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Trapped-Electron Mode in Cylindrical Geometry*
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The theory of the cylindrical-geometry analog to the toroidal trapped-electron-scatter-
ing mode has been developed, and the resulting equations have been solved numerically.
Observations of osciQations occurring near the electron bounce frequency have been
made in a plasma confined by a spatially periodic magnetic field. These oscillations
were found to be low-amplitude, high-mode-number, drift-type modes having proper-
ties consistent with theoretical predictions.

Recent interest in tokamaks with reactor pa-
rameters has resulted in considerable specula-
tion concerning the possible deleterious effects
of trapped particles. A product of this specula-
tion has been the prediction of no less than fif-
teen distinct trapped-particle modes, "many of
which are presumed to have important conse-
quences for particle transport and thermal ener-
gy transfer. Unfortunately, verification of these
modes has been lacking, since tokamaks have
yet to reach banana-orbit regimes. In linear
machines, contradistinctively, trapped-particle
modes are of little practical importance, but
plasmas sufficiently collisionless to operate in a
trapped-particle regime are easily produced.
Linear machines offer a number of other signifi-
cant advantages over tokamaks: They may be
run in a steady-state mode; the trapping-well
depth, rather than being fixed by geometry, is a
free parameter; probes may be used to measure
spatial profiles accurately. Thus, while trapped-
particle modes are of greater significance for
toroidal devices, these modes may be more easi-
ly investigated and identified in cylindrical de-
vices.

In this Letter we outline the development of
the cylindrical-geometry analog to the toroidal
trapped-electron-scattering mode first predicted
by Coppi, ' and investigated by Coppi and Rewoldt. '
We list the basic theoretical predictions for this
mode and compare them to the properties of
modes we have observed in a linear machine with
spatially periodic magnetic field.

We take as a model an infinite, cylindrical plas-
ma confined by a periodic magnetic field with
variation given by

B=kB,=kB,[l —e cos(2sz jl.)],
where e is a small number, and I. is the distance
between mirrors. We consider the low-P limit

and look for electrostatic oscillations of the form

4 =P (z) exp(im6-i~t),

where P (z) is a periodic function in z depending
on I., the magnetic field period. In particular,
we will specialize to P (z) odd about the magnetic
field minimum. This specialization is an impor-
tant one, for, although the mathematical formal-
ism is applicable to cp (z) odd or even, we find
that the choice P (z) odd results in a mode with
distinctly different properties from one with

P (z) even.
We will examine the case in which T,»T&, ~

»0&,' &u»(& jl)(T,/m, )'". For these frequen-
cies the ion bounce motion is unimportant, and
the ions are effectively unmagnetized; thus, the
ion motion may be treated as an inertial response
to the fluctuating electric field. Using the equa-
tion of motion, m, dv, /dt = —e VC, the continuity
equation, Bn, /Bt + V (n; v;) = 0, and V'4 = —(m'/
r')4, we obtain for the perturbed ion density

n, = (en, /m, (u')(m'/r') P„.

We compute n, in the standard manner by inte-
grating the linearized Vlasov equation along the
unperturbed particle orbits. We consider the
frequency range

where v, ff is the effective collision frequency for
detrapping collisions; ~~, is the magnetic drift
frequency; (u„) is the average bounce frequency;
~~, is the diamagnetic drift frequency; and 0, is
the cyclotron frequency. We take the unperturbed
distribution function to be locally Maxwellian,

f« =n,(r) [2mT, (r)/m, ] s'2 exp[-E/T, (r)]. With
these assumptions, and neglecting finite-Lar-
mor-radius effects, we follow Horton, Callen,
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FIG. 1. Numerical solutions for growth rate y, ver-
sus real frequency „, for fixed g (solid curves) and
fixed ~~~ (dashed curves) with e =0.15. B =Bo[l —e
xcos(2'/I, )]; g = dlnT, /dlnne; e„e=—(m /r) (T,/eBng
xrihe/dr. All frequencies are normalized to ~«, where
2«—= (m/I)(2Te/mg . These results are for an argon
plasma with T =10 eV; n =5xlO /cm; n dn /dr
=2 cm

and Rosenbluth' to obtain

where

I(t) =tI „dt' j exp[- u&(t' —t)],

~e = I.& +'0(E/~s 2)]~ye~

m T, dn,(dg~=- r eBn, dr'

t) =d lnT, /d inn, .

