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The ~-expansion formula for the critical exponent p derived by Shukla and Green from
Wilson's exact renormalization-group equation is found to yield the standard result p
=~5e +O(e ), independent of the choice of the incomplete-integration function. The result
is obtained analytically in the limit a ~ and numerically for arbitrary a, where a de-
notes the normalization constant of the Gaussian fixed-point functional.

Shukla and Green' have studied Wilson's exact
renormal~zation-group equation' by using the r-
expansion technique about d = 4 dimensions. The
authors found an expression for the critical ex-
ponent g which, they conclude, may violate the
universality hypothesis, since it apparently de-
pends on redundant parameters' of the calcula-
tion. Here we show that their result for g in fact
is a universal quantity independent of redundant
parameters and equal to the standard result for
the continuous-spin Ising model, 7)

=
—,',e'+ O(e')."

Shukla and Green's p expansion starts from
Eq. (11.17) of Ref. 2. If we choose their incom-
plete-integration cutoff function P(k) to have the
general form

P(k) =ck",

then, at the Gaussian fixed point, u20* becomes

u„*(k)= ak'
ak'+ exp [- (2c /n)k" ] ' (2)

kn exp[ (2c/n)k ]
fak'+ exp[- (2c /n)k "]j"

g(k) = 2~fak'+ exp[- (2c/n)k"]) ',

A = /Sam'.

(3)

where a is the arbitrary kinetic energy normaliza-
tion. The quantities 4'(k), g(k), and A defined in
Shukla and Green's Letter' then become

Introducing the functions

G(k) = 2 fd'q q(q)g(~k+ q ~)

and

(7)

we obtain for the coefficient of the e' term in the
expression of the critical exponent g, g =g,e'
+ O(e'),

(8)

where H" (0) = [d'H(k)/dk']„, . The question is
whether the apparent dependence of this result
on the normalization parameter a and the cutoff
function p(k) is a spurious one.

The discussion is based on the expression for
H" (0) below, obtained from Eq. (7) by performing
the differentiation with respect to k and the inte-
gration over the angular variables:

H" (0) = —n' f dq q'('(q) [G(q) —G(0)].

With transformation to the variable x= aq', the
substitutions

g'(x) = f'( )dxx/dq, G(q) = (w'/2a')G(x), (10)

with G(0) = 1 [by definition G(0) =-', A-'],
partial integration of the G(0) term, Eqs. (5), (8),
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x(3+ x)+ (1+x) [x(4+ x)]'l' '

x —[x(4+x)]'l'

j'(x) = —2/[1+ x]'.

(12)

(13)

The value of the integral in Eq. (11) is —', , which
implies

q = —,', e'+ o(e'), (14)

in agreement with the result obtained previously
by other techniques. "

For general values of the parameter a Eqs. (6)

and (9) yield

g, =~s[1+f dxxj'(x)C'(x)J. (ll

It is not hard to evaluate the expression for
G(x) and the integral in Eq. (11) analytically in
the limit where a tends to infinity. Then all de-
pendence on the cutoff function P((x/a)'l') is tri-
vially eliminated. To leading order in 1/a one
obtains

G(x) = [x(4+ x)] 'l'

and (11) can be evaluated numerically. We have
done this for two choices of the cutoff function:
P(k) = 2k' and P(k) = k'. In each case the result of
Eq. (14) is obtained. Since there is nothing spe-
cial about these choices of P(k) we conclude that,
as expected, g is independent of the redundant
parameters present in Wilson's incomplete-in-
tegration renormalization-group approach.
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