
VOLUME $$, NUMBER 10 PHYSICAL REVIEW LETTERS 2 SEPTEMBER 1974

Dielectric Response in the Wannier Representation: Application
to the Optical Spectrum of Diamond*
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A method of calculating local-field effects in the time-dependent Hartree-Fock approx-
imation utilizing the Wannier representation is presented and applied to the optical spec-
trum of diamond. The results establish the importance of including both the local-field
effects and the exchange effects beyond the random-phase approximation.

e (ur) = lime (q, q; ~),
q~0

an approximation which is rigorously justified
only in the free-electron limit. On the other

(2)

In a crystal, which possesses lattice transla-
tional symmetry, a small electric perturbation
of wave vector q+ 6' and frequency + can excite
responses of wave vector q+ G and frequency ~,
where 6 and 6' denote reciproca1. -lattice vectors.
Thus, the dielectric matrix, describing this re-
sponse, is of the form e(q+G, q+G'; ~). An ex-
ternal macroscopic electric field may be regard-
ed as a perturbation of vanishingly small wave
vector q and, therefore, the screening of the ex-
ternal macroscopic field is given by the matrix
element e '(q, q; ~) of the inverse dielectric ma-
trix. In insulating crystals, this results in a
formula for the macroscopic dielectric constant,

e ((u) = lim[1/e '(q, q; (u)].
q~0

In the special case of an ideal insulator in which
the electrons are so tightly bound that the dipole
approximation is valid, the inversion of the di-
electric matrix has been shown' to lead to the
local-field (or Lorentz-field) effect. The result-
ing Lorentz-Lorenz relation has been used to
demonstrate' empirically the importance of the
local-field effect in the optical spectrum of CsC1.

It is still common practice to relate electronic
band structures to the optical spectra of ionic
and covalent crystals without including the local-
field effects. This corresponds to neglecting the
off-diagonal terms of the dielectric matrix and
to using as the macroscopic dielectric constant

hand, for covalent crystals, with the electron
wave functions sufficiently spread out to form
bonds, physically it appears that the Lorentz-
Lorenz relation is invalid. In fact, we have
found that its use yields a poorer agreement with
the measured optical spectrum. To examine the
fundamental relation between band structure and
the optical spectrum, a first-principles investi-
gation of the local-field effect is, therefore,
very important.

We report here a method of calculating the
local-field effect in the time-dependent Hartree-
Fock approximation by expressing the dielectric
response in terms of Wannier functions in much
the same way as we did in the case of lattice dy-
namics in metals. ' This method is used to cal-
culate the optical spectrum of the covalent crys-
tal diamond. Van Vechten and Martin' have in-
vestigated the local-field effect in diamond by
directly evaluating and inverting a dielectric
matrix with size 59 & 59 in the plane-wave repre-
s entation using the pseudopotential method. The
contrast between the two methods of studying the
local-field effect is as much as that between the
linear combination of atomic orbitals (LCAO) and
pseudopotential methods for calculating the band
structure. In the plane-wave formulation, there
is an intrinsic problem of slow convergence both
for the dielectric matrix and for the wave func-
tion. The LCAO or Wannier-function method
seems to be the more natural concept to describe
the local-field effects, because it is precisely
the localization of the wave functions which is the
physical origin for these effects.

The proper polarization part X is related to the
dielectric matrix by

e(q+6, q+6'; ~) =5G o, -v(q+G)g(q+G, q+G'; ~),

where v(q+G) is the. Fourier transform of the Coulomb potential. Thus, the inverse dielectric matrix
is determined by

—1+vx& '. (4)
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We have noted' that in the time-dependent Hartree approximation [or random-phase approximation
(RPA)], when the electron wave functions are expressed in terms of Wannier functions or LCAO's, the
polarization is of the separable form

X(q+6, q+6', ~) =Q„,E,(q+G)N„, (q, ~)E, ,*{q+6').

The inverse dielectric matrix then becomes

(q+G, q+G'; co) = 5G G +.v(q+G)Q„E.,(@+G)S„(q,~)E, "(q+6'), (6)

where the matrix S is given by

S=N(1 —VN)
'

with

V.. (q) =+GE.*(q+6)v(q+6)E. (q+6') (8)

Thus, the inversion problem is reduced to the
inversion of a matrix of the same dimension as
¹

If the density matrix element between Wan-
nier functions at different sites decreases rapid-
ly with distance, the size of N is quite manage-
able.

