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of 2Hg a moment of inertia of about twice that

of the ground-state band was necessary to repro-
duce the experimental energies. The success of
these calculations demonstrates that decoupling
is important for these negative-parity bands and
is not necessarily restricted to the highest-j par-
ticles.

Calculation of the positive-parity two-quasipar-
ticle bands are considerably more difficult be-
cause of effects associated with the inclusion of
seniority-zero states. Preliminary calculations
indicate a decoupled-band structure similar to
that seen in the negative-parity bands. It is strik-
ing that for all the nuclei considered here, the
excitation energies and apparent moments of in-
ertia are similar for both the negative-parity de-
coupled bands and the positive-parity yrast bands
above the backbend. This similarity comes nat-
urally from the above decoupling picture whereas
the Coriolis antipairing effect does not predict
the existence of the negative-parity band.

All the above facts strongly suggest that in
these nuclei the backbending is primarily due to
the crossing of a decoupled, two-quasiparticle,
positive-parity band and the ground-state, zero-
quasiparticle band, as proposed by Stephens and
Simon,*
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Theory of the Rainbow*

V. Khare and H. M. Nussenzveig
Institute for Fundamental Studies, Deparvtment of Physics and Astvonomy, University of Rochester,
Rochester, New Yovk 14627
(Received 5 August 1974)

A new theory of the rainbow is proposed and compared with the exact Mie solution.
There is good agreement over a much broader range of angles and size parameters than
for the Airy theory. The improvement is particularly remarkable for electric polariza-
tion. The treatment can be extended to atomic, molecular, and nuclear rainbow scatter-

ing.

The problem of high-frequency scattering by a
homogeneous sphere has many important applica-
tions,! and it presents considerable interest in
connection with optical-model, eikonal, and
Regge-pole approaches to atomic, molecular,
and nuclear scattering. Rainbow scattering, in
particular, is a very general effect?; it has been
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observed in all these cases and it provides val-
uable information about the nature of the inter-
action.® For electromagnetic scattering, evalua-
tion of the exact Mie solution®* requires summing
a number of partial waves =B8=ka (k=wave num-
ber; a=sphere radius). Manageable and accurate
approximations for = 10? are clearly desirable.
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The asymptotic techniques previously developed
for a scalar field® have been extended to the elec-
tromagnetic problem, and a detailed comparison
with exact results is under way.® Here we report
results for the rainbow region.

According to Van de Hulst,' Airy’s classical
theory of the rainbow,” the best approximation so
far available, may be applied only for 8>5000
and | €l<0.5°, where € =60 - 0y is the deviation
from the rainbow angle 6z (8z~137.5° for refrac-
tive index N=1.33).

Let S;(8, 8) and S,(8, ) be the scattering ampli-
tudes' for magnetic and electric polarization, re-
spectively, The corresponding intensities i;
=1S;1? (=1,2), together with the phase differ-
ence 0=argS, — argS,, completely characterize
the scattering.’

As in the scalar treatment,® a modified Watson
transformation is applied to each term in the

S;@(8,60)=-e"4N(m sind) V2k>2F ;(8, ),
£,(8,6)= [g w,) explkf (w,, 0)]dw,,

Debye multiple internal reflection expansion of
the Mie series: S;=5;+5,%4+5,® 4 . . The
(primary) rainbow occurs in the third Debye term
S,®), associated with rays that undergo a single
internal reflection. Classifying different scatter-
ing-angle regions according to the number of geo-
metrical rays emerging in the same direction, it
corresponds, in this term, to a transition be-
tween a two-ray region and a zero-ray (shadow)
region. In the complex angular momentum plane,
this is reflected in the confluence of a pair of
real saddle points® and their becoming complex.
When the ranges of two saddle points overlap, the
ordinary saddle-point method can no longer be
applied. A uniform asymptotic expansion is ob-
tained by the Chester-Friedman-Ursell (CFU)
method.®

In the rainbow region, the dominant contribu-
tion to S, is given by

@)
@)

fw,,8)=i{2N cosw, — cosw, +[2w, —w, — 3(1 - 6)] sinw, }, (3)

g ;w,) = (sinw,)*m cosw, cos’w, (cosw, — mN cosw,)(cosw, + mN cosw,)"?, (4)

where k=28, m=1for j=1, m=N"%for j=2, and Bsinw, =NBsinw, =X is the complex angular momen-

tum. The two real saddle points in the two-ray region, w, =6, and w, =6,”, correspond to the two an-

gles of incidence associated with geometrical rays emerging in the direction 8. The path of integra-

tion in (2) goes through these points and is the same as in the scalar case [see Ref. 5, Pt. II, Eq. (4.3)].
The CFU method leads to

