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It is suggested that bound states can emerge in field theory as alternate solutions to the
Bethe-Salpeter equation, not corresponding to the Neumann-series (perturbation-theory)
solution. These new solutions are asymptotically similar to elementary-particle solu-
tions and imply nonperturbative anomalous dimensions in the Wilson operator-product ex-
pansion. For Goldstone bosons in standard quark models as well as for certain solvable
ladder models, these are the only bound-state solutions.

It is not at all clear that renormalizz}ble field
theories possess any bound states. The Bethe-

Salpeter equation' (BSE) in the ladder approxima- b p+q P P+a
tion (Fig. 1) can sometimes be solved exactly?™ k k+q
if one ignores the mass of the exchanged particle. +

These calculations yield branch points rather P’ P+q o .

than Regge poles® for the ¢-channel partial-wave
amplitudes at g, =0. Perturbation calculations®

of the same class of diagrams indicate that these
branch points are fixed.” This is disturbing be-

cause the Schrodinger equation, which possesses
bound states and moving Regge poles, can be de-
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FIG. 1. The Bethe-Salpeter equation (BSE) for T (p,
p’,q) in the ladder approximation. A bound state corre-
sponds to a pole in T at g2=mpy?, The bound-state ver-

tex function ¢ (p,q) satisfies the homogeneous BSE.
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rived™® from the instantaneous approximation to
the ladder-model BSE.

The undesirable solutions described above cor-
respond to the Neumann-series, or perturbation-
expansion, solution to the BSE. I propose to aban-
don the Neumann sevies and look for altevnative®
but acceptable solutions to the BSE which do pos -
sess bound states. I will, however, continue to
use perturbation theory for the kernel and propa-
gators (in principle bound-state effects could feed
back into these quantities).

I first remark that if one ignores the question
of the existence of bound states and simply looks
for solutions to the homogeneous BSE in the
asymptotic limit —p2 and - (p +¢)% =, with their
ratio and ¢2 fixed (or equivalently, taking m z® and
the internal masses to zero), then one finds at
least two solutions.'™!° For spin-zero bound
states these are ¢ *(p,q)~(-p?)"°and ¢~ (p,q)
~(=p?)t, where € =0(g?) and g is the coupling
constant. In asymptotically free theories'!? one
can even justify the generalized ladder approxi-
mation (with momentum-dependent coupling con-
stants). In this case the two solutions become
¢*(p,q)~(Inp?)™* and ¢~ (p,q) ~ (Inp?)*2/p?, with
A and B calculable. The + (~) solution will be
called irregular (regular), because of its short-

F (u,v)= 21r2Kn(u,v)+ef0°°dw [w/(w + 1)K, (u,w)F (w,v)

with

K (u,0) =@+ 1) "s) e /us)"2,

distance behavior in position space.

Older papers' have generally rejected the more
singular irregular solutions by analogy with the
quantum mechanical prescription. This argument
is dubious, however, because the BSE is itself
more singular at short distances than the Schro-
dinger equation.

I have found that in four models the only bound-
state or Regge-pole solutions ave asymptotically
of the irregular type. Two models are in the lad-
der approximation: the pseudoscalar projection
of the Abelian quark-gluon model and the renor-
malizable @3 theory in 6 dimensions (¢¢°). The
other two are for exact kernels: the Goldstone-
boson solutions to Abelian and non-Abelian quark-
gluon theories.

Consider first the ladder-model BSE for the
projection of T in the Abelian quark-gluon model,
which is appropriate for pseudoscalar bound
states and higher orbital excitations. Willey? has
constructed the Neumann-series solution for zero
gluon mass at the point ¢,=0. Defining (v;)*,,T
X (v5)=12ig?F (p,p"), Willey performs a Wick
rotation to Euclidean space and makes an O(4) de-
composition of the p+p’ dependence of F. The
O(4) partial-wave amplitudes are F,(x,v), where
u=-p2/m? and v=-p'3/m®, The BSE for F, is
then

(1)

(2)

where € =3g2/@n)? and u, (x.) is the larger (smaller) of « and v. Willey then converts (1) into the dif-

ferential equation

@ 2d

(__+ n(n+2) €
du®  udu

4y upm+1)

>F,,(u,v) = - 2%

for which he constructs the particular solution
F,"(u,0)==-2m2Y,"(u.)Y,"(u,). The hypergeo-
metric functions Yi("), which satisfy the homoge-
neous version of (3), have the asymptotic forms

(4
(5)

where v=[(rn+1)?-4€e]¥2 Willey’s solution has

no Regge poles, only branch points atn = — 1+ 2¢/2,
It is simple to construct an alternative Regge-

pole solution to (3). Itis

F (u,v)=F "“u,v)+v,@)y,0)/ (0 -n,), (6)

where the position n, of the Regge pole is arbi-

Yl(n)(u)u—) wu(u-1)/2:un/2- €/(n+1) ,

Yz(n)(u)mu-[(v+1)/2]zu-[(n+2)/2-e/(n+1)],

1/2

o(u ~v)
uv

(3)

trary and y,(u)=C,Y," () +C,Y," (). From (4)
and (5) we see that ¥, corresponds to the irreg-
ular asymptotic solution for spin » and ¥,™ to

the regular solution. However, the integral equa-
tion (1) has boundary conditions not incorporated
into (3). One can easily show that the regular
solution Y,™ fails to satisfy the BSE at the limit
u— 0 while ¥, does satisfy it.'"* Hence, the only
Regge-pole solution is of the irregular type.