We have gone beyond the RPA and studied the
effect of exchange on the proper polarization part.
Within the time-dependent Hartree-Pock approxi-
mation, the exchange effect can be taken into
account by an integral equation for the vertex. '
Vie again express the kernel for the exchange in

terms of the Wannier functions. The dominant
term is then given by exchange processes within
the same bond in the covalent crystal. This ex-
change contribution has the same structure as
the Coulomb interaction in RPA and the net ef-
fect of this term is a modification of correspond-
ing terms in the Coulomb matrix V given by Eq.
(8).

We follow Ambegaokar and Kohn' in treating
the divergence in the long-range Coulomb inter-
action and obtain for the macroscopic dielectric
constant

where X is the sum of all polarization processes
not involving the long-range part of the Coulomb
interaction v(q).

For certain types of symmetry for the bands,
e.g. , s and p symmetry for the conduction and

valence bands, respectively, or vice versa, as is
approximately the case for the alkali halides,
the density form factor I', in the separable polar-
ization part (4) takes the dipole form. Such a
form was assumed by Sinha, Gupta, and Price, '

e((u) = 1 —(4vre /Oj )Q f S .f
where

(1O)

f,"=fy, *(r)r y„(r -x,)d'r (11)

with x, being the lattice vector, 0 the volume of

the unit cell, and s short for (v, p, l). The screen-
ing matrix S is given by Eq. (7) with

! From this, we can derive the Lorentz-Lorenz
relation with a specific prescription for the self-
interaction term. In general, the separable form
is not necessarily dipolar in nature.

Since there are not yet available Wannier func-
tions for covalent crystals of the diamond type,
we follow Hall's method' to construct a set of
LCAO's for the band structure. The s and three

p atomic wave functions of the valence shell are
combined according to Pauling's prescription' to
form four hybridized wave functions localized in
four tetrahedral directions. The atomic wave
functions are expressed in the Gaussian basis
which allows for analytic integration of all the
multicenter integrals involved in Eqs. (6) and (9)
and furthermore enables us to test easily the con-
vergence of higher overlap corrections to e(& ).
The hybridized orbitals from two neighboring
atoms in the same direction are added and sub-
tracted to form the bonding and antibonding or-
bitals y„where the index p stands for + and a
tetrahedral direction. Linear combinations of
the bonding orbitals are used to form the four
valence bands, and of the antibonding orbitals to
form the four conduction bands. We include up

through the third-nearest-neighbor overlap inte-
grals of the Hamiltonian to fit the energy spec-
trum of a first-principles calculation by Painter,
Ellis, and Lubinsky. ' This yields a Hamiltonian

matrix in our LCAO basis from which the ener-
gies and wave functions are determined.

Using the Wannier-function formulation of di-
electric response described above, we obtain
the macroscopic dielectric constant

f(nk) —f (n'k)
N„(&)= Z c„*(nk)c (n'k) exp(ik x,) —--- — — —,— exp(-k x, )c,,(nk)c„*(n'k),' Z(nk) —i(n'k)+ ~
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where E(nk) denotes the electron energy, f (nk) the occupation number, and c „(nk) the wave function in
the bonding and antibonding orbital basis.

In the RPA, the Coulomb matrix defined in Eq. (8) can be written as

V„,= gffd'y d'r ' y, ~(r -x„)y„(r x-, -x )e (r-
m

When exchange is taken into account as described
above, V is modified by subtracting from Eq. (13)
half of the x„=0 term if either (a) x, =x,, and p.
= p,

' or (b) v= v'.
For the calculation of the dielectric constant

we have included only nearest-neighbor overlaps
of wave functions y„having found the rest neg-
ligible within the error range of our approximate
band structure and wave functions. The dimen-
sion of the matrices N, V, 8, etc. is then 28.
The k summation of (12) was done by the Gilat-
Raubenheimer method" with the smallest box
having a width of 0.078 a.u. The dielectric ma-
trix can be expressed in terms of either the den-
sity-density response or the current-current re-
sponse. We adjust the s and P orbitals such that,
indeed, either representation gives the same
answer. This adjustment, which is used in all
the calculated dielectric functions below, gener-
ally increases the strength of the absorption
spectrum without changing its characteristic fea-
tures.