F,(8,8)=2mik" Y3 explkA(€){[ po;(€) — k"2(qy;(€) + 2L (€)g, ;(€)) + O(x %) JAI(KZ 3L (€))

‘ . - k™3[qy;(€) = 2672 p,;(€) + O(k™2) JAL (/3¢ (€)) }, (5)
where, as in the scalar case,
A 1
; %[g(i‘s)i‘”z E = i[N(cos8,’ + cosb,”) — 3(cosb,’ + cos8,”)], (6)

correspond to half the sum and half the difference
of the optical paths through the sphere, respec-
tively. The coefficients p;;(€), q;;(€) are deter-

mined by the CFU method® in terms of the exactly
known® saddle points 6,’, 6,”. They are related,
through g;, to the Fresnel reflection and trans-
mission coefficients for the corresponding angle
of incidence and their derivatives with respect

TABLE I. CFU coefficients® for N=1.33, |e|<k~1/3,

Coefficient ji=1 j=2
to this angle.
oyle) 4[0.0381 — 0.031¢ 4[0.00786 + 0.046¢ For |«k¥3¢1>1, the above result, in contrast
- 0.19€2] —-0.078¢%]  with Airy’s theory, matches smoothly with those
q0(€) 0.0227 - 0.15¢ 0.108—10.015¢ in the neighboring angular regions. For lel
—0.59¢? ~0.43¢° <« kY3 one can employ power series expansions
q1;(€) 0.40+3.0¢ 0.042+ 2.5¢ of the coefficients in (5). For N=1.33, one finds
zzjg :i:‘i‘ :g:‘l“" that A(e) = i[1.519 + 0.431€ — 0.115¢%+ 0(€%)], £(e)

=—-0.369¢ - 0.0745€* + O(€3), and p;,(€), q,,(€) are
given by the expressions in Table I
The small value of 1py,!~1p,,1/5 arises from

2In each entry, the error term is one order higher in
€ than the last term retained.
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FIG. 1. Polarized intensities for g =50: (a) iy; (b) 4,.

the angle of incidence for rainbow rays being
close to Brewster’s angle, which tends to sup-
press polarization 2. Airy’s approximation is ob-
tained by neglecting terms of order €* and higher
in A(€) and ¢(€), taking p,;(€)=p,,;(0), and setting
all other p;;(€), ¢;;(€) equal to zero.

The main contribution to S; in the rainbow re-
gion, besides (1), is due to the first Debye term
Sj(O)(B, ), that represents direct reflection at the
surface. This term, including corrections of or-
der 87!, has also been computed.®

We have compared the exact Mie results for
N=1.33, 50< <1500, 136°< < 142° with those
obtained from (1) to (5) and with the Airy approx-
imation, including the direct reflection term in
both cases. The exact values [Eq. (6)] of A(e),
¢ (e) and™?® of the coefficients p;,(€), q;,(€), rath-
er than their power series expansions, were
employed.

The CFU expansion is rapidly convergent in the
above range (cf. Table I). The main correction
to the Airy theory arises from the Ai’(-x) term
(x=—k?3¢) in (5). The present theory leads to
the following predictions:

(i) For polarization 1, the corrections to the
Airy theory are small within the main rainbow
peak (lxi=<1), but they become appreciable for
the secondary peaks (supernumerary arcs) (x
>1). (ii) For polarization 2, the Ai’(-x) term
is dominant in the whole range (g, > 1p,,1), giv-
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FIG. 2. Same as Fig. 1, for g =500.

ing large corrections to the Airy theory. In par-
ticular, secondary-peak maxima and minima
should be interchanged for the two polarizations;
this inversion has been observed at large angles,’
where it arises from the change in sign of the
reflection amplitude at Brewster’s angle.

These predictions are entirely confirmed by
the numerical comparisons.® Typical representa-
tive results are reproduced!® in Figs. 1 to 5. The
improvement over the Airy theory for polariza-
tion 2 is apparent even at =50 (Fig. 1), although
at this low B the validity of the asymptotic approx-
imations is being strained.

