the zero-point
motion of both the surface modes (ripplons) and
surface-altered bulk modes (phonons reflected
at the surface) on the density profile and on the
surface tension. Our results resolve the intrigu-
ing question, raised by previous theories of the
'He free surface, ' as to whether or not there are
oscillations in the density near the surface. We
find no such oscillations even though we include
hard-core effects (via a realistic structure fac-
tor) which might conceivably give rise to them.
Further, we have applied our theory to the case
where the liquid is bounded by a hard wall (ours
is the first realistic calculation for this situa-

tion), and we find density oscillations similar
to those found by Liu, Kalos, and Chester' for
R hard-sphere boson system bounded by two
hard walls. This contrasting behavior shows
that a free surface is simply too soft to permit
static oscillations in the density. It is worth-
while to point out that the oscillations we obtain
in the case of a single hard wall may reasonably
be expected to persist in the situation where the
helium is in contact with a real substrate, next
to which one or two solid 'He layers are formed'
(because of the substrate Van der Waals attrac-
tion), followed by the liquid. If so, one might
expect a significant effect on the Kapitza bound-
ary resistance in the temperature region (1-2'
K) where the effective thermal-phonon wave-
lengths are comparable to those of the static den-
sity oscillations [recall that the phonons can
strike the surface at an angle].

We begin with a description of what we term
the bare density-functional (BDF) theory, "bare"
in that it does not include the renormalizing ef-
fects of zero-point motion associated with the
surface. Our approach is similar to that of
Hohenberg and Kohn. ' We approximate the exact
energy functional E[n] in terms of a local energy
density plus an expansion in powers of the differ-
ence between densities at different points in the
fluid; the series is terminated in second order,
and the first-order term vanishes for reasons
of symmetry. Thus,

E[n] =f d s z e(n(r)) +J d sr d su' W(r, r ') [n (r) —n(r ')]
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Here e(n) is the energy density of a uniform sys-
tem having density n and the kernel W(r, r') may
be thought of as an effective interaction between
different portions of the fluid arising from non-
uniformity. To obtain an expression for W(r, r'),
we apply (1) to the limiting ease of a weakly non-
uniform fluid. Follow'ing an argument similar to
that of Ref. 8, we find, in the stated limit,
W(~, ~')= ——,'g~exp[iq (r —r')]y„, '(n, ), where
X, is the density-density response function at

wave number q for the uniform system having
number density n, . For the case of general non-
uniformities, we will retain this form with the
replacement no- [n(r) +n(r')] /2 = n—in order to in-
corporate the density dependence. Since

y, '(n) = y, ' =h'q'/4mn

(the free-particle limit), the integral in our ex-
pression for 8" is irregular at large q. It is con-
venient to separate out X, in order to obtain a
regular kernel, in which case (1) becomes

E[n] = fd'r e(n(r))+(5'/2m) fd'x(«'"(r)]'
,' f d—3rd'x'$g, exp[iq (r -r')] [X, '(n)-X, '(n}]3[n(r) -n(r')] (2)

It is a very pleasing feature of the present theory
that the well-known quantum pressure term'
[that involving «'"(r)] emerges in a completely
natural fashion and does not have to be put in by
hand, as has been done in the essentially phe-
nomenological theory of Padmore and Cole. '

ln order to make practical use of (2) we re-
quire a reasonable approximation for X,. Our
choice is to employ the result of the Feynman
theory" y, '. = k'q'/4mS, 'n, where S, is the usu-
al liquid-structure factor. This approximation
includes the structure of the liquid in a very rea-
sonable way and renders actual computation of X,
as a function of density sensibly tractable.

Now the equilibrium configuration assumed by
the system is the solution (subject to appropriate
boundary conditions) of 5E[n] /Gn(r) = p, where p,

is the chemical potential. Thus, from (2) we find
a nonlinear integro-differential equation which
may be solved for n(r).

The quantities e(n) and S,(n) have been obtained
via application of the theory of Mihara and Puff."
This theory yields an S, at the equilibrium den-
sity for zero pressure in excellent agreement
with experiment. At higher densities the peaks
in 8, become more pronounced and move to
slightly larger values of q, whereas the peak
structure gradually disappears as the density is
reduced from its zero-pressure value.

We have solved numerically the integro-differ-
ential equation subject to the boundary conditions
n(z = —~) =0 and n(z =+~) =no, appropriate to a
bath of 'He with a planar free surface. The solu-
tion, which we call the bare density and denote
by nb(z), is depicted in Fig. 1.

The surface tension &, associated with n, (z) is
given by

cr, =E[n„(z)]—f dz p.n, (z) .