The results of our calculation of the optical
spectrum e, (&d), i.e., the imaginary part of e(~),
for diamond are plotted in Fig. 1 and compared
with experiment. " The optical spectrum is quite
sensitive to local-fieM corrections. Consider
the main peak which is close to 12 eV. The RPA
calculation without local-field effects (e»„ in
Fig. 1) places the peak a little too high. Local-
field effects within the RPA (enp„ in Fig. 1) pro-
duce an additional shift by approximately 0.5 eV
to higher energies contrary to what is required
to reconcile theory with experiment. The shift
to higher energies and the reduction of strength
below the main peak introduced by local-field
effects in the RPA have also been reported by
Van Vechten and Martin, ' however to a less dras-
tic extent. Inclusion of local-field effects in the
time-dependent Hartree-Fock approximation (e
in Fig. 1), on the other hand, results in a 1.5-eV
shift of the main peak to lower energies and an
improvement of the overall agreement with ex-
periment, especially on the low-energy side.

In view of our approximate band structure and
wave functions, we do not claim to have calculat-
ed quantitatively the absolute magnitude of e, (&o).

To do this our formulation of the dielectric func-

r')y, ,~(r')p„,(r' -x, ,).
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FIG. 1. Imaginary part of the dielectric constant
versus energy; experimental data from Ref. 12' CRpA

calculated within RPA without local-field correction;
&RpA calculated within RPA with local-field correction;
&() calculated with local-field correction in the time-
dependent Hartr ee- Pock approximation.

! tion can be used in exactly the same manner di-
rectly utilizing the results of a first-principles
Hartree-Fock band calculation based on I CAO's
or Wannier functions. The use of more accurate
wave functions than ours gives significantly bet-
ter agreement of cRp A without local fields with
experiment, as has been shown by Iubinsky,
Ellis, and Painter", however, it is not clear
that replacement of the statistical exchange po-
tential used in the underlying band structure cal-
culation by the exact Pock potential does not spoil
that particular agreement. " We believe that the
sign and the order of magnitude of the shift in-
troduced in the peak structure of e, (&u) by local-
field and exchange effects is not affected by our
approximate treatment of band structure and
wave functions.

In summary, our results demonstrate the ne-
cessity for incorporating both local-field and ex-
change effects in the dielectric function of cova-
lent crystals. These microscopic effects are im-
portant not only for the identification of struc-
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tures in the measured optical spectrum with the
electronic transitions between energy bands but
also for other purposes, such as a calculation of
the phonon frequencies.
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We describe direct method for surface-structure determination from low-energy elec-
tron-diffraction (LEED) intensities. Fourier transforms of LEED intensities are shown

to contain convolution products of functions of the interatomic vectors with data trunca-
tion and potential windows. A deconvolution method and substrate-subtraction procedure
is described, yielding an accurate structural determination of clean surfaces and over-
layer systems. Applicability of the method to experimental data is demonstrated by us-
ing LEED intensities from Al(100).

Since the discovery' of low-energy electron diffraction (LEED), the extraction of surface structures
has been the subject of intensive efforts, mainly via an indirect approach, which is intrinsically depen-
dent on model assumptions and proceeds by comparisons of microscopic model calculations with ex-
perimental intensities. However, a full variation over the geometrical and electronic parameters is
not carried out because of the prohibitive expense in computation time and storage.

In this paper we present the principles of a rapid, direct method of surface-structure determination
and demonstrate its applicability to the analysis of experimental data. 4

In the diffraction of low-energy electrons from solids, momentum is conserved in the plane parallel
to the surface, giving rise to diffracted beams characterized by discrete (hh) Miller indices of the two-
dimensional net. Electron propagation in the direction normal to the surface is strongly attenuated'
and is, therefore, characterized by the continuous variable S, where 2r$ is the normal momentum

transfer and S &0 as a result of the half-space nature of LEED measurements and the inner potential

585