The time integral may be done formally by ex-
panding P (z) in terms of bounce-frequency har-
monics for trapped particles and transit-frequen-
cy harmonics for circulating particles. Perform-
ing this expansion one obtains resonant terms of
the form l/(&u —P~,), indicating that the mode is
driven by particles whose bounce frequency
equals the wave frequency. One continues by
substituting the perturbed densities in Poisson's
equation, —eoV 4 =e(n; —8,), and operating with
J z//, dzp */B, to get a quadratic form. The re-
sulting equation does not have any simple analy-
tic form except in the rather uninteresting case
&u«(u„) and will not be reproduced here.

The equation has been solved numerically,
however, and we present the basic results in
Fig. 1, where the growth rate, y, is plotted ver-

FIG. 2. Schematic diagram of the experimental de-
vice with the periodic magnetic field shown for e =0.25.

sus the real frequency, oo„, for various values
of g and ~~,. We see from these curves that for
the normal case q & 0 there is a region of unsta-
ble frequencies centered at a frequency slightly
greater than (&u„), where (&u„)= (2c)'i'2«. The
maximum growth rate- is y -0.03~„and occurs
for q = 0. The curves for fixed ~~, disclose that
the modes with largest growth rate will occur
for ~ = ~~,. Since we have not solved for the ra-
dial eigenmode, the matching of the two sets of
curves in Fig. 1 determines the radial location
of the instability; but for the parameters of Fig.
1 (chosen to approximate our experimental con-
ditions) the high mode number implied by ~ = &u,
vitiates the matching criterion: For almost any
value of g one can find a mode number that al-
lows ~ = ~~,. Thus, we expect the frequency and
radial location of the modes to be primarily de-
termined by the g family of curves. Note also
that these curves were generated by assuming
P (z) = sin(2wz/1, ). Since in a sinusoidal well the
bounce frequency decreases as the turning point
moves closer to 8, we expect that cp (z) peaked
nearer 8 ~ would result in the instability range
moving to lower frequency. This expectation is
confirmed by numerical calculations.

To determine the mode dependence on trapping-
well depth we have recomputed the curves of Fig.
1 for different values of e. We find that the curves
always retain the same basic shape, but that as
e increases, the curves shift outward to higher
frequencies and upward to larger growth rates.
The frequency band remains centered at ~
= (2e)'i'&u„or slightly greater. The largest
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TABLE I. Theoretical predictions for the trapped-electron-scattering mode in cylindrical geometry.

Frequency
Dependence on collision frequency
Azimuthal variation
Radial variation
Axial variation
Dependence on trapping well

(d —(d +e
—(R~ )

mode exists only for v~f f &co

propagatee with electron diamagnetic drift velocity v e ~ r&u, /m

standing wave localized about q =0
standing wave cp~(e) odd about &~;„
&„~v'c; y increases with increasing e

growth rate is always for g = 0, although the up-
ward shifting of the curves for higher e results
in instability for higher values of g as well. To
facilitate comparison with the experimental re-
sults we summarize the basic theoretical predic-
tions in Table I.

The experimental device is illustrated in Fig.
2. In uniform-field operation twelve magnets
produce a field of about 1 ko flat to within —5%.
To produce four concatenate trapping wells four
magnets are independently controlled to create a
field which can be reasonably approximated by
B,=B,I1 —e cos(2vz/I, )j, where I.=0.5 m and c
may be varied from 0 to 0.4. The plasma is an
rf-discharge, argon plasma produced by a Lisi-
tano coil driven by -25 W of microwave power
at 3 GHz. The plasma formed typically has n
-10"-10"/cm', T, 5-10 eV-, T, -0.2 eV, and

n 'dn/dr-1-2 cm '. For the electrons v, ff
= v,„/e, where v,„is the electron-neutral colli-
sion frequency; the neutral pressure may be
varied such that the electrons are either colli-
sional or collisionless with respect to bounce or-
bit.s.