Calculation yields the result &, = 0.003 erg/cm',
which, when compared to the experimental sur-
face tension o =0.378 erg/cm', " is a clear indica-
tion that some very important physics is missing
from the BDF. A clue as to what has been ig-
nored is found in the original paper of Atkins"
on the surface tension of 'He. In that paper he
estimates the contribution of the zero-point mo-
tion of the ripplons to be of the same order of
magnitude as the experimental surface tension.
Of course, an exact density-functional theory
would incorporate this effect. However, all ex-
tant practical theories of this nature, ' the above
one included, embark from the uniform-system
limit and thus contain no information about sur-
face modes. Reconciling this sort of theory with
one like that of Atkins, which commences in
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FIG. 1. The bare (n&) and renormalized (n) densities
at the free surface and the density at a hard wall (n )
as functions of z. nz is the bulk equilibrium density at
pressure P.
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and each of these contributions may be expressed
in terms of the 'He density p, velocity of sound
s, and a cutoff wave number q (determined be-
low) in addition to ob'

Were we simply to add O,p
to 0&, the resulting

0 would be inconsistent for two reasons. The
first, and most obvious, is that 0'& appears in
&,~(o',), whereas the real modes are determined
by 0. Self-consistency requires the replacement
o,~(vb)-o, p(o), an effective mode renormaliza-
tion. Secondly, we must include the fact that
there will be zero-point motion of the surface as
a consequence of the surface modes. Let r„(x, y)
be the displacement of the surface from its equi-
librium value (at z = 0 in the sharp-surface mod-
el). Then, the renormalized density is approxi-
mately ' n(z, o,) = (O~n(z +&(x, y)})0), ~0) being
the ground state. Useof the fact that g(x, y) is
expressible in the form

let re

Ze [g q
i+a

q i +gq ~aq, ]
q, l

where q is a wave vector parallel to the surface,
l is an index describing both ripplons and pho-
nons, g ~ & is a mode amplitude, and a~ & creates
an excitation characterized by q and l, allows one
to put n(z, o~) in the form

n(z, a', ) = f dz'n, (z —z)

x exp(- z "/2&, ')(2nf, ') '~' (5)

where the mean-square displacement fo2—:(0~$2(x,
y)~0) may be simply expressed in terms of 0'~, p,

zeroth order from a model with a perfectly sharp
surface, is the problem to which we now address
ourselves.

We begin by noting that we may rega. rd, after
Gross' and Pitaevskii, ' the BDF result as a semi-
classical equation determining a classical field
nb(z). The small oscillations of the density are
then, when quantized, the elementary excitations
of the system. Since the bare surface n, (z) is
quite sharp, we may obtain all but the very short-
wavelength excitations (whose effects are at least
partially accounted for in the BDF through the
density dependence in & and W) from the theory
of quantum hydrodynamics for a, liquid which has
a sharp surface characterized by surface tension
&b Th. e contribution 0',~(v&) to the surface tension
(surface energy per unit area) due to the differ-
ence between the zero-point motion of the system
with a surface and an equivalent amount of bulk
liquid is thus found to be a sum of two terms":

(4)

s, and q . The zero-point motion thus produces
a Gaussian broadening of the surface. Mode re-
normalization of the density is effected by the re-
placement n(z, o',)-n(z, &), and renormalization
of the density-functional contribution to the sur-
face tension is then handled by substituting n(z, o')

for n, (z) in (3). Consequently, the total surface
tension is

& =E[&(z,&)] —1 „dz p,n(z, o')+a,p(o'). (6)

This result, together with (5), provides us with
a fully self-consistent set of equations from
which we have determined &, n(z, &x), and go as
functions of q .

To determine q we relate it to the surface
width" (governed by g, since the bare surface is
very sharp) by the statement q &0(q ) =y, where
y is a constant of order m (as the width is ap-
proximately 2fo) No.w, for large q ( 1A '),
Ko(q„) is a decreasing function of q because in-
creasing q increases 0, forcing the surface to
become stiff for high-wave-number ripplons in
a compressible fluid (one result being the high-q
limit, sq, of the ripplon frequency). This has
the consequence that q f,(tf ) possesses a maxi-
mum. Its value (and our choice of y) y =3.28 at
the maximum is the smallest value of y for which
y = @go(q ) and (6) possess unique solutions, giv-
en numerically by q =0.99 A ' and o =0.384 erg/
cm'. The resulting renormalized density n(z, o')

is plotted in Fig. 1. The experimental surface
tension is 0.378 erg/cm'. The contribution of o,~

to o is typically one-half as large as the contribu-
tion from the density functional. Our calculated
free-surface width is somewhat greater than that
found by calculations based on approximate wave
functions. " This predicted width could probably
most easily be given an experimental test by
elastic scattering of polarized light near the
Brewster angle. "

In order to be certain that our theory is indeed
capable of producing oscillations in a physical
situation where there is little doubt that they
exist, we have applied it to the case where the
free surface is replaced by a hard wall [i.e.,
boundary conditions n (0) =0, n (+ ~) =n~, a con-
stant, determined by the pressure P required to
hold the liquid against the wall]. In this case we
did not solve 5E [n ]/6n (z) = p but used the (in
principle equivalent) procedure of minimizing
u„,&=E[n ]- f,"dz [pn (z) —P] with respect to
variations in n (z)." A ten-parameter minimiza-
tion produced the result shown as n„ in Fig. 1.
No zero-point renormalization of the density is
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required here since the surface is not free to
move. It is quite gratifying thatn shows behav-
ior similar to that found by I.iu, Kalos, and Ches-
ter' in their direct integration of the Schrodinger
equation for a system of hard-sphere bosons be-
tween two hard walls.
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Rev. A 8, 1918 (1979)] Imcu "/Re~ "=1 gives q =0.979
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~BThe form used for the trial function is

n (z) =no[1 —(I++ u&z~) exp(P» )]
p =1

where the cx& and P are varied. The reason for using
this method of solution is that in repeated iteration of
the integro-differential equation for n~(z), each suc-
ceeding solution is very sensitive to small errors in
the density oscillations in the preceding one and a con-
vergent solution was not obtained, in contrast to the
free-surface case.