For B=500 (Fig. 2), the main peak and part of
the first secondary are covered. The superim-
posed oscillations with period Ae~300/8 (in de-
grees) are due to interference with the direct re-
flection term. The out-of-phase character of the
Airy approximation for polarization 2 is already
noticeable.

Interference with direct reflection remains ap-
preciable at 3=1500, even close to 0z; to avoid
the corresponding rapid oscillations, we have
subtracted out the direct reflection term, plot-
ting 1S, - 5,912 in Fig. 3. Several secondary
peaks are covered, and the validity of predictions
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FIG. 3. Intensities after subtracting out direct re-
flection term, for g =1500: (a) [S;—S{"|%; (b) |S,
-5£02,

(i) and (ii) is readily apparent.

The independent quantity 6 is plotted in Fig. 4
for $=1500. Here the Airy theory fails even
close to 8, while the present theory agrees with
the exact solution remarkably well throughout.
The rapid oscillations again arise from interfer-
ence with direct reflection; large phase varia-
tions occur close to intensity minima.

A different measure of the overall agreement
as a function of B is provided by the fractional
contributions™ from the domain (9,,6,) (here 0,
=136°, 6,=142°) to the asymptotic total cross
section 2ma?,

J1(8)=80,/21a> =872 [ 724 (8, 6) sin0 do, )
1

which approach a constant for large 8. These
quantities are plotted in Fig. 5 for 30<p< 1000.
The oscillatory character of the deviations'?
between the present approximation and the exact
solution is consistent with interpreting them as
“ripple.” This effect, which is present in all di-
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FIG. 4. Phase difference § for g =1500.

rections and becomes dominant in the glory, is
due to incident rays near the edge of the sphere,
and it is associated with Regge-pole-type contri-
butions (surface waves) and higher-order Debye
terms.® Thus, we believe that pure rainbow ef-
fects are completely accounted for by the present
theory. A detailed discussion will be given else-
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FIG. 5. Fractional contributions f; to the total cross
section [see Eq. (7)]: (a) 10%;; (b) 10%,.
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where.®
Rainbow scattering in general must also be as-

sociated with a collision between two saddle points

in the complex angular momentum plane, and it
should therefore be expected that the CFU meth-
od also leads to improved results'® in more gen-
eral cases.
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Search for Orthopositronium Decay into Four Photons as a Test
of Charge-Conjugation Invariance®
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We report the preliminary results of an experiment designed to search for the C-non-
conserving decay of ground-state orthopositronium (1381) into four photons. In terms of
the branching ratio Fp17=R,1Y(S;—~4y)/R; 7(381—>3'y), where R,17(3S;—~4y) is the C-non-
conserving four-photon decay rate and R; y(3s1—»3y) is the C-conserving three-photon de-
cay rate of free orthopositronium in our sample, we find F,!Y<8x10~° (68% confidence).

We report the preliminary results of a search
for the C-nonconserving decay of orthopositro-
nium (0-Ps) 135, into four y rays. This annihila-
tion mode is forbidden by C invariance only.! Our
experimental results will be discussed in terms
of an upper limit on the branching ratio F,*”
=R;*7/Rg, of the C-nonconserving 4y decay to
the C-conserving 3y decay of o-Ps.

The branching ratio may be related to a C-non-
conserving interaction Hamiltonian

H5=(A/mes)e“aapBFaéFaBF“,,F,w (1)

developed by Mani and Rich.? This is the sim-
plest C-nonconserving Hamiltonian that could al-

low the decay 3S, ~4y. Here X is the coupling con-

stant on which we set new limits.
bols have their usual meaning.

The other sym-
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Evaluating the decay rate from the above inter-
action we find

RA7=1/7,47=88)% sec™?, 2)

where R;*? is the C-nonconserving decay rate
into four X’s. The branching ratio is

Fp*V =R 47/Ry, =1.2X10792, 3)

where we have used Ry, =17.25X10°.°

Previous experiments on C nonconservation in
Ps have searched for the C-nonconserving 3y de-
cay of the 11S, states (parapositronium). The
most recent of these? compared the threefold
coincidence count rate from Ps decay into differ-
ent angular configurations. The count rates are
primarily due to the decay 3S, -~ 3y, with the pro-
cess 'S, —~ 3y causing a small perturbation in the