For sufficiently low collision frequency we have
observed a dramatic change in the plasma noise
spectrum upon the application of a trapping mag-
netic field. The situation is illustrated in Fig. 3,
where we have plotted the frequency spectrum
with and without trapping field. The upper curve
is for a, trapping field with e =0.2, (&u„)= 1 MHz;
the lower curve is for uniform field. We observe
that for the trapping-well case there is a tenfold
increase in the noise level at frequencies near
(&u„) and that there appears a coherent mode at
a frequency somewhat below (&u„). The results
are similar for all trapping-well depths above c
= 0.1: We typically see one or more modes ex-
cited, with the primary mode at a frequency
somewhat below (w~, ). The oscillations require
low collision frequency; they disappear as v, ff

approaches x.
The amplitude of the observed oseillations is

small: Typically, ej/T, -0.01-0.1%; 2/n -0.1%.
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FIG. 8. Potential fluctuation spectrum at low colli-
sion frequency. Upper curve: trapping-well case with
e =0.2. Lower curve: uniform field. The peak at 90
knz is instrumental.

These relatively low-level fluctuations are to be
expected, since the predicted growth rates are
small; and, as we shall describe below, the os-
cillations are highly localized, high- mode-num-
ber waves, which should make them susceptible
to nonlinear saturation at relatively small ampli-
tudes. The low-level saturated amplitudes im-
ply that, at least for our cylindrical device, this
particular mode may not have especially serious
consequences for particle containment or energy
loss; but, since the exact saturation mechanism
is unknown, one must exercise caution in attempt-
ing to extend this result to toroidal devices.

We have examined in detail the coherent modes
excited in the trapped-particle regime to deter-
mine their spatial characteristics. By cross-
correlating the signals from two azimuthally sep-
arated probes we have been able to determine the
azimuthal propagation velocity and the azimuthal
wave number. We find that the waves propagate
in the electron diamagnetic drift direction with
velocity approximately equal to the diamagnetic
drift velocity, ve = no~, /m. The observed mode
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FIG, 4. Frequency of largest-amplitude trapped-
electron wave versus go.

numbers are high: Typically we have measured
m-6-12. We have measured the fluctuation am-
plitude, y, „as a function of both radial and ax-
ial position. We find that the oscillations are
strongly localized radially, with the peak ampli-
tude occurring in the region of minimum g in
agreement with theoretical predictions. In the
axial direction we observe that P, ,(z) is period-
ic along z in a manner consistent with the as-
sumption that P„(z) is odd about B;„.To con-
firm the fact that P (z) is indeed an odd function,
we have taken cross-correlation measurements
between probes at fixed axial positions but care-
fully aligned on the same magnetic field line.
These results are also consistent with P„(z) odd

about B
We have investigated the mode dependence on

e, the trapping-well depth. In Fig. 4 we have
plotted the frequency of the primary mode ver-
sus v'e. We observe that the frequency increases
linearly with v e as predicted by the theory, al-
though the relation is not simply &u ~ Ke, since
the curve does not have a zero frequency inter-
cept. The saturated-wave amplitude also exhib-
its an increase with increasing Ke; we observe
that y, , increases somewhat faster than linearly
with A.

In summary, we have observed new oscilla-
tions in a linear device in the presence of a spa-
tially periodic magnetic field. A comparison of
the experimental observations with the theoreti-
cal predictions summarized in Table I shows that
the observed waves are consistent with the theo-
retical predictions in virtually all respects. We
therefore identify the oscillations as belonging
to the trapped- electron-scattering mode.

We thank G. Rewoldt for helpful discussions
and for development of the computer code used
in the numerical solutions.
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Self-consistent sub-band splittings and inter-sub-band optical matrix elements are cal-
culated for n-type accumulation layers at temperatures low enough that the bulk carriers
are frozen out. The energy splittings are sensitive to the concentration of acceptor impu-
rities in the surface space-charge layer.

Quantum effects in accumulation layers have
been studied theoretically by several authors, ' '
and experimental results have been obtained for

InAs, ' Te,"PbTe, ' and Si.' This paper gives re-
sults of numerical self -consistent calculations
for sub-band splittings of accumulation layers in
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