The ¢4 theory is analogous. There are no Reg-
ge poles in the Neumann solution.® One can con-
struct alternative solutions, but only of the irreg-
ular type.

One could argue that it is irrelevant that the
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regular solutions fail to satisfy the low-momen-
tum part of the BSE in the ladder model, because
the ladder approximation is unreliable there. It
is conceivable that the full theory has regular so-
lutions. There is, however, one example of a
bound state in a full theory, which, if it exists,
must be of the ivregular type: Goldstone bosons
in non-Abelian quark-gluon theories or in Abelian
theories with an eigenvalue condition.

In the Abelian theory one can use renormaliza-
tion-group techniques to show* that the fermion
self-energy function Z(p) behaves asymptotically
as (-p2/m?)"¢, where € =3g%/(41)?+0(g*). This
result is based on a completely unambiguous ap-
plication of renormalized perturbation theory.
Similarly, in non-Abelian theories'? Z(p)—[1n(-p2/
m?)]"4. In both cases the bare mass m () of the
fermion vanishes as A—«, suggesting'® a chiral
symmetry. If this symmetry exists and is real-
ized in the Goldstone manner (i.e., with nonzero
physical fermion mass) then the axial-vector
Ward identity requires'® the existence of a mass-
less bound-state Goldstone boson with a vertex
function ¢ (p) proportional to Z(p). Hence, ¢(p)
~(p? € or (Inp?)"4, the irregular solution.

Several comments are in order. (a) In the lad-
‘der-model examples there is no quantization con-
dition on the pole position n,. I believe this high-
ly undesirable feature to be due to the approxima-
tions (zero-mass ladder exchange) and the spe-
cial kinematic point (¢,=0) of high O(4) symmetry.
(b) The » =0 irregular solutions in the ladder mod-
el or for Goldstone bosons are normalizable un-
der the most popular prescription.!® (c¢) These
bound-state solutions are similar asymptotically
to the vertex functions for elementary particles.

(d) Recently, several authors!®™? have tried to
use the Wilson operator-product expansion'?
(OPE) to rule out the irregular solutions. To see
this, define the Bethe-Salpeter wave function g(p,

q) as

Sp(p +q)e(p,9)Sx(p)

=g(p,a)=[d*x e O TQEIHO)B(@), (7)
where B is the bound state. For short distances
one has' T((x ¥ (0))~c(x)¥(0)$(0), so thatg(p,q)
is given asymptotically as the transform of c(x).
If one computes'®™? ¢(x) perturbatively in terms
of the divergences in the matrix element of J*¥
between elementary particle states, then one
finds that the regular solution is required.
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However, the OPE is abstracted from the be-
havior of individual Feynman diagrams. Its valid-
ity in as nonperturbative a context as bound states
is questionable, especially if bound states origi-
nate as alternative solutions to the BSE rather
than from summing an infinite sequence of Feyn
man diagrams (the Neumann series).

This problem can be resolved by use of Zim-
mermann’s nonperturtative derivation!” of the
OPE. The first term is

T @(x 3 *(0)) 5575C (%) F(0),

where

(8)

F(o)giimw (9)

0 c ab(x)

and c,,(x)={a|T@(x)Y*(0))Ib). The states a and b
are chosen as those for which c,,(x) is the most
singular as x -~ 0. By construction all matrix ele-
ments of F'(0) are finite. The previous applica-
tions'®™2 of the OPE to the bound-state problem
have all implicitly assumed that a and b could be
chosen as elementary-particle states so that

¢ (%) could be computed perturbatively. We now
see, however, that if the bound-state wave func-
tion is more singular than individual Feynman
diagrams it is necessary to choose a as the vac-
uum and b as the bound state. Then the transform
of ¢,,(x) is the Bethe-Salpeter wave function g(p,
q). One can say that the leading tevm in the oper-
atov-product expansion has a large anomalous
dimension that is due to the bound state itself
rather than from the ultraviolet divergences of
perturbation theory.!®

(e) The electromagnetic form factor of a bound-
state pion behaves,' up to logarithms or perturba-
tive anomalous dimensions, as O(1) or O(g™*) as
q®— - for irregular and regular wave functions,
respectively. These calculations have nothing to
do with such effects as the p meson, however.
Perhaps the inclusion of bound-state effects in
the vector vertex could yield rapidly varying form
factors for the irregular solutions for large but
finite —g?2.

(f) Cardy has recently shown?®° that the full BSE
for the asymptotically free ¢ ® theory is Fred-
holm. He has not, however, proven his claim
that there are moving Regge poles in the Fred-
holm solution. Both the momentum transfer and
the complex angular momentum enter the kernel
in a complicated nonlinear manner. Fredholm
theory tells us nothing about the singularity
structure of the solution in these parameters.

In a very interesting paper Lovelace?' has shown



VOLUME 34, NUMBER 25

PHYSICAL REVIEW LETTERS

23 JuNE 1975

the existence of an accumulation of regular solu-
tions to the homogeneous BSE near n=-1 in ¢ .
This is a special feature of n=—-1, however. I
also remark that although the Fredholm solution
is the unique square-integrable solution, there

may be alternative acceptable, but nonsquare inte-

grable, solutions to the BSE.

(g) Another argument against the notion that
strong coupling or asymptotic freedom must be
invoked to solve the bound-state problem is that
the same difficulties occur in quantum electro-
dynamics: Nobody has evev shown the existence
of positronium divectly from the field theory.
Whether the irregular solutions proposed here’
yield positronium when they are continued away
from the forward direction is a crucial unsolved
problem.
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